
 177 

 !" 517.927 

 

 .!. "#$%&'( 

 !"#$%&' ()*&+(),-(.' &$$,!/+0)1!,-$%&' 2+,&1!3(&4!$%&' 5(&0!"$&1!1 

)*+),-./0123 +*4*5. 60-. 478 1.9:;78)90:0 

4.<<,),9=.*7390:0 ;)*!9,9.8 

6 ")7+1! 2+,54!(. /+$1)1+4(.! 5$,+0&8 $59!$10+0)(&8 "!:!(&8 ;)/)4& <+:& /,8 

/&==!"!(*&),-(+>+ 5")0(!(&8  !  !  !  ! ! " #2
, , , 0;1 .x t x t f t x t x t t

t

$
%% %& ' (  

6#>?$'@$ A#&'(: ");"!:&#+$1-, ;)/)4) <+:&, %+?==&*&!(1 $@"A!%1&0(+$1&. 

 

#$%%&'()*& +$,$-.  

 !  !  !  ! ! " #

 !  !

2
, , , 0;1 ,

0 0, 0 0.

x t x t f t x t x t t
t

x x

$) %% %& ' (*
+
* %' ',

  (1) 

/,0 " #: 0;1f R R R- - .  – 1.234*5, .,'670(6')589$5 .%7'6*5& "$)$-

(0',')*, $  – 3'2%($2($. 

: )$;'(0 <'7.-02= ,'%($('-2=0 .%7'6*5 %.90%(6'6$2*5 )0>02*5 

+$,$-* "'>* (1). ?)* @('& )$%%&$()*6$0&'0 &2'A0%(6' +2$-02*B <$-

)$&0()$ $  -$%(*-2' %',0)A*( ($3*0 +2$-02*5 <$)$&0()$ ,$  <)* 3'('-

)=C %''(60(%(6.89$5 7*20B2$5 3)$06$5 +$,$-$ 56750(%5 20',2'+2$--

2'B )$+)0>*&'B.  

?.%(D " #2 2 0;1L L'  – ;$2$C'6' <)'%()$2%(6' 1.234*B 

" #: 0;1y R. , %.&&*).0&=C % 36$,)$('& <' E0;0/.. #0>02*0 +$,$-* (1) 

;.,0& *%3$(D 6 <)'%()$2%(60 " #2 2

2 2 0;1W W'  – $;%'78(2' 20<)0)=62=C 

6&0%(0 % <0)6'B <)'*+6',2'B 1.234*B " #: 0;1x R. , ($3*C, -(' 2x L%%( . 

#$%%&'()*& <',<)'%()$2%(6'  !  !/ 02

0 2 : 0 0 0W x W x x%' ( ' ' . F(&0(*&, 

-(' +$,$-$ "'>* (1) @36*6$702(2$ ,*110)024*$7D2'&. .)$6202*8 (11) 



 178 

2$ <',<)'%()$2%(60 0W . G')&. 2$ 0W  '<)0,07*& )$602%(6'& 

2L
x x%%' . 

!75 7*20B2'/' '/)$2*-022'/' '<0)$(')$ :L X Y. , /,0 ,X Y  – 

;$2$C'6= <)'%()$2%(6$, 660,0& <'25(*0 3'@11*4*02($ %8)H03(*62'%(*. 

 !"#$#%#&'# [1]. I*%7'  !q L , '<)0,07022'0 )$602%(6'& 

 ! *

1
inf
z

q L L z
'

' , 

/,0 * * *:L Y X.  – %'<)5A022=B % L  '<0)$('), 2$+=6$0(%5 3'@11*4*-

02('& %8)H03(*62'%(* 7*20B2'/' '/)$2*-022'/' '<0)$(')$ L . 

F(&0(*& 203'(')=0 %6'B%(6$ 3'@11*4*02($ %8)H03(*62'%(*, *%-

<'7D+.0&=0 6 ,$22'B )$;'(0. 

(#))* 1 [1]. !75 7*20B2=C '/)$2*-022=C '<0)$(')'6 1L  * 2L  

%<)$60,7*6= .(60)A,02*5: 

1) '<0)$(') 1L  %8)H03(*602 ('/,$ * ('7D3' ('/,$, 3'/,$ 

 !1 0q L 1 ; 

2)  !  !1 2 1 2q L L q L L& 2 3 . 

!75 ,'3$+$(07D%(6$ '%2'62'/' )0+.7D($($ 2$& <'()0;.8(%5 6%<'-

&'/$(07D2=0 .(60)A,02*5 '; '<0)$(')$C I0+$)'6%3'/' (*<$ 

 ! !  !
0

1
t

Cx t x s ds
t

' 4 , (2) 

2

0

1
( )( ) ( )

t

Ay t sy s ds
t

' 4 . (3) 

F<0)$(') (2) ,'%($('-2' C')'>' *+.-02 [2] * 2'%*( 2$+6$2*0 

'<0)$(')$ I0+$)'. J.,0& *%<'7D+'6$(D '4023* 3'@11*4*02($ %8)H03-

(*62'%(* '<0)$(')$ 2 2:I C L L& $ .  [3], /,0 I  – ('A,0%(6022=B '<0)$-

('), C  – '<0)$(') I0+$)', '<)0,07022=B )$602%(6'& (2). 

(#))* 2 [3].  ! 1q I C& $ '  <)* $  # " !; 1 0;( 35 3 6 &5 ; 

 !  !2
1 2q I C& $ 2 & $  <)* $  !1; 1 2( 3 3 ; 

 ! 1 2q I C& $ 2 & $  <)* $  !1 2;0( 3 . 

: %70,.890& .(60)A,02** <'7.-02' ('-2'0 +2$-02*0 2')&= 

'<0)$(')$ (3). 



 179 

(#))* 3. F<0)$(') 2 2:A L L.  '/)$2*-02 * 

2 2

2

3L L
A

.
' . (4) 

+,-*.*/#%01/2,. ?.%(D 2y L(  – <)'*+6'7D2=B @70&02( * 

(0,1)7( . ?'7'A*& 

2
1

2

0

1
( )

t

M s y s ds dt
t

7

7

8 9
' : ;

< =
4 4 . 

F(&0(*&, -(' ,75 78;'B <'%70,'6$(07D2'%(* 0.7
n

 <'%70,'6$-

(07D2'%(D 
n

M 7  &'2'('22' 6'+)$%($0(. ")'&0 ('/', %<)$60,7*6$ '4023$ 

 !  !
2

1

3 3

0 0

1 2
1 ( ) ( ) 1 ( )

3 3

t

M s y s ds s y s ds t t y t dt
7

3 3
7

7

8 9 8 9
' 3 3 7 & 3 > ?: ; : ;

< = < =
4 4 4

1
2 21

23 2 2

0 0 0

1 2
1 ( ) ( )

3 3

t

s ds y s ds t s y s ds dt
7 7

3 3

7

8 98 9
: ;? 7 3 > & : ;: ;< =< =

4 4 4 4 × 

×  !
1

1 2
2 23 1 ( )t y t dt

7

8 9
3 ?: ;

< =
4  ! 123 2

2

0

1 2
1 ( ) .

3 3
y s ds M y

7

737 &4

 

?'7.-022'0 20)$602%(6' +$<*>0& 6 @36*6$702(2'& 6*,0: 

 !1 1232 2

0

1 2
1 ( )

3 3
M y s ds M y

7
3

7 7? 37 > &4 . (5) 

?)0,<'7'A02*0 
0

limM 77.
' 5  <)'(*6')0-*( 20)$602%(6. (5), %70,'-

6$(07D2', M 7 @ 5. 

K$3*& ';)$+'&, %.90%(6.0( 3'20-2=B <)0,07 7M  <)* 0.7 . 

?0)0C',5 6 20)$602%(60 (5) 3 <)0,07. <)* 07 . , <)*C',*& 3 

'40230 
1

2

0

2
lim

3
Ay M y7

7.
? ? .    (6) 

!75 ,'3$+$(07D%(6$ )$602%(6$ (4) )$%%&'()*& <'%70,'6$(07D2'%(D  

 !
2

2

0, 1 ,

1 2 ln , 1 .
n

t n
y t

t n t n

) ?*
' +

1*,
 



 180 

F(&0(*&, -(' 2ny L(  * 1ny ' . 

K$3 3$3 
2 3 62 4 1

2ln 1
9ln 3 3

nAy n n n
n

3 38 9' 3 & &: ;
< =

, (' 
2

lim
3

n
n

Ay
.5

'  

*, %70,'6$(07D2', 
2 2

2

3L L
A

.
' . 

E0&&$ ,'3$+$2$. 

?0)0B,0& 3 1')&.7*)'630 .%7'6*B %.90%(6'6$2*5 )0>02*B +$-

,$-* "'>* (1). 

3#,"#)*. ?.%(D 1.234*5  !, ,f t u v  .,'670(6')50( 20)$602%(6. 

 !  ! 1 2 2, , , , 0, 1, 2if t u v a t b u b v a L b i? & & ( 2 ' , 

,75 78;'/' " #0;1t(  * <)'*+6'7D2=C ,u v R( , * 3'2%($2(= , 1,2ib i '  ($-

3'6=, -(' 6=<'7202' 20)$602%(6' 

 !2

1
2

2 3
1 <)* ; 1 ;

3 2

2 7 13
2 1 <)* 1; ;

3 12 12
max ,

2 3 8 3
1 <)* ;0 ;

3 8

2 3
1 <)* 0; .

3 2

b
b

A 8 9& $ $( 3 3: ;B
< =B

B 8 9
$ & & $ $( 3 3 3B : ;: ;) C B < =@+ D B, E 8 9B & $ $( 3: ;B < =

B
8 9B 3 $ $(: ;B < =F

 (7) 

K'/,$ +$,$-$ "'>* (1) *&00( C'(5 ;= ',2' )0>02*0. 

+,-*.*/#%01/2,. ?',%($2'63$  !  !y t x t%%'  <'+6'750( <0)0B(* '( 

+$,$-* (1) 3 @36*6$702(2'&. *2(0/)$7D2'&. .)$6202*8 

 !  !  !  !  !  !2

0 0 0

, ,

t t t

y t t s y s ds f t t s y s ds y s ds
t

$ 8 9
& 3 ' 3: ;

< =
4 4 4  (8) 

6 <)'%()$2%(60 2L . 

 )$6202*0 (8) +$<*>0& 6 '<0)$(')2'& 6*,0:  

 ! ,I C A y Fy& $ 3 $ '  



 181 

/,0 2 2:I L L.  – ('A,0%(6022=B '<0)$('), '<0)$(')=   * !  – %*2/.-

75)2=0 '<0)$(')=, '<)0,07022=0 )$602%(6$&* (2) * (3) %''(60(%(602-

2', '<0)$(') 2 2:F L L.   ! !  !  !  !
0 0

, ,

t t

Fy t f t t s y s ds y s ds
8 9

' 3: ;
< =

4 4 . 

L'/7$%2' 70&&0 3 ,75 2')&= '<0)$(')$ A$  %<)$60,7*6' )$602%(6' 

2 2

2
.

3L L
A

.
$ ' $  !75 3$A,'/' *+ <0)0-*%7022=C *2(0)6$7'6 +2$-02*B 

<$)$&0()$ $  '402*& %2*+.  !.q I C A& $ 3 $  ?)* @('& 6'%<'7D+.0&%5 .(-

60)A,02*5&* 70&& 1 * 2. 

 !
 !2

2 3
1 <)* ; 1 ;

3 2

2 7 13
2 1 <)* 1; ;

3 12 12

8 3
1 <)* ;0 ;

3 8

2 3
1 <)* 0; .

3 2

q I C A

A 8 9& $ $( 3 3: ;B
< =B

B 8 9
$ & & $ $( 3 3 3B : ;: ;B < =& $ 3 $ 2 B

8 9B & $ $( 3: ;B < =
B

8 9B 3 $ $(: ;B < =F

 

K$3 3$3 ,75 <)'*+6'7D2'/' 2y L(  %<)$60,7*6= 20)$602%(6$ 

 !
2

0

t

L
y s ds t y?4 ,  !  !

2

3 2

0 3

t

L

t
t s y s ds y3 ?4 , 

(' ,75 6<'720 20<)0)=62'/' '<0)$(')$ F  %<)$60,7*6$ '4023$  
3 2

1 2 1
1 2 2max ,

3 2 3

t b
Fy a b y b t y a b y

) C
? & & ? & + D

, E
. 

M+ .%7'6*B (0')0&= %70,.0(, -('  ! ,q I C A b& $ 3 $ 1  /,0 

1
2max ,

2 3

b
b b

) C
' + D

, E
. 

?)*&0202*0 (0')0&= 2 )$;'(= [4] +$60)>$0( ,'3$+$(07D%(6'. 

?',-0)320&, -(' &2'A0%(6' +2$-02*B <$)$&0()$ ,$  <)* 3'(')=C 

,'3$+$2$ )$+)0>*&'%(D +$,$-* (1), -$%(*-2' 6378-$0( ($3*0 ,$  <)* 3'-

(')=C %''(60(%(6.89$5 7*20B2$5 3)$06$5 +$,$-$ )$+)0>*&$ 20',2'-

+2$-2'. 

 



 182 

4'5%',6"*7'8#1-'9 1!'1,- 

1. ?*- N. F<0)$(')2=0 *,0$7=. – O.: O*), 1982. – 536 %. 

2. Munt0an I. The spectrum of the Cesaro orepator // Mathematica. – 

1980. – Vol. 22. – P. 97–105. 

3. N;,.77$06 N.#. F )$+)0>*&'%(* +$,$-* "'>* ,75 %*2/.-

75)2'/' .)$6202*5 6(')'/' <')5,3$ 6 3)*(*-0%3'& %7.-$0 // K).,= M2-

%(*(.($ <)*37$,2'B &$(0&$(*3* *&. M.G. :03.$. G03'(')=0 6'<)'%= 

(0')** ';=32'6022=C ,*110)024*$7D2=C .)$6202*B. – K;*7*%*, 

1990. – P 37. – C. 5–11. 

4. N;,.77$06 N.#. G07*20B2=0 6'+&.902*5 7*20B2'/' %8)H03-

(*62'/' '<0)$(')$ // ")$06=0 +$,$-*/ ?0)&. <'7*(0C2. *2-(. – ?0)&D, 

1986. – %. 41–44. 

 

?'7.-02' 2.07.2011 

E.V. Plekhova 

The perm national research polytechnic university
 

SOLVABILITY OF CASCHY PROBLEM FOR SINGULAR 

DIFFERENTIAL EQUATION 

In the paper a sufficient conditions of the solvability of a Caschy problem for the differential 

equation  !  !  !  ! ! " #2
, , , 0;1x t x t f t x t x t t

t

$
%% %& ' (  are proposed. 

Keywords: solvability, Caschy problem, surjectivity coefficient. 


