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The ultrasonic non-destructive testing is widely used in different civil and engineering appli-
cations as one of the most effective and convenient method of structural health monitoring. It is
necessary to have a reliable mathematical model simulating scattering caused by defects and
inhomogeneities in order to apply effective ultrasonic methods. Modern composite materials used
in manufacturing have a laminated structure; therefore it is important to detect damages occur-
rence located between two materials. Scattering caused by interface cracks can be investigated
using the boundary integral equation (BIE), the method which is analytically oriented. The un-
known function of the crack opening displacement in the BIE is expanded in terms of orthogonal
polynomials. Then the integral equation is projected onto a set of polynomials. Regularization of
the hypersingular BIE using the Bubnov-Galerkin scheme is obtained through a repeated integra-
tion on the crack faces. This paper uses the BIE method to derive an asymptotic solution describ-
ing the elastic wave diffraction by the strip-like crack located at the interface between two dissimi-
lar elastic half-spaces. The Fourier transformation of Green's matrix is applied to obtain a scat-
tered field. Asymptotic representations of the equation kernel around zero and at infinity are
derived with the assumption that the crack size is much less than a wavelength of an incident
wave. The Bubnov-Galerkin scheme is used to obtain the frequency dependent asymptotic solu-
tion of BIE which has a wider accuracy frequency range than the existing quasi-static solution. A
good agreement of the derived asymptotic solution with the numerical solution is shown for differ-
ent materials of the considered structure. The asymptotic solution allows increasing the BIE
method potency by reducing the computational cost of integrals. It can also be used to describe
dynamic damaged interfaces in the Bostrom-Wickham model's term.

E PNF

I'ednjddi

Marepuaisl, UCIOIb3yeMble B MPOMBIIIJICHHOCTH MU
CTPOUTENBCTBE, MOTYT COJIEPKaTh AE(PEKTHI B BHJE MHKPO-
TPEILIMH WJIM MHKpPOITYCTOT, KOTOpPbIE BO3HHKIH JIMOO Ha
CTaJH MPOHU3BOJCTBA, TUOO B MpoIllecce UX IKCILTyaTalllH.
Hamnume Takmx nedekToB OKa3bIBaeT BIHMSHHE HA IIPOY-
HOCTb WJIM Ja)K€ HA LEIOCTHOCTb M3TOTOBIIEHHBIX M3 3THUX
MaTepHaJIoB KOHCTPYKIHH. J{is1 oOHapy)keHUs] BHYTPEHHUX
JIe(PeKTOB O0CTATOUHO 3PPEKTHUBHO UCTIOIB3YIOTCS METOIBI
yABTPa3BYKOBOI'O Hepaspyluaroniero Konrposs [1-7], pea-
JU3aMsg KOTOPBIX OCHOBBIBAETCS HA MaTeMaTHYECKUX MO-
JIeTISIX, ONHMCHIBAIONIMX TU(PPAKIHMIO U paccesiHue BOJIH Ha
nedekrax B ynpyrom Bonnosone [3-5, 8—11]. CymiecTByroT
pa3iauyHble MOAXOMAb! K TOCTPOSHUIO PEIIEeHUs 3aJauu pac-
CesTHHMS YNPYTHX BOJH Ha TPEIIMHAX, CPEAM KOTOPBIX Of-
HUM U3 HauboJjiee IMMPOKO NPUMEHHUMBIX SIBISETCS METO[
IPaHUYHBIX MHTErpalbHBIX ypaBHeHuit (MITUY) [12-22].
O PEeKTUBHOCTh ITOTO METO/A 3aKII0YACTCS B YMEHBIIIE-
HUH pa3MEpHOCTH 33Ja4H, B BO3MOXKHOCTH ITOJTyYEHHS II0-
JIyaHaJIMTUYECKOTO PELICHHA, a B HEKOTOPBIX CIydasx
" acumrroTraeckoro pemennst [11, 20-27], a takxke B ero
BBICOKOH TOYHOCTH.

KonTakt Mexay MmaTepuanamMu C pa3HbIMU yNPYTHMMH
CBOMCTBAMM YBEJIMYHBAET BEPOATHOCTH (HOPMHPOBAHUS
MukpoTpemuH [28]. [Ipu mpoxoXAeHWH Hepe3 BOIHOBOJ

YIPYTUX BOJH CBOHCTBA 30HANPYIOLIETO CUT'HANA Pa3INIHBI
JUTSL CIUIOIIHOW ¥ TpemmHOoBaToi cpemst [29-31], kpome
TOTO, YIPYrue BOJHBI PacCeMBAIOTCS Ha TPaHUIIE pa3zena
cpex, IpecTaBisonmel coboif, Kak IpaBHIIo, KIICEBBIE CO-
enudenust [32, 33], 4TO JOMOIHHUTENBHO YCIOKHSIET HICH-
tudukanyio aedextoB. [lpu HamuIuM 30H KOHIICHTPAIIUH
MHUKpO/Je(peKTOB Ha TpaHUIlEe pas3jiesa ABYX PasHOPOIHBIX
Cpea MPUMEHSIOTCSI TPAaHUYHBIC YCIOBHS NPYXUHHOTO TH-
ma, KOTOpbIe MOJEIUPYIOT TIOBPEKICHHBIH nHTepdeiic [18—
23, 32-37]. Jlpyroit moaxoa paccMaTpHBaeT MOBPEXKICH-
HBIII WHTEepdelC Kak CTOXACTHYECKH paclpeesIeHHBIN
Ha0oOp MHKpPOAE(PEKTOB, MPH HUCIOIB30BAHUU KOTOPOTO
HEOOXO/JIMMO Ha IEpPBOM OJTale IOCTPOUTh pEIIeHHE Ha
oauHO4HO# TpenmHe [10, 20, 21, 23].

Ilpn MonenMpoBaHMM YNPYTHX Teld C TpPEIIMHAMHU
MPe/INoJaraeTcss N3BECTHBIM TaJiatoliee Moyie 1 HeoO0X0u-
MO ONpENIENIUTh paccesHHOE Ha TpeluHe mnose. B pamkax
JMHEHHOW TEOpUM YNPYTOCTH Ha KOHIAX TPELINH MMEETCs
CUHTYJIIPHOCTH Hanpspkenuii [ 16, 38]. B padorax [3, 15, 16,
38, 39] monydeHbl rpaHUYHbIE WHTErpalibHbIC ypaBHEHHS,
KOTOpBIE B CHIIy HaJW4yusi OCOOCHHOCTH Jedopmanuii Ha
KOHI[AX TPELIMHBI SIBJISIOTCS TUIEPCUHTYJSIpHBIMH. [1iist
nony4yenus pemenns [ 1Y HEoOX0IUMO MPOBECTH peTyJis-
pH3aLHIo, OJIHUM U3 BAPHAHTOB KOTOPOH SIBJISICTCS BBIJIEIIE-
HHE TJIaBHOW YacTH si/ipa U Jlajiee MPUMEHEHHWE YUCICHHON
cxembl uHTerpupoBanus [17, 40]. B meroge Tlamepkuna
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perynsipuzanus runepcunryispasix ['MY npoucxomurt as-
TOMaTHYECKH B pe3yJbTaTe IMOBTOPHOTO WHTEIPUPOBAHMS
mo Oeperam tpemuust [15, 18, 41]. Tlpu pemennn 'Y
MetonoM byOHoBa-TI'anmepknHa Hem3BecTHas (yHKIHS pac-
KpBITHSL OEperoB TPEUIMHBI PacKJIaJbIBacTCs B OECKOHEd-
HBII PSIJI IO OPTOTOHAIBHBIM MHOTOWIEHaM, BHIOOP KOTO-
PBIX 3aBUCHT OT (OpPMBI TpemuHbL. Hampumep, MOIMHOMBI
YeoOsimeBa u Jlesxanpa y4uTHIBAIOT TOBEJCHUE PEILICHUS B
OKPECTHOCTH KpaeB IPSIMOYTOJbHOW M KPYrOBOH TpelnH
COOTBETCTBEHHO. B TOM ciydae, ecim [uist iapa MHTETPaNIb-
HOTO YpaBHEHHUsI MOXXHO HOCTPOWTH aCHMITOTHKY, B pe-
3yJIbTaTe YeTO HHTErpajbHbIC YPABHEHHUS PEIIAIOTCS aHAJIH-
THUYECKH, TO MOXXHO HaWTH aCHMITOTHYECKOE MpEACTaBIC-
HHUE A1 CKadKa MEPEMEIICHUI Ha TPEIIMHE B YaCTOTHOM
JMana3oHe, IpH KOTOPOM XapaKTepHBIH pa3Mmep nedekrta
COM3MEpHUM C JTHMHO# mazaroieii BosHbl [20—23].

B macrosmeir pabore paccMaTpuBaeTcs 3agada O pac-
CeSIHUM YIIPYTHUX BOJIH IOJOCOBOW TpPEIIMHOM, pacIoio-
JKEHHOI Ha rpaHMIE pa3zieia IBYX H30TPOINHBIX cpel, 00-
JAAIOMIUX pa3HBIMU YIOPYTUMU cBoiicTBaMu. B pabote [8]
pemanack 3amada quQpaknny IIOCKUX BOJIH HA MOJIOCOBOH
TpelIMHe B H30TPOIMHOM BOJHOBOAE, a B pabote [25] —
B aHU30TPOITHOM BOJIHOBOJIE, MpUUEM B 00enx paboTax pac-
CMaTpHUBAIUCH BOJIHOBOABI, COCTOSIINE M3 OJHOTO MaTepH-
ana. [Ipy HOpManbHOM yrile MajeHus 3ajada pachanacTcs
Ha aHTHUILIOCKYIO [20] u miockyro [21], u mpu ycioBuu ma-
JBIX Pa3MEpPOB TPEIIUHBI 110 CPABHEHUIO C IUIMHOW Majaro-
IAX BOJH CTPOWTCA ACHUMITOTHKA (YHKIHUH PacCKPBITHS
OeperoB OIMHOYHOM MOJIOCOBOM TpPEIIMHBI. AHAJIOTHYHOE
KBa3HUCTAaTHYECKOE, a TAK)KE YaCTOTHO-3aBUCHMOE DPEIICHHE
JUISl KPYTOBOM TPELINHBI, IIPH ITOCTPOSHUH KOTOPOTO TaKXe
UCIOJIb3YyeTCsl acuMnToTuku sigpa I'MY, MoxHO Haiitu
B pabote [23]. B paborax [21, 36] paccMaTpuBaroOTCs mMepu-
OJIMYECKHE MAacCHBBI IIOJIOCOBBIX TpEIIMH, B padoTax
[20, 21] — croxacTuuecku pachpeeieHHbIe MACCUBBI MO0~
COBBIX TPEIUH, C MOCICAYIONMM OIpeaeieHrneM Kod¢hu-
IUCHTOB MPYKHHHOU >KECTKOCTH, a B pabore [42] — pe3o-
HaHCHBIE 3((EKTHI B CIIOMCTOM IIEPHOIMUECKOM KOMITO3UTE
C IIOJIOCOBOM TpeuMHOW. B naHHON cTaTbe NpUBOAMTCA
3aBUCAIIEe OT YacTOThl ACUMIITOTHYECKOE peIleHHe JUIst
CKauKa IepeMelleHni Ha MHTeperCHOI TpemunHe, CXOau-
MOCTb KOTOPOTO HCCJIEAYETCS Ul CIy4aeB OJHOPOJHBIX
1 pa3HOPOJHBIX CPEl.

1.1 sMlsOdesoa C © L OH OY(d

PaccmaTpuBaeTcsl paccesHHE YNPYIHX BOJIH Ha ILIOC-
KO MOJIOCOBOH TpeuinHe MOMYIIUPHHBI |, pacrmonoxeHHOH
MEXIy JBYMS M3O0TPOIHBIMH Pa3HOPOIHBIMHM IIOIYIIPO-
crpanctBamu V; u V, B miockoctu Z=0. Ocs Oz mpo-

sm .

CBoiicTBa cpefl, MeXAy KOTOPBIMU PAacIoNio’KeHa TPEIINHA,

XO/UT 4epe3 ueHrp orcioeHus W ={|XI ¢ |y|

OIPEALIIAIOTCA TIJIOTHOCTBIO . u KoHcTaHTamu Jlsme

J
|'j, M Hunekc j = 1 coorsercTByet HkHemy Vi (Z2<0)u

j =2 Bepxuemy V,(Z>0) nomynpocrpaHcTBam.
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[IpenmonaraeTcs, 9T0 UCTOYHHUK KoJieOanwii B Oe3rpa-
HUYHOH cpeJie 0CTaTOYHO ylajleH OT MHTepdelca U BOJ-
HOBOE TIIOJIe, TEHEpHUpyeMOe STHM HMCTOYHHUKOM, MOXKHO
MpHUOJIMHKEHHO ONHCATh IUIOCKOH BOJHOM, Mamaromei mox
HOpMAaJIBHBIM YIJIOM K MHTepdelcy. PaccmarpuBaercs mpo-
XOKAEHUE TUIOCKUX MPORosibHOM P u casuroseix SV ynpy-
THX BOJIH M3 HIDKHETO TOJYIPOCTPAHCTBA B BEpPXHEE C Tpe-
IIMHOM Ha TpaHuIle paszjena IBYX cpex. [linockas BoiHa
YaCTHYHO MPOXOJINUT, @ YACTUYHO OTpakaeTcsi HHTepdericom
u TpeumHoi. CilejoBaTeIFHO, BOIHOBOE TOJIE IIPEACTABIIS-
€TCsI CYNEePIO3UIINEH OIS B OTCYTCTBHE TPEIIUHEI (B JalTb-
HeliieM 0003HavaeTCss BEPXHUM HHAEKCOM iN) U moJs, pac-
CESIHHOTO TIOJIOCOBOM TpemmHOM Q (BepXHHH HHIECKC SC).
B paccmaTtpuBaemMomM ciydae BONHOBOE moje 0e3 medexra
nUMeeT BUJ

ia;pm(eiklmz +R,€' "‘mz) ,Z <0

fp, T g%, z> 0,

uln

ikjmz sikmz
g _lelclmklmpm(e - Re ),Z <0,

=1

T ikymZ

HcomKamP ml " z> 0,
rie R, u T, — k0o3dpunneHTs OTpakeHUS U MPOXOXKIC-
HHS; P, — CAUHUYIHBIA BEKTOp, ONPEIENIOMNI HalpaBIIe-
HHUE PacIpOCTPAHEHUs BOJHEI, a uHACKC M={ P $ 3amaer
THII TIafaromieil BONHEL Pp = (1, 0) MpU TaJCHUN P-BOITHBI
" pg = (01) JUIsl caydas majarorieil SV-BonHsl. 31ech ma-
pamerpamu Cjp = | 2
JyJd yIOPYrOCTH, M COOTBETCTBYIOIME BOJIHOBBIE YHCIIA
CBSI3aHBI COOTHOIICHUSIMHU

1 Cjg= M 0003Ha4aAIOTCS MO-

rage W — Kpyrosas 4acToTa; a Vjp M Vjg — CKOPOCTH P-

1 SV-BOJIH B MOJIYIPOCTPAHCTBAX.
OTpaxkeHHOE ¥ TPOIIE/IIee BOJIHOBOE I0JIE MPEICTaB-
JsieT co0OH CyNepIo3HINI0 TPOAOJIBHBIX M TOMEPEYHBIX

BOJIH M ONHCBIBACTCS ABYMEPHBIM BEKTOpOM U :(ux, uz).
3aMeTuM, 4YTO paccMaTpUBAIOTCA TOJIBKO TapMOHUYECKH

yeraHoBuBLIHeCs KoneGanus u (axtop € ' W, ommcsiBaro-
K 3aBUCHMOCTh OT BPEMEHH, OIYCKAeTCsl U3 PacCMOTpe-
Hust. Ha GeCKOHEUHOCTH MepeMEIEHHUs] M HATIPSDKEHHS CTPe-
MSTCSI K HYJIFO U BBIIIOJTHSIETCS yCIoBre uamydenus [13, 38].
B u30TpONHOM TBEPAOM Telle ypaBHEHHE JBHKCHUS IPU
OTCYTCTBUHU O0BEMHBIX CHII OTIUCHIBAETCS ypaBHeHUEM Jlame

kgD DWW ki ( Bup @ O @)

I'pannuHOE ycinoBue Ha MHTEp(eiice Mpu yCIOBUH, YTO

KOMIIOHEHTBI BEKTOpPa HAINpPSKEHUH U:{ Sz g U BEK-

TOpa NepeMelIeHH CBA3aHbl 3aKOHOM ['yKa
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_ ég{ux MU, 0 b, W

S,, = —+L 5 S +2 5—h

Xz S M 9 2z %1 zp + 7
HMEET BU]

U=($, 9|z (& %) )

I'paHnYHOE YCIIOBHE Ha TPEIIMHE Yalle BCEr0 COCTOUT
B TOM, YTO TPEILIMHA OTKPHITAs, T.C. CBOOOIHA OT HAIPSDKE-
HHI:
U(x= ,0) 0, z & b. @)
VHOraa WMCHONB3YIOTCS APYrHe TPaHUYHbIC YCIOBHS,
Harpumep, GoJiee OOIMMH IPAHUYHBIMH YCIOBHAMHE SIBJISI-
FOTCS TPaHWYHBIC YCIOBHS TpykuHHOTO THma [19-23, 35],
IpPH KOTOPBIX BCE KOMIIOHEHTHI HEMPEPBIBHBI U CBSI3aHBI
COOTHOIIIEHHEM

U( x= 20) =( 16)u-2k)).

3neck © — KBajparHas IUaroHajbHas MaTpHULa B U30TPOII-
HOM clly4ae, BUJI 2JIEMEHTOB KOTOPOW OINpEEsIeTCsl TUIIOM
U xapakrepoM mnoBpexaeHus. Ilpu 91 O ycmoBust BbI-
POKIAIOTCS B TpaHUYHBIE yciIoBus (3).

B pabote wucmomp3yercss ycioBue (3) AnsA OMUCAHUA
paccesiHHOTO MOJIsl, KOTOPOE XapaKTEepPHU3yeTCsl HerpepbIB-
HBIM HamlpsOKEHHEM M HEU3BECTHBIM CKayKOM IepeMelie-
HUH Ha TpELLUHE!

€ur®=u’ [ A,

lae= g x @
|

1= 6 = Ux

2. 1 mbtetsjdedj cteOdzd ydztse ts
ddzls j ctcOdz! desE s kZtcOo dgj ded W
3az[aqa (0] IUIOCKHUX T'apMOHHUYCCKUX KOJIeO0aHUIX

u(x, Z, W) B wiockoctu XO2Z ympyroro Tena, HEOTpaHH-

YCHHOTI'O BI0OJIb OCH OX, B paMKaxX MHTETrpaJIbHOTO IMOJAX0/Jda
[13] peraercs ¢ momoripio npeodpazoBanust Pypbe

U(a,z, W} FKlu(xz v fF(xz) el d,

KOTOpOoe TIpUMEHsAeTCs K ypaBHeHHIO (1) M TpaHHYHOMY
ycioButo (2). Torga paccessHHOE IMOJIe MOXKET OBITh Tpej-
CTaBJIEHO B Bujae oOpaTHOro mnpeoOpasoBaHus Dypse

(V)

o

fKi(a, 2Q(de'*d a z &

©)

u*(x, z) =

ol

K2(a, 2)Q(3e'*d a z &

- O

— = =) = =) (P

rie Q (a) =+ (DSC ( X, 0)) seisiercss Dypre-npeodpaszosa-

HHMEM HAIpsUKEHUS HAa TpaHuLE pasnena cpeld. IloctpoeHue
®Dypre-o0pasza TpexMepHOil MaTpuIsl I prHAa MOXHO HANTH
B [4], B IByMepHO# MOCTAaHOBKE MaTpHIa HMEET BHJI

L AM(ad) iR(ad ¢
@9 B0y gast O
Mj(a,owl)'g’;fls (.94 yEE

Pj(a,O) :_(2 ig js9 22 ki’?‘s)

4 2'jpé}sgg

Hcnonp3yss HENPEPHIBHOCTh NEPEMEICHUN MEXAY IBYMS
MOJYIIPOCTPAaHCTBAMH,  MOXHO  BbIpa3suth  Dypse-
npeoOpa3zoBaHue HalpsDKeHUS Ha uHTepdeiice Q(a) udepes

DU( 3
cMemenuit DU(X) =u,; (X) -u,(X) Ha TpemmHe:

Q@a)=L(3 W )z

ana) iP(g ¢

Dypre-nipeodpazoBaHue HEHM3BECTHOTO CKadKa

L@) K. @) K-p( 0} |S(a) Ra ¢ @)
~ _ R ~ _
e M@ Sl RO fprps P =30

= m, Ipu nepecyeTe M = Ml( aO) Mz( ,@),

P=R( a0) B( ,@ u T.x 118 BCeX OCTAIBHBIX HIIEMEH-
TOB MATPHIIBI.

[MoncraHOoBKa WHTETPANBHOTO TpeacTaBieHus (5) it
t5¢ B (4) ¢ yuerom dopmynsl (7) AaeT clepyrOIee rPaHHd-
HOE MHTErpalibHOE ypaBHEHHE!

1 S 4
Z—pf}(w( E*d a € ®)

Kouryp unarerpuposanus GnouTu BCIOAy COBMAIAET ¢
BEIIIECTBEHHOHN OCBIO, KpOMe TOI0COB (pyHKIMH sapa (7),
IJIe OH OTKJIOHSIETCS! B KOMIUIEKCHYIO INIOCKOCTh B COOTBET-
CTBHH C MPUHIUIIOM TpeaenbHoro normomeHus [13]. Pe-
[IEHHE THIEPCHHTYIISIPHOTO WHTETPAIBHOTO ypaBHEHHUS (8)
niercss MetonoM byOHoBa-I'anepknHa, JUIss 4ero KOMIIO-

HEHTHI BEKTOpa CKayka mepemerneHuin Du :( Li.()l), u@)

pacKJIabIBalOTCA B P MO Oa3MCHBIM (YHKIHSAM C HEU3-
BECTHBIMH KO3()(DUIIMEHTAMH PA3JI0KEHHS:

DUn(¥) =Q CreP X 9

t=0
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B kauectBe 6a3uCHBIX (QYHKIUI BBIOUPAIOTCS TTOJTHMHO-
MbI YeObIIeBa BTOPOro pojia ¢ BECOM, YIUTHIBAKOIIUE T'eO-
METPHIO TPELIHHBI

=0 (5) T
o e

Wurerpanbhbie ypaBHeHHs (8) MpOSKTUPYIOTCS HA TY
XK€ CHCTEMY OpPTOTOHAJBHBIX IMOJIMHOMOB, @ B PE3YNIbTaTe
JUCKPETU3AINH MTOITyIaeTCsl CHCTEMaA

Ui (¥) =

N

a Aw @ g, (10)
t=0

rac

|
Aw=oo FHOIROBRICBA , 80 Tjpe (0
G 4

R@l) =i gk+1) J”T(a')

3.0 M B lstslsd ¢ O

Wrterpansl ypaBHeHHs: (7) HMEIOT IUIOXYIO CXOMH-
MocCTh Ha OeckoHeuHocTH [3], mockonbKy 2memeHTHl L (a)

pactyt kak O(a) mpu a - 8. Iloatomy pacrtyiine KaKk a

¥ yOBIBAONINE KAK @ & Ha GECKOHEYHOCTH JIEMEHTHI SIpa
BBIJICIISIIOTCSL B sIBHOM BHJe. OJHAKO BbIACICHHbIE YObIBa-
fomye Ha OECKOHEYHOCTH acCHMITOTHYECKHE cllaraeMble
JaroT uHTerpansl B cucreme (10), mioxo cxopsmiuecs
B HyJe. [ToaTomy u1st BEIUMCIICHUS KOI(D(DUIMEHTOB CHCTE-
™Mbl (10) oOmacTh MHTETPHPOBAaHUS pa30MBaeTCs HA TPH 00-
JIaCTH. (- qa], [- a, a] i Q). COOTBETCTBEHHO, I
sIIpa UHTETPAIbHOTO YpaBHEHUS (7) CTPOUTCS] aCHMITOTHKA
B OKpecTHOCTH HyJIs ipd @ - O U B GECKOHEYHO yaaieH-

HBIX TOYKaxX npu a - &

3. 1.

IIpu a -
L(a) cmpaBeanuBo creayroliee acCMMITOTHYECKOE Hpe.-

O nus sApa WHTETpajbHOTO YpaBHEHUS

CTaBJICHUC!:

L(a) %, LK )a E) (=) (11)

Jns HaXOXJEHUs aACUMITOTUYECKOH MaTpuipbl L ¢

(GYHKIMH, BXOZSIIME B 3JEMEHTHl MaTpuisl (6), BhIpaxa-
I0TCsL Yepe3 apu(MeTHyecKue KBaJpaTHble KOPHH Qjm,

KOTOPBIC PACKIAJbIBAIOTCA B P 11O | HA OCCKOHEYHOCTH:

90

VHEO ddls| Ol &@EdE

| shlstes] dzdj OMd&flslsdSd "H©LO ddh
bt Oo dzj dzf)€ BSalzj BigES kH Odzj dzdz ¢
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2 4
Ojm = az’—;“ g{';l o( #).

Hcnonp3yst 3TH allpOKCHMAIUK, BBIBOAUM ACHMIITO-
THYECKUE TPeJCTaBieHus 31eMeHToB Dyphe-00pasa mar-
pupl ['puna (6)

M@) o2 A 2wR() a
a a

Pa) = § )a % %+2, w
a a

rac

_lal, em L1123
‘zgﬁq( L CEPE:
14 1 1
2°'T +m 5l

1;4' ﬂllnﬁ%) {n¢(r224|22+5|22)r@g
888 (1+1')% (2'2)3'?@ ”f

_113@ 80,173 m(85 8L ,+7F) m¢
== (I, + 2m (21 0%m nt
134| LI CRIT LY

(|1+12§m (2 2)1?? n

0
0
ot -m

9

Takum obOpazom, mis siapa (11) rpaHUYHOTO HHTE-
rpajgbHOro ypaBHeHUs (8) MmoyrydaeTcst CleayroIlee achMII-
TOTHYECKOE TpeCTaBICHNE B OECKOHEYHO YIaJICHHBIX TOY-
Kax (mpu | © Hb:

L= a® =IWiL(2) oSgne s B 9
as as a as '% -iBZ sgn( a)Bl 9
wzasgna)cl iC, g 12)
a g -iC, sgn(a)(.‘,3

rae

z'grg;somlrﬁzté@;s

BEUL OF o =2mms- s s
LR 4

(- nt)
c =Mmm(s*s) - L+

(mé - ne)
_2mms- Ms-Hs
(s - n?)’

Ha puc. 1 u300paxkeH MOy Ib OTHOLICHUI 3JIEMEHTOB
ACHMITOTHYECKOTO TPEICTABICHUS sIIpa, HaWJIEHHBIX II0
dopmyne (12), k anemenTam siapa (7) Ui pa3HbIX Hap Ma-

3
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TEpHANOB, 3HAYCHUS IapaMeTPOB KOTOPBHIX HPUBEACHBI
B Tabnuile. B kauecTBe Marepuana mepBoro moJIynpocTpaH-

CTBa (J =1) BEIOpaH amroMHUHHN. MarepuaiaMu BTOpPOTO

HOTYTIPOCTPAHCTBA (j =2) SBJISAIOTCSl ANIOMHHUH, CTalb,

CBHUHEIl U OKCUJ aTIOMHUHUS.

I[Ipu HOpMHMpOBaHMM TapameTrpa INpeoOpa3oBaHUs
@ypbe @ Ha 4acTOTy W OTHOLLUEHHUS 3JEMEHTOB SApa UH-
TerpajpbHOT0 ypaBHEHHUS (8) K dJIeMEHTaM aCHMIITOTHYE-
CKOTO si[pa HE 3aBHCAT OT 4acTOThl. s mapsl amomunuil

— QUIOMUHUL TEMOHCTPUPYETCS HAWIydilas CXOIMMOCTH
ACUMIOTOTHYECKOTO MPEJCTABICHUS slpa K HUCXOJTHOMY
Py MHTETPAIBHOrO ypaBHEHHS. MOXXHO 3aMETUTh, YTO
JUis 000 mapel MarepuanioB, HaYWHAsS C HEKOTOPOro
HOPMHUPOBAHHOTO 3HAYCHHUS MapaMeTpa HHTEIPUPOBAHUS
&, BCe OTHOIICHHS CTPEMSATCS K 1, 9TO O03HAYaeT CXOMH-
MOCTh 3JIECMEHTOB aCUMITOTHYCCKOTO MPEACTABICHUS SI-
pa (12) B GeckoHeyHO ymaleHHBIX Toukax. Hambomee men-
JICHHAs! CXOAMMOCTh HAOIIOJAETCSl y Hapbl ATIOMUHUL —
ceuney.

1.5 5 1.5
n: t: ;I
j 1 ‘,_“-v-mmmmm j R /o rld 1 'r«»-oﬂr—mmmm
y Ey =
0.5 0.5
L e s
0 0 0
0.5 2.75 5 0.5 15.25 30 0.5 2.75 5

o/ o

a

Puc. 1. Moxynu OTHOIIEHHMH 51IeMeHTOB MaTpuIl Anpa L (&) m acMMITOTHYECKOTO TIpencTaBIeHus aapa L ¢

AJICHHBIX TOYKaXx: — QIIOMUHUI;
B

~ — crais;

B 0ECKOHEYHO

— CBUHEIL; ~¥~ _ OKCHJI AFOMUHHS

Fig. 1. The modules of the ratios between elements of the kernel L (a) and the asymptotic kernel L. by points at infinity:

-4-

—* _aluminum;

3.2. 1tfMmistetsj dzq j§
Jdals j ctcOdz! deséts kZtcOodzj dzadw o

Ilpu a - O marpuma sapa UMeeT CIEAYIomee acuMII-
TOTHYECKOE TPEJICTABIICHNUE:!

L(@) £0, FO( &)y B, h wo(. (19

B srom ciyuae apudmernieckue KOPHH G, BXOIs-
IIMe BO BCE JJIEMEHTHl MaTpHuubl (6), PacKIaIbIBArOTCS

B PSIIT IO O B OKpecTHOCTH TOuku & =0

a
i —+—

i

CooTBeTcTBEHHO, 31eMeHTHl Dypre-obpa3a MaTpHUIIBI

gjm = iI(jm q +3)

I'puHa (6) UMEIOT clieayromine npeacrapieHus nmpu a - 0

2
rIe
- +'_ N
' Vi Vo ¥ip  ¥op

— steel;

Ofmd &Y sslsd ¢ d ~
¢t fls 2bHTS q v, Sz @ ,

—lead; ~¥~ —alumina

WHt©O Mg- Vip 2Vyg -Vp

IVap

S _iaV1s Vip- 8Vig st Vst
L Tige 5— _©°_

cfa  2vp f 2Vp :
S _i‘isvlzs‘ V12P 4"%5 §_V§s 'V%P 4\’325 ¢
2~ ' ’
éﬁ Qip Vil Qp Vapr i
s = aV1s 2¥1P+ 8vis Vi 1pr;11\/213
c b r Vip n
Vi gvzp+ 8V3s Vas v2 11V g
vfp r, Vop g

B pesynpraTe mnomyuyaercsi acCHMITOTHYECKOE IIpel-
craBienue sapa (13) rpaHUYHOrO MHTETPAJIBHOIO ypaBHE-
HUS (8) B OKPECTHOCTH HYJIS 1O |

2
L0 = wol) a2 2k 02 02

05 &
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rze Jlns winrrocTpanuy XOpoIIero MpHUOMMKEHU K 3Hade-
1 1 HUSIM f]Ipa UHTErpajbHOro ypaBHeHHs (7), MOTYy4EeHHBIM
a .
Byy=—, By, = mb_S, Bos —=. ACHMIITOTHYCCKUM TIpefcTaBieHneM (14), HaliieHbl MOJTyIIH
Mh1 MhaMh2 Mh2 OTHOIIIEHUH COOTBETCTBYIOIINX JIEMEHTOB MaTpHIl (prHc. 2).
B okpecTHOCTH HyNs MOXHO BUAETh PABEHCTBO ITHX OT-
Cor = nb—ansOl HOIIEeHNH 1 U1 Bcex map MaTepuaioB u3 Tadbmunbl. Ha ro-
”bln'bz PH30HTAIBHOM OCH &,/ W 3BE3[0YKON OTMEYEHBI HOPMHPO-
C. = r‘no3(rrﬁ3 MoS1- M%) s N §3 BAaHHOE Ha YAacTOTy 3HAYEHHWE BOJHOBOIO 4HCNa P-BOJIHBI
02 ”bl”ﬁz IUIL OKCUOA AnrOMUHUSA, KOTOPOE SBIIACTCS HAUMEHBIINM W3
BOJTHOBBIX YHCEI kjm. B 3THX TOYKax MPOUCXOAUT pe3Koe
Co. = Mha- My %2
03 nﬁ ' YXYAIIEHWE CXOANUMOCTH ACUMMTOTHKU JI Mapbl anioMu-
Mp1Mh2 :
HULL — OKCUO ATIOMUHUSL.
6
o ¥ Q1 H‘W*—Q—H——M--—f"‘"
I(;l irl “y- -
< =
a3 4 3
] L ’ &
] a 3 .
! - » 0.5
L
! -4 :
1 ¢-v 465 - n
0 = 0 AW 0 *
0 0.06 0.12 0 0.06 0.12 0 0.06 0.12
a/o B a/o a/o
o 8
Pwuc. 2. Moynu OTHOIIEHHH d7IeMeHTOB MaTpul Aapa L (a) u acuMnToTHyeckoro mpeacTaBiaeHus Aapa L0,
B OKDECTHOCTH HyJI: — © — allOMUHHMI; | — CTallb; — CBHUHEII; ~ — OKCH/JI AJIIOMUHHUS
Fig. 2. The modules ratio between elements of the kernel L (a) and the asymptotic kernel L0, around
zero point: —*~ —aluminum; ~ *-_ steel; —lead; Y~ —alumina
Ynpyrue mocTostHHbIE MaTepHaioB ToTHKA siapa Ha Oeckoneunoctu (12), a [y BBIYUCICHHS
Material elastic constants Agt ACHMITTOTHKA sipa B okpecTHocTH Hyns (14). Pac-
Marepuan | IlocrosHHas IMocrosiHHas InoTHOCTH P, CMaTpUBAacCTCA ITOCTPOCHUE DCIICHUA TPaHUIHOTO HHTC-
Tawme,  10° JIsave, p 10° 10° ko/ms rpasibHOr0 ypaBHeHus (8) mpu ycioBum t=t' H, Tt.e.
_ ITla ITla C UCTIONTb30BAHUEM OIHOH (DYHKIINH pPa3IIOKEHHUS po(x).
ATIOMUHUH 51 26,3 2,70
Oxenn 139,5 162,5 4,00 ®ypoe-nipeoOpa3oBanHue MoirHOMa YeOBleBa HyJIEBOTO
ATIOMUHUS Nopsiika BeIpaXkatoTcst uepe3 QyHkuuioo beccens mepBoro
Caunen 36,32 8,4 1,61 nopsaka J;(X) crexyromumM o6pazom:
Cranp 110,7 80,99 2,20

4.1 sffstets Pdgd{ jBZf stslsd yj Mezfe s toj h j

Ral) = po(9eax B9,

cdfjtemddzezdy tdtscts kZtcOo dzj ded W

Martpuna cuctemsl (10) packiambiBaeTcs Ha CyMMY
MAaTpHII, KaKIast 03 KOTOPBIX COOTBETCTBYET OOJIACTH HHTE-
TPUPOBAHMSA COTJIACHO BBEJICHHOMY Pa30HUeHHIO:

TJIe SMEMEHTHI MaTPHIIBl Alll  BBIDAKAIOTCS Uepe3 HHTErpa-
bl ¢ obnactsMu UHTerpupoBaHus (- &

a 3JIEMEHTBI MAaTPUIIbI A’?t

ny [-& & . Ilpu BeluucneHuu Ai?f

92

A

Martpuusr cuctemsl (15) mMmeroT crnemyrommue WHTE-
rpajbHbIe MPEJCTaBIECHHUS:

e 0
inf _ P 4 (1) (al) =
f A =SaNEfT B S g
=AM Al (15) e 9' -

o 0 g

N \K/L(Z’ (al Jﬁ é Ua
28
al n [an), '
e a ;2 a .2

— Yepe3 MHTerpajsl 110 UHTEpBa- AY, :% g WOE}Q ~J] (20 d al 'O(azs) J( d) d

HCIOJIBb3YETCA aCUMII-
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06)?? ( 4)d —*—0(4)3 ffé ndat.  (16)
as a as au
' w &

C yueTom TOTO, uTO MaTpuua Aapa L ., derHas mo a
B DJIEMEHTaX IJIaBHON AMAaroHajiM U HEYeTHas Mo a B dJie-
MEHTax MMOOOYHOW JnaroHallv, MaTpuua A00 nocje aHa-

JUTAYECKOTO BBIYHCICHUS WHTErpanoB B ¢opmyrne (16)
HOJIy4aeTcs JHaroHaJbHOM:

Alnf gepu 0 E
00 =
Fo Ay S
_pB 2
1—7 HGl( 'a.2| ) +
2 ~
P Clag 8 AHG,( a’l?) gind 92
_pB 2
2 —7 HG]_( 'a2| ) +
pl 2C3 & 242 2|2 al 8,
+—— -8 ga¥°HG,| a’lf) 8In— 3°,
32 8@ 2( ) 2 9
rne g 9©,57721¢ — nocrosiHHas Diinepa, a HG(Z):
=R l{a ({ } {l:l h]} % — TUIEPreOMETPUIECKHUE
bynxuuy,

108 {13 .9,
R({r1253 {2234 2

0
Ipu BBIYHMCIEHNH MaTpHIBl A, BTOpPOE U YEeTBEPTOE

HG, (2) =
HG,(2) =

cinaraembie B opmyite (16) oOpaliarTcsi B HOJIb U DJIEMEH-
Tl MaTPUIIBI TAK)KE BHIPAXKAIOTCS Yepe3 THIepreoMeTpuie-
ckue pyHKIUH:

éplo o ¢
0 1 s
Ao 8 Lo §

2 =

HG,(2) =

rae HG;(2)=,R({03 {23 .9,

=,F({1513 { 2,25]8 7)

IIpaBas gacte cuctemsl (10) 3aBUCHT OT THIIA MAAAr0-
uieit BosHbl. B ciiydae nagenust P-BosiHbI

i(l, 2. .12 ’E)kﬂkzp
1afk1p ( > 12 z}kzm s

U B cIy4ae najaeHust SV-BOJIHBI

gOP_ (

_ im rPklskzs|
9os= ———
mkys + Hog

Hias W - O MOXHO MOJIy9UTh KBa3HCTATHYECKOE pe-
menue paccMmarpuBaeMmblx MY, koTopoe coBmagaer ¢ pe-
IICHUEM, HalACHHBIM B [21]:

AL AKC gl TP mp_ T
i

o) 2o -

Marpuna Ago B KBa3UCTaTHYECKOM Cllydae MpHU ycio-
BUM &< K, GecKOHEYHO Masia M He BHOCHT CYIIECTBEHHO-
IO BKJIaJla B PEIICHHE.

IToncraBuB KBa3HCTATHUECKOE DPEIICHHUE f:gm CHCTEMBI
(10) B paznoxenue (9) npu yciouun t =0, MOXHO orpese-

JIUTh CKAuKU IMEPEMEILEHUH, MPUYEM PELIECHUS SBISIOTCS
YHCTO MHUMBIMH U JUIS NTaJiaronieil P-BOJIHEL:

DU ={0,68ppo(x)} =

2'k1pkzp(m3 )(' 12 ) 424 fn—
el € il 1, )

H IS TTagarone SV-BoHEI:

Dug®" _{Cospo(x): 0} =

%32|k13k23( mg - ) 1”}\/—2

my (kg + kogmy)

e
1
I

b
t
al

E—

y

[Ipu omnpeneneHWM 3aBUCUMBIX OT 4YaCTOThl pELICHUMN
q
Dum3 WCIIOJIB3YETCS TOJHOE MPEACTaBICHUE MATPHUIIbI CH-

cremsl (15), yauThiBaromiee 1 aCUMIITOTHKY B OKPECTHOCTH
HYJA, U aCUMIITOTUKY B OECKOHEYHO YAQJICHHBIX TOYKax;
B pe3yJIbTaTe PEelleHusl Cq,, HOIY4aroTcsi KOMIIIEKCHO3HAU-
HbIMH. B ciyuae naparomeil P-BOJIHBI CKAauOK IiepeMelie-
HUH UMEET BUJT

Du’ ={0,Copy (¥ =

f ipklpkzp(me? 'mlz)( | 2+)(m, 2 ,)+
=10, 5 (7)
f (kip(1'1 2 dn kel 2+2n1))(A11 An)
3 I2-x2},
a B ciydvae manaromeid SV-BoHbI
Dug’ = {Cospo(x) 0} =
:ila_ ipkiskos M 0 12_ 42 OIIJU (18)
1 (kegmy + kzsmz)(Azz +A02) g

Ha pwuc.3 mpuBeneHbl OTHONICHUS IEHCTBUTEIBHBIX
Y MHAMBIX YacTel KBa3HCTAaTHYCCKOTO PEIICHHS, HalIeH-
HOro B pabote [21] u 3aBUCSIIETO OT YACTOTHI PEIICHHS IS
nap MaTepHajoB AMIOMUHUL — ATIOMUHUNL W QTIOMUHUL —
oKkcuo amomunus. 31ech U aliee Ha PUCYHKAaX 3a CAHHUILY

93



Doroshenko O.V., Kirillova E.V., Fomenko S.I. / PNRPU Mechanics Bulletin 2 (2019) 86-99

KPYrOBOM 4acTOTBHI NpUHUMAaercs 3Hauenme 2 MIm. Ha
HU3KHX wactotax (W <B) HabmomaeTcss OYEHH XOpOIIee
COBIIAJICHHE PEUICHWH, TOT/a KaK C POCTOM YacTOTHI IIO-
TPEeIIHOCTh KBAa3HCTATHYECKOTO PEIICHUS CTAHOBHUTCS CY-
LECTBEHHOM.

5400 dzj dzd § udMdzj dedets @ ts

d OmdgyfstsisduimMitet tojhjded?

YacrotHo-3aBucuMble pemenus (17) u (18) 3aBucsr ot
BEIOPaHHOTO 3HAYCHHS TOYKH ¢, KOTOpas pasfenser oOia-
CTH MHTETPUPOBAHUS IIPHU BBIYMCICHUU 3JIEMEHTOB CHCTE-
™Mbl ypaBHeHuit (10). Kaxkmoit oOxacTé WHTErpHpOBaHUS
COOTBETCTBYIOT Pa3NyYHble aCHMITOTHYECKUE TpelcTaBie-
HUSI HHTErpUpYeMbIX QyHKIMH. [ToaTOMy BBIOOp 3HaYeHUS
a MOXET CYHICCTBCHHO MOBJIUATH HAa BBIYUCICHUC DJICMCH-
TOB MaTPHLBI CUCTEMBI.

-3

_ [0}
7]

Puc. 3. OrtHoleHHEe JOEHCTBUTEIBLHBIX W MHHMBIX YacTel

KBasUCTAaTUYECKOI'0O pECIICHUA égm 1 4aCTOTHO-3aBUCUMOT'O pE€lIC-

HUs Gy, AN TAp MaTepHanoB. a — aTIOMMHUN — aTIOMHUHHUM;
6 — QIIOMHHUI — OKCHJ QIIOMHHUA: 0 — Re(ég/(:p);
~ -~ Re(&k,); — - — Im(c/ep); - — Im(erc,)

Fig. 3. The real and imaginary parts of the ratio between

the quasistatic solution &, and the frequency-depended solution

Com for pair of materials: a — aluminum — aluminum;
b — aluminum — alumina: — — Re[eSf.): - — RelE k) :
P P s s

—-— Im(c3/es); - — Im(elre)
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[Ipu ompeneneHNy 3HAYECHUS @ €CTECTBEHHBIM OKa3bI-
BaeTCsl CTpPEeMJICHHE YMEHBIIUTh PACXOKICHUE MEXKIY YHC-
JICHHBIM M aCHUMITOTHYECKUM pemieHusmu. Crienyer 3ame-
TUTbH, YTO YNCIIEHHOE PEIICHHEe BKIIIOYAeT B ceds Oonee on-
HOTO ujieHa paszioxeHus (9) u, COOTBETCTBEHHO, BEKTOPHI
YHCJICHHOTO M aCHMMIITOTHYCCKOro perieHuit cucremsl (10)
HUMEIOT pasHbIe pa3MepHocTH. [1oaTOMy B KadecTBe CpaBHe-
HUSl PEIICHUN MCTONB3YeTCs CPEeAHMM CKAvyoK MepeMellie-
HU#, BEIYUCISIEMBIH 10 opmyiie

|

— 1.

|
IMockombKy ﬁ P, (X)dx=0 mpu t 2 1, Bkiax B cpenHuit

CKAuOK IEpEMEIIEHUN JaeT TONbKO KOI(POHULIMEHT C, Ipu

pO(X) . COOTBGTCTBGHHO, CPABHUBAIOTCA ACUMIITOTUYCCKOC

pemrerne C, W 9UCIEHHOE pemieHne C, cructeMs! (10).

Ha puc. 4 mocTpoeHs! Ui pa3HBIX Map MaTEepPHAaOB MO-
BEPXHOCTH a0CONIOTHOW MOTPEIIHOCTH aCHMIITOTHIECKOTO

pelIeHns, BBIYUCIAECMOM KaK MOAYIb PasHOCTH Cy M Cp.

Amnannz MOJYYCHHBIX PE3YJIbTATOB MO3BOJISICT 3aKIHOYUTD,
4TO [JId MOJYYCHUS XOpOIIOo COIr1aCOBAHHOI'O aCUMIITOTH-
HYCCKOI'0 pCHICHUA HeO6XO,Z[I/IMO paBUJIbHO HOZ[O6paTL Ina-
paMeTp a, ONTUMAJIbHOC 3HAYCHUC KOTOPOTO 3aBUCHUT OT
YaCTOTHI. HapaMeTp a MOKET OBITh MNpeACTaBJICH B BUJAC
a= hk(, rae K — HamMeHbIllee M3 BOJHOBBIX YHCEI pac-

CManHBaGMOﬁ apbl MaTepUaIOB. 3nauyenre h otioxeHo

[0 BePTHKAIBHON OocH. BBIOOp TOUKM AENEHHS 3aBHCUT OT
4acTOTHI, THUNA MaJarolledl BOJIHBI U COYETAHHUs CBOMCTB
MaTepuaiioB. COOTBETCTBEHHO, [T Ka)KIOH Mapel MaTepua-
70B BbIOMpaercs cBoit mapamerp N. Tomsko B ciydae

P-BOJHBI 17151 OTHOPOJHBIX MaTEPHUAJIOB (AOMUHUL — AlIO-
MUHUL) W PasHOPOITHBIX MATEPHANIOB (QIIOMUHUN — OKCUO
ANIOMUHUSL, ATIOMUHUL — CMAlb) ONTHMAaJbHOE 3HAueHHE

TOYKH a= fgk moI0MpaeTcss OJHO3HAYHO, MOCKOJIBKY

HaGHIOI[aIOTCH MPaKTUYCCKU BEPTUKAJIBHBIC 30HBI MUHUMY-

MOB. B ciydae S-BonHBI BIOOp ToukH a= RK Mensercs

C M3MEHEHHEM YacTOThl KaK Ul OJHOPOIHBIX, TaK M IJIs
Pa3HOPOIHBIX MaTEPHAJIOB.

Ha puc. 5 nokasansl 3aBHUcAIEe OT YaCTOTBl ACHUMIITO-
TUYECKOE pelieHne (CIUIONIHAS JMHUS), KBa3UCTaTHIECKOE
ACHMITOTHYECKOE (TOYEUHAs JIMHUS), a TaKkKe YHCIEHHOE
peuieHue (MyHKTHPHAS JIMHKSA) U1 TIap MaTEepPHAJIOB Ali0-
MUHULL — AQTIOMUHUL T ATTIOMUHULL — OKCUO AIOMUHUSL, TIPU-
4YeM Jydilias COrjacOBaHHOCTh HAOIIOAeTCs Uil S-BOJIHBL,
€Cci  BBIOpaTh TMapaMeTp acHUMITOTHYECKOHW MOJENN
h, 4,5. B npenenax 30 MI'n pacxoskieHHE YHCICHHOTO

CO U  aCUMIITOTHYCCKOI'O 60 pCHICHI/Iﬁ JUUIsL P-BoaHEI

u S-BosHbl MeHee 10 %.
AHanorugssle rpaduKy TOJIBKO JUIS MAPBl alFOMUHUU —
MOJy4yeHHble AN MapaMeTpoB

OKCUO  ANIOMUHUILL,
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hp 2, h 17, usobpaxens! Ha puc. 6. MOXKHO BUICTD, PYIOT pacuidpeHue Auana3zoHa MPUMEHUMOCTH YaCTOTHO-
3aBUCUMOM aCHUMIOTOTHKH TI0 CPAaBHEHHIO C KBa3UCTATHYE-

CKHUM TIPHOIIKEHUEM.

IlocTpoeHHbIE YaCTOTHO-3aBUCHUMBIC DPEIICHHS  JUIA
CKauKOB IIEpEMEIICHUIl B JAanbHeHnieM MOryT ObITh HC-
MOJIB30BAHBl JIUISL TOJIYYEHUS! YacTOTHO-3aBHCHMBIX K0d(-

YTO IMOTPELIHOCTb, MOJYYEHHBIX aCHMITOTHYECKUX (op-
MyJI B 9acTOTHOM nauama3zoHe 1mo 30 MI'm me mpeBbimaer
5 %. Ha rpaduxu Taxxe HaHECEHBI JMHHUH, COOTBETCTBY-

IOIIHE KBAa3UCTATHYCCKEMY PEIICHUIO Cgm, WILTIOCTPHUPY-

I0IIME XOpoIllee KayeCTBO ammnpoOKCHMAllMM Ha HHU3KHUX (DUIIMEHTOB MPYKUHHOM >KECTKOCTH (4) aHAJOTHYHO TOMY,
JactotaXx. ['paQuKkm OTHONIEHHA MOMyNeH pereHuH Kak ObUIM HalJeHbl KBa3UCTATH4YECKUE KOI(PUIHEHTHI
ACUMITOTUYECKMX K YHCICHHOMY HArJSJIHO JEMOHCTPH- MPY>KUHHOM KECTKOCTH B paborax [21, 23].
60
10 6
4
40 1
©® 102
20
10°
2
0 10
60 10°°
4
40 10
© B 102
20
100
10!

Puc. 4. AGconroTHast MOTPEIIHOCTh ACUMIITOTHYECKHX (OPMYN B 3aBHCHMOCTH OT YacTOTHI KoJieOaHMH M mapameTpa a Julsl Majarouiei
P-BonHsl (a, 6, ) 1 S-BOJIHEI (2, 0, €), a TAKKE Pa3HbIX Map MATEPHAJIOB: ATIOMUHHN—ATIOMUHN (@, 2); ATFOMUHHAE—OKCHT aTfoMuHui (6, 0)
U AIFOMHHUA—CTaNb (6, €)

Fig. 4. The absolute accuracy of asymptotic formula depending on the frequency range W and the parameter a for the incident P-wave (q, b, c)
and S-wave (d, e, f) for the various pairs of materials: aluminum-aluminum (a, d), aluminum-alumina (b, e) and aluminum-steel (c, f)
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Puc. 5. CpaBHeHHe MOAy/Iel pelIeHNH YHCICHHOTO U aCUMIITOTHYECKHX: KBa3UCTATUYECKOTO M 4aCTOTHO-3aBUCUMOTO TSl Mapbl alIOMUHHIA-
amomunnit ipu hp = 1 15: a — mna P-Bonubl; 6 — mnst S-BONHBI: . — aCHMITOTUYECKOE DEIICHHE; - - — YHCICHHOE pEIleHHE;

... — KBa3HCTAaTHUECKOE PELIEHNE, U 6 — OTHOLIeHNe MOy eii pemennit: — — |Cp|/|Cp|; -- — [Cs|/[cd; ... - |<“:8|/|cp| Do — |<”:§|/|ch

Fig. 5. Comparison of modules of the numerical solution, the quasistatic asymptotic solution and frequency dependent asymptotic solution
for pair aluminum-aluminum and h, = 15: a — for P-wave; b — for S-wave: _ — asymptotic solution; - . — numerical solution;

... — quasistatic solution, and ¢ — relations of modules solutions: — — |Cp|/|Cp|; -- — [&s|/[cd; ... — |68|/|cp| P |(:g|/|cs|
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Puc. 6. CpaBHeHI/Ie MOﬂyﬂeﬁ peIHeHI/Iﬁ YHUCJICHHOI'O M ACUMIITOTHYCCKHUX: KBa3HUCTAaTUYCCKOTO M YaCTOTHO-3aBHCHUMOIO Ul IIapbl
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Fig. 6. Comparison of modules of the numerical solution, the quasistatic asymptotic solution and frequency dependent asymptotic solution
for pair aluminum-alumina and h, 2, 41 17: a — for P-wave; b — for S-wave: _ — asymptotic solution; - . — numerical solution;

... — quasistatic solution; ¢ — relations of modules solutions: — — |&p|/|Cp

1 OC dzv yd ded J

B nHacrosmieit paboTe paccMaTpuBaiach 3a1ava pacces-
HUS YIPYTUX BOJIH IOJIOCOBOW TPELIVMHOM, PaCIOI0KEHHOM
Ha rpaHulie pasjiena AByX cpell C pa3HbIMU YIIPYTUMH CBOM-
ctBamu. J{upakuus BOTH HA OJMHOYHOM Ae(eKTe OMUCHI-
BaeTCsl TpaHUYHBIM HHTETpalibHbIM ypaBHeHueM. Iloctpo-
€HHasl 4acTOTHO-3aBUCHMas acumnTotuka siapa MY nnsa
0EeCKOHEYHO YAaJICHHBIX TOYCK Mapamerpa npeoOpa3oBaHHs
dypbe coBmagaeT ¢ peuieHueM, npuBeneHHbM B [21] st
KBa3UCTaTUYECKOTO CTy4yasl, UTO JAET MOJIHOE COOTBETCTBUE
MEXIy peUIeHUSIMH Ha HU3KUX 4acToTaxX. [Ipm Oosbimx
3HAYEHUSIX YIJIOBOW YacTOThl CYILECTBEHHBIM BKIAJ B pe-
[IeHNEe JaeT Takke acumntoTuka siapa MY B wyne. Cpas-
HEHUE MOCTPOSHHOTO B ATOW paboTe aCHMMTOTHYECKOTO
pelLIeHNs C YHUCIIEHHBIM IOKAa3ajJO0 XOPOULIYI0 COIJIaCOBaH-
HOCTH I OOJiee ITUPOKOTr0 AUAaNa30Ha 4acTOT, YeM B CIIy-
yae paHee IOJIYyYEHHOr0 KBa3UCTATUYECKOrO pEIICHHUS.
HaiinenHble 4acTOTHO-3aBUCHMBbIE CpEAHHE CKAauyKH Iepe-
MEIICHUH Ha MOJOCOBOH TPEUIMHE MOTYT OBITh HCIIONB30-
BaHbl JJI ONpPEJEIeHUsI YaCTOTHO-3aBUCSIINX MPYKUHHBIX

1 dB dzd ¢ tgCHCHRHE d s S
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