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4 -35$67, 0389:'' 0$+$8&' ;0' 5$<30-'03#9('' -$89663#

Often used in texture modeling ways of the lattice rotation description (the full-constraints Taylor 

model and the model connecting lattice rotation with material turn defined orthogonal tensor accompa-

nying elastic deformation) are analyzed. Communication of lattice spins received in these models is  

determined. The single crystal tensile and compression is examined, corresponding modeling results 

are analyzed 

#$%&'(() *'+,$+-%-% .'/%$01$%23*14 1 (2%5(623 ,%718$1(637719'-

(81: 036'$137%2 *3 038$%+$%2*', 838 ,%83;)23<6 0*%-%91(7'**)' =8(,'$1-

0'*637>*)' 1 6'%$'619'(81' 1((7'.%23*14, 2'(>03 9+2(6216'7>*) 8 1;0'*'-

*1< 0';%- 1 018$%(6$+86+$) 036'$1373. #%=6%0+ ,$1 $3;$3?%68' 8%*(616+-

612*): (%%6*%@'*15 2 *'71*'5*%5 0':3*18' .'/%$01$+'0%-% 62'$.%-% 6'73

%.*%5 1; *31?%7'' 386+37>*): ,$%?7'0 4274'6(4 ,%(6$%'*1' 0%.'7'5, %,1-

()23<A1: =2%7<&1< 0';%- 1 018$%(6$+86+$) ,%718$1(637719'(81: 036'-

$137%2.

B 93(6*%(61, 1;2'(6*%, 96% ,$38619'(81 7<?34 1*6'*(12*34 ,73(619'-

(834 .'/%$03&14, ;3 1(87<9'*1'0 .'/%$03&11 ,% (:'0', ?71;8%5 8 2('(6%-

$%**'0+ (C361<, (%,$%2%C.3'6(4 %?$3;%23*1'0 2 ,%718$1(637719'(8%0 03-

6'$137' 8$1(6377%-$3/19'(8%5 6'8(6+$) 6%-% 171 1*%-% 61,3 1 6%5 171 1*%5

1*6'*(12*%(61 [1]. #%. 8$1(6377%-$3/19'(8%5 6'8(6+$%5 ,%*103'6(4 %671-

91' ;38%*3 $3(,$'.'7'*14 %$1'*63&15 $'@'6%8 ;'$'* 2 ,$'.(63216'7>*%0

%?D'0' %6 $32*%0'$*%-%, *37191' 2).'7'**): (,$'10+A'(62'**):) *3,$32-

7'*15 2 ,$%(6$3*(62'**%5 %$1'*61$%28' 8$1(637719'(81: $'@'6%8 %6.'7>-

*): (%(632*): 93(6'5 (;'$'*, (+?;'$'*) ,%718$1(637719'(8%-% 6'73. B(7'.-

(621' %?$3;%23*14 6'8(6+$) ,%718$1(637719'(815 036'$137 ,$1%?$'63'6

3*1;%6$%,1< (2%5(62, 96% (+A'(62'**)0 %?$3;%0 2714'6 *3 =8(,7+363&1%*-

*)' (2%5(623 1;.'715. E3810 %?$3;%0, 386+37>*%(6> ,%(6$%'*14 3.'8236*%5

0%.'71 6'8(6+$%%?$3;%23*14 (0%.'71 %,1(3*14 =2%7<&11 /+*8&11 $3(,$'-

.'7'*14 %$1'*63&15 $'@'6%8 ;'$'* 2 ,$'.(63216'7>*%0 %?D'0') ,%.62'$C.3-

'6(4 .%(636%9*% %(6$%5 *'%?:%.10%(6>< 'F ,$10'*'*14 .74 1((7'.%23*14

6':*%7%-19'(81: ,$%&'((%2 ( &'7>< +7+9@'*14 (2%5(62 036'$1373 1 ,$'.%6-

2$3A'*14 *'-3612*): =//'86%2.

G0'<6(4, ,% 8$35*'5 0'$', .2' 2%;0%C*%(61 +9'63 =2%7<&11 0';%-

1 018$%(6$+86+$): *'42*)0 171 42*)0 (,%(%?%0 [2, 3]. B ,'$2%0 (7+93'
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2 (6$+86+$+ %,$'.'74<A1: (%%6*%@'*15 22%.46(4 .%(636%9*% (7%C*)' %,'-

$36%$) *3. 1(6%$1'5 038$%*3-$+C'*14 (038$%.'/%$03&11), ?'; 1(,%7>;%23-

*14 (%%62'6(62+<A1: ,3$30'6$%2, %,1()23<A1: (%?(62'**% =2%7<&1< 0'-

;%- 1 018$%(6$+86+$). "38 ,$3217%, ,$1 =6%0 6$+.*% 2)4216> 1 %?%(*%236>

/1;19'(815 (0)(7 1 0':3*1;0) .'/%$01$%23*14, %,1()23'0)' $3;719*)01

%,'$36%$301 0%.'71 036'$1373. B ,%(7'.*1' .'(4617'614 2(' ?%7>@'' ,$1-

;*3*1' *3:%.16 26%$%5 ,%.:%. – 42*%' 22'.'*1' 2 (6$+86+$+ %,$'.'74<A1:

(%%6*%@'*15 ,3$30'6$%2, %,1()23<A1: (%(6%4*1' 1 =2%7<&1< 0';%- 1 018-

$%(6$+86+$) ( /%$0+71$%28%5 =2%7<&1%**): (81*'619'(81:) +$32*'*15 .74

=61: ,3$30'6$%2, *3;)23'0): 2*+6$'**101 ,'$'0'**)01 [2, 3]. H'%?:%.10%

;30'616>, 96% ,$1 =6%0 1(6%$14 2%;.'5(6215 *' %6?$3()23'6(4 – %*3 (%.'$-

C16(4 2% 2*+6$'**1: ,'$'0'**):.

B 8%*6'8(6' .3**%-% ,%.:%.3 2 *3(6%4A'' 2$'04 *'+,$+-%' .'/%$01-

$%23*1' ,$'.(63216'7>*%-% %?D'03 ,%718$1(63773 %,1()23<6 ( 1(,%7>;%23-

*1'0 ,$40): [4, 5 1 .$.] 171 (6361(619'(81: [6, 7 1 .$.] 0%.'7'5 (638 *3;)-

23'0): /1;19'(81: 6'%$15 ,73(619*%(61).

#$40)' 0%.'71, ,$'.,%73-3<A1' $'@'*1' 8$3'2): ;3.39 *3 +$%2*'

;'$'* (0';%+$%2*') ( 1(,%7>;%23*1'0, 838 ,$3217%, 0'6%.3 8%*'9*): =7'0'*-

6%2, ,%;2%74<6 ?%7'' 6%9*% *3:%.16> $3(,$'.'7'*1' *3,$4C'*15 1 .'/%$03-

&15 2 %?73(61, +916)236> ?71C*'' 1 .37>*'' 2;310%.'5(621' ;'$'*. I.*38%

,$10'*'*1' .3**%-% ,%.:%.3 221.+ ?%7>@1: 2)91(716'7>*): ;36$36 1 (7%C-

*%(61 -'*'$3&11 $3(9'6*%5 %?73(61, (%%62'6(62+<A'5 $'37>*%0+ 036'$137+,

%?)9*% %-$3*19'*% 0%.'7>*)0 .2+0'$*)0 (7+93'0.

J6361(619'(81' 0%.'71 2 2)91(716'7>*%0 ,73*' ?%7'' =//'8612*)

1 38612*% ,$10'*4<6(4 .74 0%.'71$%23*14 *'+,$+-%-% .'/%$01$%23*14 $'-

37>*): 036'$137%2. B $3083: =61: 0%.'7'5 ,%718$1(6377 $3((036$123'6(4

838 (%2%8+,*%(6> $3;719*% %$1'*61$%23**): ;'$'*-0%*%8$1(6377%2, 2%;.'5-

(621' ( 038$%+$%2*4 *3 83C.%' ;'$*% $'371;+'6(4 ( 1(,%7>;%23*1'0 -1,%6';)

K%5-63 %? %.*%$%.*%(61 .'/%$03&15 (.74 ?%7>@1*(623 0%.'7'5) 171 -1,%-

6';) L'5((3 %? %.*%$%.*%(61 *3,$4C'*15; 2 839'(62' 0':3*1;03 *'+,$+-%-%

.'/%$01$%23*14 ;'$*3 ,$1*103'6(4 2*+6$1;'$'**%' (8%7>C'*1' 8$3'2):

.1(7%83&15; %68718 ,$'.(63216'7>*%-% %?D'03 %,$'.'74'6(4 6'0 171 1*)0

%($'.*'*1'0 %68718%2 %6.'7>*): ;'$'*.

B*' ;321(10%(61 %6 (,%(%?3 %,1(3*14 2*+6$1;'$'**%-% *'+,$+-%-% .'-

/%$01$%23*14 (38612*% 1(,%7>;+<6(4 +,$+-%,73(619'(834, 24;8%,73(619'-

(834 1 +,$+-%24;8%,73(619'(834 0%.'71 .74 %,1(3*14 (8%7>C'*14 .1(7%83-

&15), .74 %,1(3*14 ,%2%$%63 $'@'681 ;'$*3 2 ,%.3274<A'0 ?%7>@1*(62'

(+A'(62+<A1: $3?%6 1(,%7>;+'6(4 71?% 0%.'7> (6'(*'**%-% ,%2%$%63 E'5-

7%$3 [6], 71?% 0%.'7>, (24;)23<A34 ,%2%$%6 $'@'681 ( 036'$137>*)0 ,%2%-

$%6%0, %,$'.'74'0)0 %$6%-%*37>*)0 6'*;%$%0, (%,$%2%C.3<A10 +,$+-+<

.'/%$03&1< [7]. #$1 =6%0 ,$12'.'**)' 2 716'$36+$' $';+7>636) 0%.'71$%-
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23*14 %.1*38%2): ,$%&'((%2 .'/%$01$%23*14, 2 93(6*%(61 – $3(,$'.'7'*1'

%$1'*63&15 $'@'6%8 ;'$'* 2 ,$'.(63216'7>*%0 %?D'0', ,$1 1(,%7>;%23*11

%?'1: 0%.'7'5 %83;)23<6(4 2'(>03 ?71;8101.

H3(6%4A34 (636>4 %$1'*61$%23*3 *3 3*371; +83;3**): 0%.'7'5 ,%2%-

$%63 $'@'681. J6$+86+$3 .2+:+$%2*'2%5 0%.'71 .'/%$01$%23*14 ,%718$1-

(637719'(81: 036'$137%2 ( 1(,%7>;%23*1'0 .74 %,1(3*14 *'+,$+-%-% ,%2'-

.'*14 ;'$*3 +,$+-%,73(619'(8%5 0%.'71, 3 638C' 37-%$160 $'@'*14 8$3'2):

;3.39 ( 'F ,%0%A>< .%(636%9*% .'637>*% 1;7%C'*) 2 [3], 2 .3**%5 (636>' .74

;308*+6%(61 8$368% 1;73-3'6(4 6%7>8% 0%.'7> +,$+-%,73(619'(8%-% .'/%$-

01$%23*14 ;'$*3.

1. !"#$% &'()*+,#*#''!-! '#(.*(-!-! "#/!*0+*!&1'+2

,1 34#) 35!$%6#'+2 5*1#&78 "+3$!519+:

B 839'(62' 0':3*1;03 *'+,$+-%-% .'/%$01$%23*14 ,$1*103'6(4 2*+6-

$1;'$'**%' (8%7>C'*1' 8$3'2): .1(7%83&15. #7%(8%(61 ;37'-3*14 1 %$1'*-

63&14 2'86%$%2 M<$-'$(3, 2.%7> 8%6%$): ,$'10+A'(62'**% %(+A'(6274'6(4

6$3*(74&1%**%' .21C'*1' ((8%7>C'*1') 8$3'2): .1(7%83&15, 1;2'(6*), 101

4274<6(4 *31?%7'' ,7%6*% +,38%23**)' ,7%(8%(61 1 *3,$327'*14. H3,$10'$,

2 NO"–0'63773: (8%7>C'*1' 8$3'2): .1(7%83&15 %(+A'(6274'6(4 2 ,7%(8%-

(64: (1(6'0) {111} ,% *3,$327'*140 <110>, 91(7% 6381: 2%;0%C*): (1(6'0

(8%7>C'*14 $32*% 12. !74 %,1(3*14 83C.%5 (1(6'0) (8%7>C'*14 22%.46-

(4 2'86%$) , n b
k k  – '.1*19*)' 2'86%$) *%$0371 1 *3,$327'*14 (8%7>C'*14

(2.%7> *3,$327'*14 2'86%$3 M<$-'$(3) .74 k-5 (1(6'0) (8%7>C'*14

1 m
k  – %$1'*63&1%**)5 6'*;%$, ( )1/2 , 1,...,12.+   =m = b n n b

k k k k k k

L3(,$'.'7'*1' .1(7%83&15 ,%73-3'6(4 %.*%$%.*)0 ,% ;'$*+, 96% .3'6

2%;0%C*%(6> $3((0%6$'*14 *'+,$+-%5 (%(63274<A'5 6'*;%$3 .'/%$03&11

(8%$%(61 d
p 2 21.'

p ( ) ( )

=1

= P , d m  

K
k k

k

 (1) 

-.' ( )P k  – (8%$%(6> (.21-3 ,% k-5 (1(6'0' (8%7>C'*14, K  – 91(7% (1(6'0

(8%7>C'*14. B1.*%, 96% *'+,$+-1' .'/%$03&11 1;%:%$19*).

B 839'(62' 8$16'$14 38612*%(61 (.21-3 ((8%7>C'*14 .1(7%83&15) ,%

(1(6'0' (8%7>C'*14 2 +,$+-%,73(619'(81: 0%.'74: 1(,%7>;+'6(4 ;38%*

Q01.3:

R R ,≡  m :; =
k c

k k  (2)  

-.' Rk  – .'5(62+<A'' 2 (1(6'0' (8%7>C'*14 k 83(36'7>*%' *3,$4C'*1', ;  – 

%.*%$%.*)5 ,% $3((036$123'0%0+ ;'$*+ 6'*;%$ *3,$4C'*15 "%@1, Rc
k  – 8$1-



114

619'(8%' *3,$4C'*1' (.21-3 2 6%5 C' (1(6'0' (8%7>C'*14, ;321(4A'' %6 *3-

8%,7'**): (.21-%2 ,% 2('0 (1(6'030 (8%7>C'*14 (2%%?A' -%2%$4, =63 ;321-

(10%(6> 0%C'6 ?)6> .%(636%9*% (7%C*%5).

B 839'(62' ?3;%2%5 0%.'71 ;'$*3 (0%*%8$1(63773) ,$'.73-3'6(4 1(-

,%7>;%236> /1;19'(8+< 6'%$1< S1*4 [8]. B =6%5 0%.'71 =7'0'*6%0 (6361-

(619'(8%5 2)?%$81, 838 1 2 *31?%7'' ,%,+74$*): .74 %,1(3*14 +,$+-%,73-

(619'(8%-% .'/%$01$%23*14 0%.'74: E'57%$3–M1@%,3–T1773 [6], 4274'6(4

;'$*%, *% 2 %67191' %6 ,%(7'.*1: +916)23<6(4 +,$+-1' .'/%$03&11 1 3*1;%-

6$%,14 +,$+-1: (2%5(62 036'$1373 ;'$*3 (%60'610, 96% ,'$2%*3937>*% 0%-

.'7> ?)73 ,$'.7%C'*3 .74 +,$+-% 1;%6$%,*): ;'$'*).  

H3 0';%+$%2*' (+$%2*' ;'$*3) 2 839'(62' %,$'.'74<A'-% (%%6*%@'*14

2)(6+,3'6 ;38%* N+83 2 (8%$%(6*%5 /%$0', ,$1 =6%0 +916)23'6(4 3*1;%6$%-

,14 8$1(637719'(8%5 $'@'681:

( )r e p r= = ,      = + ,− − ⋅ ⋅; c : d c : d d ; ; < ; ; <   (3) 

-.' 3 – 6'*;%$ 9'62'$6%-% $3*-3 +,$+-1: (2%5(62, '-% 8%0,%*'*6) 2 8$1(637-

7%-$3/19'(8%5 (1(6'0' 8%%$.1*36 ("J") 1;2'(6*), .74 %,$'.'7'*14 8%0,%-

*'*6 3 2 .$+-1: (1(6'03: 8%%$.1*36 1(,%7>;+<6(4 (63*.3$6*)' ,$'%?$3;%23-

*14; e p, ,  d d d  – 6'*;%$ .'/%$03&11 (8%$%(61, '-% +,$+-34 1 ,73(619'(834 (%-

(63274<A1'. B (%%6*%@'*11 (3) +916)23'6(4 -'%0'6$19'(834 *'71*'5*%(6>

(,'$2%*3937>*% 0%.'7> S1*4 ?)73 (/%$0+71$%23*3 .74 (7+934 037): .'-

/%$03&15): 823;162'$.%' .21C'*1' [9] (24;)23'6(4 ( $'@'68%5 – 2 8%$%63&1-

%**%5 ,$%1;2%.*%5 6'*;%$3 *3,$4C'*15 "%@1 r
; /1-+$1$+'6 6'*;%$ (,1*3

,< :3$386'$1;+<A15 (8%$%(6> 2$3A'*14 8$1(637719'(8%5 $'@'681 (0%.'71

,%2%$%63 $'@'681 $3((036$123<6(4 *1C'). E3810 %?$3;%0, *3,$4C'*14 :3-

$386'$1;+<6 10'**% +,$+-1' 2;310%.'5(6214 2 ;'$*', (24;3**)' ( 1;0'*'*1-

'0 $3((6%4*15 0'C.+ (%('.*101 36%0301.

I(*%2*34 1.'4 0%.'71 S1*4 ;387<93'6(4 2 6%9*%0 %?'(,'9'*11 .21-

C'*14 1;%?$3C3<A'5 6%981 2 ,$%(6$3*(62' *3,$4C'*15 2*+6$1 171 ,% ,%-

2'$:*%(61 0*%-%-$3**183 6'8+9'(61 ( 6%9*)0 %,$'.'7'*1'0 38612*): 2 6'-

8+A15 0%0'*6 (1(6'0 (8%7>C'*14.

!74 1;2'(6*%-% (%,$'.'7'**%-% 37-%$16019'(81) *3?%$3 38612*):

(.74 8%6%$): 2),%7*4'6(4 +(7%21' (2)) (1(6'0 (8%7>C'*14 (JJ) 2 6'8+A15

0%0'*6 2$'0'*1 ,$1 *371911 ,%2%$%6%2 (1(6'03 +$32*'*15 2 (8%$%(64: 10'-

'6 21.
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dt

 !"#$%$&' ()' *+!%(%)%$&' c+&$" !%,%-.&

 (4) 

-.' ( )PΣf  – /+*8&14 +,$%9*'*14 (8$1619'(8%' *3,$4C'*1' (.21-3 ,% (1(-

6'030 (8%7>C'*14, ;321(4A'' %6 *38%,7'**): ,% 2('0 JJ (.21-30 PΣ ), 

@6$1: %;*393'6 ,$%1;2%.*+< ,% P ,Σ aK  – 91(7% 38612*): (1(6'0 (8%7>C'-

*14, K  – %?A'' 91(7% (1(6'0 (8%7>C'*14.

 $32*'*14 (4)1 – 6$'?%23*1' $32'*(623 (8%$%(61 83(36'7>*%-% *3,$4-

C'*14 *3 38612*%5 (1(6'0' (8%7>C'*14 (8%$%(61 8$1619'(8%-% *3,$4C'*14

.74 =6%5 (1(6'0) (8%7>C'*14 (6$'?%23*1' 2),%7*'*14 (2) .74 38612*): (1(-

6'0 (8%7>C'*14),

(4)2 – ;38%* N+83 2 (8%$%(6*%5 $'738(3&1%**%5 /%$0' ( +9'6%0 -'%0'6-

$19'(8%5 *'71*'5*%(61 (3), 

(4)3 – 81*'03619'(8%' (%%6*%@'*1' (1), 

(4)4 – -1,%6';3 K%5-63 (2 0%.'71 S1*4 1(,%7>;+'6(4 -1,%6';3 K%5-63,

6'*;%$ .'/%$03&11 (8%$%(61 038$%+$%2*4 D %,$'.'746(4 1; $'@'*14 8$3'-

2%5 ;3.391 *3 038$%+$%2*'),

(4)5 – (%%6*%@'*14 6%5 171 1*%5 0%.'71 ,%2%$%63 $'@'681.

U2*)01 2*+6$'**101 (2:%.4A101 2 (24;> %687183 ; 1 2%;.'5(6214

)=d D ,'$'0'**)01 0';%+$%2*4 (,%.$%?*% (6$+86+$3 8%*(616+612*%5 0%.'-

71 ( 2*+6$'**101 ,'$'0'**)01 %?(+C.3'6(4 2 [2]) 4274<6(4 (8%$%(61 ,73-

(619'(81: .'/%$03&15 1 (,1* $'@'681. J8%$%(61 ,73(619'(81: (.21-%2

1 8$1619'(81' *3,$4C'*14 (.21-3 .74 (1(6'0 (8%7>C'*14 0%C*% %6*'(61

8 *'42*)0 2*+6$'**10 ,'$'0'**)0 0';%+$%2*4 (*' 2:%.46 *3,$40+< 2 (24;>

%687183 1 2%;.'5(6215, 1(,%7>;+<6(4 .74 %,$'.'7'*14 42*): 2*+6$'**1: ,'-

$'0'**):).

B 839'(62' 37>6'$*3612*%5 2)@',$12'.'**%5 0%.'71 93(6% 1(,%7>;+-

<6(4 24;81', 24;8%,73(619'(81', +,$+-%24;8%,73(619'(81' 0%.'71. H31?%7''

,%,+74$*)0 ;38%*%0 .74 =6%-% 873((3 0%.'7'5 4274<6(4 $3;719*)' 0%.1/1-

83&11 (6','**%-% ;38%*3 T3691*(%*3 [10]: 
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( )
1/

0

R
P = P sign R ,

R
  

m

k
k kc

k

 (5) 

-.' 0P , R 
/
k  – 8%*(63*6) 036'$1373 $3;0'$*%(61 .'/%$03&11 (8%$%(61 1 *3-

,$4C'*14, (%%62'6(62'**%, - – 8%*(63*63 (8%$%(6*%5 9+2(6216'7>*%(61 03-

6'$1373 (,$1 8%0*36*%5 6'0,'$36+$' '' 2'7191*3 0373, *' ,$'2)@3'6 0,03); 

.74 24;8%,73(619'(81: 1 +,$+-%24;8%,73(619'(81: 0%.'7'5 *'%?:%.10% 2 (5) 

.%?3216> /+*8&1< T=21(35.3 ( )R R− c
s sH  – 8$16'$15 38612*%(61 (.21-3 ,%

JJ. H'(0%6$4 *3 6%, 96% 2 =6%0 (7+93' (8%7>C'*1' $'371;+'6(4 ,% 2('0 (1(-

6'030 (8%7>C'*14, (8%$%(61 (.21-%2 ,% JJ, (9163<A1'(4 38612*)01 2 +,$+-

-%,73(619'(81: 0%.'74:, (+A'(62'**% ,$'2%(:%.46 (8%$%(61 (.21-%2 2 %(-

637>*): (1(6'03:; *3,$4C'*14 ,$1 =6%0 *' (+A'(62'**% %67193<6(4 %6 ,%-

7+93'0): 2 *'9+2(6216'7>*): 8 (8%$%(61 .'/%$03&11 +,$+-%,73(619'(81:

0%.'74:. !%(636%9*% .'637>*% 2%,$%( %? =821237'*6*%(61 24;8%,73(619'(8%5

1 C'(68%,73(619'(8%5 0%.'7'5 1((7'.%23* 2 $3?%6' [11]. 

#$1 =6%0 %,1(3*1' ,%2%$%63 $'@'681 ;'$*3 2% 2(': 0%.'74: $3((036-

$123'6(4 838 %6.'7>*)5 ?7%8.

2. !"#$+ *!)19++ *#=#)5+

H31?%7'' ,%,+74$*)01 0%.'7401 ,%2%$%63 $'@'681 4274<6(4: 0%.'7>

(6'(*'**%-% ,%2%$%63 E'57%$3, %,$'.'74<A34 (,1* $'@'681 838 $3;*%(6>

6'*;%$3 21:$4 1 3*61(100'6$19*%5 93(61 6'*;%$3 ,73(619'(81: (.21-%2,

1 0%.'7>, (24;)23<A34 ,%2%$%6 $'@'681 ( 036'$137>*)0 ,%2%$%6%0, %,$'-

.'74'0)0 %$6%-%*37>*)0 6'*;%$%0, (%,$%2%C.3<A10 +,$+-+< .'/%$-

03&1<.

2.1. >)#3'#''7: .!&!*!) .! ?#:$!*(

J%-73(*% 0%.'71 (6'(*'**%-% ,%2%$%63 E'57%$3 2 (%2$'0'**%5 1*6'$-

,$'63&11 [6] -$3.1'*6 (8%$%(61 ,'$'0'A'*15 *3 0';%+$%2*' (+$%2*' ;'$*3)

,$'.(63274'6(4 2 21.'

( )
T

1
ˆ P ,

=1

= = + ∇l v < b n 

K
i i i

i

 (6) 

-.' ∇̂  – %,'$36%$ N3017>6%*3, %,$'.'7'**)5 2 386+37>*%5 8%*/1-+$3&11,

1<  – 3*61(100'6$19*)5 6'*;%$ (,1*3 $'@'681 ;'$*3, %(637>*)' 2'7191*)

%,$'.'7'*) 2)@'. J%%6*%@'*1' (6) ,$'.,%73-3'6 .74 (24;1 0';%- 1 038$%-

+$%2*'5 0%.'71 (20'(6% ,'$2%*3937>*% 1(,%7>;+'0%5 (3010 E'57%$%0 [12] 
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-1,%6';) %.*%$%.*%(61 .'/%$03&15 (-1,%6';) K%5-63)) 1(,%7>;%23*1'

«$3(@1$'**%5» -1,%6';) K%5-63, +(63*327123<A'5 %.*%$%.*%(6> -$3.1'*-

6%2 (8%$%(6'5 ,'$'0'A'*15 ,=l L 96% 1 6$'?+'6(4 2 (%2$'0'**): 0%.'74:

6'8(6+$%%?$3;%23*14. B (17+ 6%-%, 96% 2 $3083: =6%5 -1,%6';) 036'$137 ,%-

73-3'6(4 «(6'(*'**)0» (.'/%$03&11 ;'$'* %-$3*19'*) (%('.401), 0%.'7>

E'57%$3 93(6% *3;)23<6 «,%7*%(6>< (6'(*'**%5».

J +9'6%0 =l L 1; (%%6*%@'*14 (6) 6'*;%$ (,1*3 $'@'681 ;'$*3 1<

0%C*% 2)$3;16> (7'.+<A10 %?$3;%0:

( )p
1

1
,

2=1

= − = + γ − < W W W n b b n 

K
i i i i i

i

(7)

-.' W  – 6'*;%$ 21:$4, ( )( ) ( )
T

T1 1ˆ ˆ .
2 2

= ∇ − ∇ = −W v v L L

I60'610, 96% ,'$2%*3937>*% 0%.'7> ,%2%$%63 $'@'681 E'57%$3 ?)73

,$'.7%C'*3 .74 C'(68%,73(619'(8%5 0%.'71 2*+6$1;'$'**%-% .'/%$01$%23-

*14, ,%=6%0+ 3*371; (7) 7%-19*% ,$%2'(61 .74 638%5 0%.'71. E%-.3 ,$1 %6-

(+6(6211 (8%7>C'*14 .1(7%83&15 .'/%$01$%23*1' %6(+6(62+'6, 2$3A'*1'

$'@'681 ;'$*3 (%-73(*% (7) %,1()23'6(4 6'*;%$%0 21:$4 1 =< W  – ;'$*%

2$3A3'6(4 838 C'(68%' 6'7%, 96% (%%62'6(62+'6 ,$'.(6327'*1< .21C'*14 (%-

-73(*% 6'%$'0' "%@1–N'7>0-%7>&3 [9].  

L3((0%6$10 ,$%(6%5 (.21- 2 *3,$327'*11 1k 2 3( , ,1k k k  – ?3;1(*)'

2'86%$) .'83$6%2%5 %$6%-%*37>*%5 (1(6'0) 8%%$.1*36), 73-$3*C'2 ;38%*

.21C'*14:

( )1 2 2 3
1 2 3,= +  + +r k k kq at q q q const,=a   (8) 

-.' r  – $3.1+(-2'86%$ 2 386+37>*%5 8%*/1-+$3&11, iq  – 73-$3*C'2) 8%%$-

.1*36).

N$3.1'*6 .'/%$03&11 .74 .21C'*14 (8):

T
0

1 1 1 2 2 2 3 3,
% &

= = +  + +' (
) *
∇F r k k k k k k k kat  (9) 

-.'
0

∇  – %,'$36%$ N3017>6%*3, %,$'.'7'**)5 2 %6(9'6*%5 8%*/1-+$3&11.

N$3.1'*6 (8%$%(61 ,'$'0'A'*15 2 386+37>*%5 8%*/1-+$3&11, 6'*;%$)

21:$4 1 .'/%$03&11 (8%$%(61 10'<6 21.:

( )
T

1
1 2

ˆ ,−= = ⋅ =  ∇v L F F k k a  (10) 
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( ) ( )T
1 2 2 1

1
,

2 2
= − = −W L L k k k k

a ( ) ( )T
1 2 2 1

1
.

2 2
= + = +D L L k k k k

a
 (11) 

#+(6> (8%7>C'*1' %(+A'(6274'6(4 ,% '.1*(62'**%5 (1(6'0' (8%7>C'-

*14 , ,b n 6%-.3 (%-73(*% C'(68%,73(619'(8%5 0%.'71
P

( ).
2

= +D bn nb
 

V(71

8$1(6377 %$1'*61$%23* 638, 96% 1 2, ,= =b k n k 6% 10''0

( ) ( )1 2 2 1 1 2 2 1

P P
( ) ,

2 2 2
= + = + = +D bn nb k k k k k k k k

  a

%68+.3 P = .   a E%-.3 (%-73(*% (7),(11) (,1* $'@'681

( ) ( )1 1 2 2 1 2 1 1 2( ) .
2 2 2

γ
= + − = − + − =< W nb bn k k k k k k k k 0

 a a
 (12) 

J7'.%236'7>*%, '(71 8$1(6377 1.'37>*% %$1'*61$%23* .74 (.21-3 ,%

%.*%5 (1(6'0' (8%7>C'*14, 6% ,%2%$%6 $'@'681 %6(+6(62+'6, *'(0%6$4 *3

/%$0%1;0'*'*1' ;'$*3.

E3810 %?$3;%0, (%-73(*% 0%.'71 (6'(*'**%-% ,%2%$%63 E'57%$3 (%%6-

*%@'*1' (7) %,$'.'74'6 ,%2%$%6 $'@'681 ;'$*3 838 $3;*%(6> 0'C.+ 21:$'0

1 3*61(100'6$19*%5 93(6>< 6'*;%$3 ,73(619'(81: (.21-%2, ,$1 =6%0 ,%-

(7'.*44 0%C'6 8%0,'*(1$%236> 2$3A36'7>*%' 2*'@*'' 2%;.'5(621' *3 $'-

@'68+ ;3 (9'6 21:$4.

2.2. !"#$% «01)#*+1$%'!-!» .!&!*!)1

!$+-10 ,%,+74$*)0 .74 %,1(3*14 ,%2%$%6%2 $'@'681 4274'6(4 (7'-

.+<A15 ,%.:%. [9]: .74 %,1(3*14 81*'036181 1(,%7>;+'6(4 0+7>61,7183-

612*%' $3;7%C'*1' S1 -$3.1'*63 0'(63, ,%2%$%6 $'@'681 (24;)23'6(4 ( 036'-

$137>*)0 ,%2%$%6%0, 8%6%$)5 %,$'.'74'6(4 %$6%-%*37>*)0 6'*;%$%0 e ,R

(%,$%2%C.3<A10 +,$+-+< .'/%$03&1<.

I60'610, 96% ,$1 1(,%7>;%23*11 .3**%5 0%.'71, 838 1 ,$1 1(,%7>;%-

23*11 0%.'71 (6'(*'**%-% ,%2%$%63 E'57%$3, *'%?:%.103 «$3(@1$'**34»

-1,%6';3 K%5-63, ,$'.,%73-3<A34 %.*%$%.*%(6> -$3.1'*6%2 .'/%$03&11

=f F  (-$3.1'*6%2 (8%$%(6'5 ,'$'0'A'*15 =l L ).

N$3.1'*6 .'/%$03&11 F  (6$3*(,%*1$%23**)5 -$3.1'*6 0'(63), 71*'5-

*% (24;)23<A15 036'$137>*)' %6$';81 dR 2 %6(9'6*%5 00 1 dr 2 6'8+A'5

0t 8%*/1-+$3&14: ( )d d ,= ⋅r F R ,$'.(63274'6(4 0+7>61,7183612*)0 $3;7%-

C'*1'0 +,$+-%5 1 ,73(619'(8%5 (%(63274<A1: -$3.1'*63 .'/%$03&11 [9]: 

( )
T T

o oT
× ×% & % &

= = ⋅ == ⋅' ( ' (
) * ) *
∇ ∇ ∇F r F F r r

e p ,  (13) 
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-.' , , ×  R r r  – $3.1+(-2'86%$) 93(61&) 2 %6(9'6*%5 00, 386+37>*%5 0t 1 ,$%-

0'C+6%9*%5 ($3;-$+C'**%5) 0x 8%*/1-+$3&14: (,%(7'.*44 ,%7+93'6(4 6'8+-

A'5 $3;-$+;8%5 .% .%(61C'*14 *+7'2): *3,$4C'*15), ×∇  – %,'$36%$ N3-

017>6%*3, %,$'.'7'**)5 2 0x.

 ,$+-34 (%(63274<A34 -$3.1'*63 .'/%$03&11 F
e ,$'.(63274'6(4 2 21-

.' ,%74$*%-% $3;7%C'*14

.= ⋅ = ⋅F R U V R
e e e e e  (14) 

W36'$137>*)5 ,%2%$%6 (24;)23<6 ( %$6%-%*37>*)0 6'*;%$%0 ,R
e (%-

,$%2%C.3<A10 +,$+-+< .'/%$03&1< (*3;)23'0)0 638C' 6'*;%$%0 $%63-

&11 [9]).  

#73(619'(834 (%(63274<A34 -$3.1'*63 .'/%$03&11 %,$'.'74'6(4 (%-

%6*%@'*1'0:

( )
0 01

1

,
−

=

⋅ = γ F F b n  

K
p p

iii
i

  (15) 

-.' 2'86%$)
0 0

,b nii  – '.1*19*)' 2'86%$) 2 *3,$327'*11 2'86%$3 M<$-'$(3

(*3,$327'*14 (.21-3) 1 *%$0371 .74 (1(6'0) (8%7>C'*14, %,$'.'7'**)'

2 %6(9'6*%5 8%*/1-+$3&11.

E3810 %?$3;%0, 2 $';+7>636' 2%;.'5(6214 (.'/%$01$%23*14) ,$%1;-

2%7>*%' ;'$*% ( *'8%6%$%5 %$1'*63&1'5 1(,)6)23'6 ,73(619'(81' (.21-1

(?'; 1;0'*'*14 %$1'*63&11 $'@'681), +,$+-1' 1(83C'*14 1 ,%2%$%6); ( ,%-

(7'.*101 (24;)23'6(4 823;162'$.%' .21C'*1' (8%*'9*)' ,%2%$%6) 838 C'(6-

8%-% &'7%-%) [9], 8%6%$%', 2 (2%< %9'$'.>, 2 $3083: $3((036$123'0%5 0%.'71

1 %,1()23'6 ,%2%$%6 $'@'681 ;'$*3.

2.3. >*1&'#'+# 0!"#$#: *!)19++ *#=#)5+

!74 ($32*'*14 (( 036'03619'(8%5 6%981 ;$'*14) 2)@',$12'.'**): 0%-

.'7'5 ,%2%$%63 $'@'681 *'%?:%.10% .74 0%.'71 «036'$137>*%-%» ,%2%$%63

%,$'.'716> (,1* $'@'681.

L3((0%6$10 -$3.1'*6 (8%$%(61 ,'$'0'A'*15; ( +9'6%0 (13) 0%C*% ;3-

,1(36>:

( ) ( ) ( ) ( )
1 1 1 1

T 1 e e e p p e e eˆ ,
 −  −  − −

−= ∇ = ⋅ = ⋅ + ⋅ ⋅ ⋅ = + ⋅ ⋅L v F F F F F F F F L F L F   e p  (16) 

-.'
0 0

1

1

( ) .−

=

= ⋅ = γ L F F b n  

K
p p p

iii
i
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B2'.'0
1

ˆ ,
=

= γ L b n 

K
p

iii
i

-.' ,b nii  – '.1*19*)' 2'86%$) 2 *3,$327'*11

2'86%$3 M<$-'$(3 (*3,$327'*14 (.21-3) 1 *%$0371 .74 JJ 2 386+37>*%5 8%*-

/1-+$3&11, ,$19'0
0

e ,= ⋅b R bi i

0
e ;= ⋅n R nii (%-73(*% .3**%5 0%.'71 ,%2%$%-

63 6'*;%$ e
R %,1()23'6 C'(68%' .21C'*1', ,$1 =6%0 ,$'*'?$'-3'0 ,%2%$%-

6%0, (24;3**)0 ( +,$+-101 1(83C'*1401.

E%-.3 ( +9'6%0 ,%74$*%-% $3;7%C'*14 (14) (%%6*%@'*1' (16) 0%C*%

;3,1(36> 2 21.'

( ) ( ) ( )
T 1 T

ˆ .
−

= − ⋅ ⋅ ⋅ ⋅ ⋅ ⋅L L R U R L R U R
e e e e p e e e  (17) 

!37'', ,%73-34 +,$+-1' .'/%$03&11 037)01 ( )e 2 ,= + +U E Y YO

( ) ( )
1

e 2
−

≈ − +U E Y YO  (@ – '.1*19*)5 6'*;%$), ,%.(632744 =6% ,$'.(6327'-

*1' 2 (16) 1 ,$'*'?$'-34 97'*%0 26%$%-% ,%$4.83 ,% (100'6$19*%0+ 6'*;%-

$+ ,Y ,%7+93'0

( ) ( )
T T

ˆ( ) ( ) ,= − ⋅ + ⋅ ⋅ ⋅ ⋅ − ⋅L L R E Y R L R E Y R
e e e p e e

T Tˆ ˆ ˆ .= − − ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅L L L R Y R L L R Y R
e p e e p p e e  (18) 

B%(,%7>;+'0(4 (3*1;%6$%,*)0 -1,'$+,$+-10) ;38%*%0 N+83 2 6'$01-

*3: ,$%0'C+6%9*%5 8%*/1-+$3&11 (=63 $3;-$+;%9*34 8%*/1-+$3&14 1(,%7>-

;+'6(4 2 839'(62' %6(9'6*%5),

,× ×A :CK =   (19) 

 !" ×K  – 2-# $"%&'( %)*(+,"%-# .-'/)–0-(1 '22) (3 ()& (4,"%%'# 5'%2--

 4()6-"# 7 5)8"3$7" '$38"$%'#), ( )( ) ( )e e
 Te ,det

− −

× ⋅ ⋅
1

 = F F  FK !  – $"%&'(

8"$7"($' ' ()% ) 4*(4 -1 37'#3$7, ×C  – $"%&'( !"2'(9)6-- 0':--;(-%)

(3 ()& (4,"%%'# 5'%2- 4()6-"# 7 5)8"3$7" '$38"$%'#),  

( )( ) ( )( ) ( )( )T 2
e

T e1 1 1
= =

2 2 2

1 1
= (( + ) ( + ) ) = ( ) = .

2 2

× ⋅⋅ − ⋅ ⋅ − −

     ⋅ − −

U R R U UC F F E = E = E

E Y E Y E E + 2Y E Y

e e e e e

 (20) 

<& (19),(20) 3/"!4"$

( ) ( )e e
T

= ,
− −

⋅ ⋅
1

F  F ! : Y  (21) 
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-, *("%"=(" )+ 57)!()$-8%>9- *' Y 8/"%)9-, *'/48)"9

( )( )T

,∗ ⋅ ⋅= R R ! : Ye e  (22) 

 !" ( )
T

;∗ ⋅ ⋅= R R! !e e -& (22) 3/"!4"$

( )
T

: ,=⋅ ⋅R R BY  e e  (23) 

 !" ( )∗ −= 1
B !  – $"%&'( 8"$7"($' ' ()% ) 4*(4 '# *'!)$/-7'3$-.

?)5-9 '=()&'9, 3''$%':"%-" (18) *(-%-9)"$ 7-!

ˆ ˆ ˆ( : ( :) ).= − − ⋅ + ⋅L L L B L L B  e p p p  (24) 

@)339'$(-9 *'!('=%"" :L
e

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 T 1 T
e e e e

T T T
e e e .

 − − −

= ⋅ = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ =

    = ⋅ + ⋅ ⋅ − ⋅ ⋅ ⋅

L F F R U U R R U U R

R R R Y R R Y Y R

   

   

e e e e e e e

e e e

 (25) 

A 3-/4 3-99"$(-- Y $"%&'( e T⋅ ⋅R Y R e 3-99"$(-8"%, *'3/"!%-# 8/"%

!/+ 57)&-3$)$-8"35' ' %) (4,"%-+ 9)/. ?' !) )%$-3-99"$(-8%)+ 8)3$B e
L

*'/%'3$BC '*("!"/+"$3+ 3*-%'9 (":"$5- e e T .= ⋅W R R e

?"%&'( 3*-%) (":"$5- 9',%' '*("!"/-$B, )/B$"(%-(4+ (7&+7 )%$-3-9-

9"$(-8%4C 8)3$B) 3''$%':"%-" (24): 

{ } { } { } { }ˆ ˆ ˆ{ } ( : ( : .) )= − − ⋅ + ⋅L L L B L L B  e p p p  (26) 

D='&%)8-9 :=A B   – 3-99"$(-8%># $"%&'(. ?' !)    

{ } ( )( ) ( )( )T T1 1ˆ ˆ ˆ ˆ ˆ ,
2 2

⋅ = ⋅ − ⋅ = ⋅ − ⋅A L A L A L A L L A
p p p p p  (27) 

{ } ( )( ) ( )( )T T1 1ˆ ˆ ˆ ˆ ˆ ,
2 2

⋅ = ⋅ − ⋅ = ⋅ − ⋅L A L A L A L A A L
p p p p p  (28) 

( )( ) ( )( )T T
e 1 1ˆ ˆ ˆ ˆ .

2 2
= − − ⋅ + + + ⋅W W W A L L L L A

p p p p p  (29) 

<$)5, $"%&'( 3*-%) (":"$5- 2" *(- 57)&-3$)$-8"35'9 %) (4,"%-- '*-

("!"/+"$3+ 3' /)3%'

e
2 ( : ( :) ),= = − − ⋅ + ⋅" W W W B D D B  p p p  (30) 



122

 !" ( )T1
,

2
= −W L L ( )( ) ( )

T

1

1 ˆ ˆ ,
2 =

= − = γ − W L L b n n b 

K
p p p

i i i i i
i

=D
p

( )( ) ( )
T

1

1 ˆ ˆ .
2 =

= + = γ + L L b n n b 

K
p p

i i i i i
i

E''$%':"%-" (30) *(-7'!-$3+ 7 3$)$B" [7], %', 5 3',)/"%-C, 7>5/)!5-

*(-7'!+$3+ %" *'/%'3$BC - 3 %"$'8%'3$+9-.

F8-$>7)+, 8$' 3' /)3%' 9'!"/- 3$"3%"%%' ' *'7'('$) ?"#/'() 3*-%

(":"$5- "3$B 1 ,= −" W W
p *'/48)"9 37+&B 3*-%'7 (":"$5- !/+ 9'!"/"#:

2 1
ˆ ˆ( : ( :) ).= − ⋅ + ⋅" " B D D B  p p  (31) 

?)5-9 '=()&'9, *(- 57)&-3$)$-8"35'9 !"2'(9-('7)%-- ()339'$("%%>"

9'!"/- *'7'('$'7 (":"$5- 7 3-/4 9)/'3$- 4*(4 -1 !"2'(9)6-# :B  =4!4$

!)7)$B %"&%)8-$"/B%' '$/-8)CG-"3+ ("&4/B$)$>.

3. #$%&'()$*+,(& $%,$$-,$.$ )+-/01&,(0 ( $-+%2(

F*(4 '*/)3$-8"35)+ 9'!"/B 7%4$(-&"("%%' ' !"2'(9-('7)%-+, '*--

3)%%)+ 7 ()&!"/" 1, -3*'/B&'7)/)3B 7 7>8-3/-$"/B%>1 H53*"(-9"%$)1; 7 5)8"-

3$7" 9'!"/-(4"9' ' 9)$"(-)/) *(-%-9)/)3B 8-3$)+ 9"!B: %"&)7-3-9>" 4*(4-

 -" 9'!4/- 1111 1 168 400 I.), ≡  =  c c 1122 2 121 400 I.),≡  =  c c 1212 3 ≡  =c c

75 400 I.)=   [13], %)8)/B%'" 5(-$-8"35'" %)*(+,"%-" 3!7- ) *' 3-3$"9)9

35'/B,"%-+ J 15 I.).=   

k

K/+ 3/48)+ '!%''3%' ' ()3$+,"%-+ (3,)$-+) 7 H53*"(-9"%$" (%) %)-

8)/B%>1 H$)*)1 – !' *'$"(- '!%'('!%'3$-)  ()%-, 5 5'$'(>9 *(-5/)!>7)"$3+

()3$+ -7)CG)+ %) (4&5), %" 9' 4$ *'7'()8-7)$B3+ 5)5 ,"3$5'" 6"/'"; *(-

*("!*-3)%%>1 5-%"9)$-8"35-1 43/'7-+1 ='5'7>"  ()%- $)5," %" 9' 4$ *'-

7'()8-7)$B3+. L$' 43/'7-" 9)$"9)$-8"35- '&%)8)"$, 8$'  ()!-"%$ !"2'(9)-

6-- F !'/,"% =>$B 3-99"$(-8%>9 (7-1(B %4/"7'#, ).=W 0

K/+ '*("!"/"%%'3$- *(-%+$', 8$' ()3$+,"%-" ('3)!5)) *('-31'!-$

7!'/B '3- !"3 2-53-('7)%%'# /)='()$'(%'# 3-3$"9> 5''(!-%)$.

@")/-&)6-+ '!%''3%' ' ()3$+,"%-+ (3,)$-+) 7 ()95)1 9'!"/- '34G"3$-

7/+"$3+ 3/"!4CG-9 '=()&'9: *("!*-3)%%'# +7/+"$3+ $'/B5' '!%) 5'9*'%"%-

$) $"%&'() !"2'(9)6-- 35'('3$- ME0
33 ( )d t  (7"(1%-# -%!"53 ME0 '$%'3-$3+

5 5'9*'%"%$)9, '*("!"/"%%>9 7 =)&-3" /)='()$'(%'# 3-3$"9> 5''(!-%)$),  

) '3$)/B%>" 5'9*'%"%$> d '*("!"/+C$3+, -31'!+ -& %"'=1'!-9'3$- '="3*"-

8"%-+ 3''$7"$3$74CG" ' '!%''3%' ' %)*(+,"%%' ' 3'3$'+%-+. .'3$)%'75)

&)!)8- -9""$ 7-!:
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( ) ( )

( )

1

ME0

1

ME0 ME0 *("!*-3)%%'"
33 33

: ' N N , 1,..., ,

[ ] 0, ) (33),   

: N ,

[ ] [ ] ,

4()7%"%-+ !/+ '*("!"/"%-+ .

Σ
=

=

!
     =   "

"
" =   ( ≠
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− ⋅ − ⋅   =#
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" =
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ij

a

K
k i

a
i

K
p p k k

k

d
f k K

dt

ij

 (32) 

O!"3B 4()7%"%-+ (32)1 – 3''$%':"%-+ 9'!"/- M-%+, (32)2 – $("='7)%-"

4!'7/"$7'("%-+ '!%''3%'94 %)*(+,"%%'94 3'3$'+%-C, 4()7%"%-+ (32)3 – '*-

("!"/+CG"" 3''$%':"%-" (&)5'% ;45)), (32)4 – 5-%"9)$-8"35'" 3''$%':"%-",

(32)5 – 3''$%':"%-+ $'# -/- -%'# 9'!"/- *'7'('$). A 3-3$"9" (32) 

5 6 1 3+ + + +aK 4()7%"%-# !/+ '*("!"/"%-+ %"-&7"3$%>1: aK 35'('3$"#

3!7- '7, 6 %"-&7"3$%>1 5'9*'%"%$ $"%&'() %)*(+,"%-# ,  6 %"-&7"3$%>1

5'9*'%"%$ $"%&'() !"2'(9)6-- 35'('3$- D - 3 %"-&7"3$%>1 5'9*'%"%$>

$"%&'() 35'('3$- *'7'('$) ."

<%$" (-('7)%-" 7 /)='()$'(%'# 3-3$"9" 5''(!-%)$ 3/',%', *'H$'94

=>/) (")/-&'7)%) 31"9) -%$" (-('7)%-+ 3 *'&-6-# *'!7-,%' ' %)=/C!)$"/+,

37+&)%%' ' 3 5(-3$)//' ()2-8"35'# 3-3$"9'# 5''(!-%)$, *("!*'/) )CG)+

7>*'/%"%-" 7 6-5/" 3/"!4CG-1 '*"()6-# (!' 3%-,"%-+ ()&%'3$- 9",!4

*(-()G"%-+9- 3!7- '7 %) 3'3"!%-1 -$"()6-+1 !' &)!)%%'# 7"/-8-%>): 

1) (":"%-" 3 $"54G-9 &%)8"%-"9 Oih 3-3$"9> 4()7%"%-#

( )
1 1

1

1

ME0 *("!*-3)%%'"
3 3 33

P N ' N , 1,..., ,

O O 0 ( ) (33),

O P O P .

Σ
= =

=

 

! % &
∆ −  ∆ = γ ∆   =" ' (
) *"

" + ,% &"
σ + ∆ε − ∆γ   ≠# - .' (

) */ 0"
"

∆ = ∆"
"$

  

 

a a

a

K K
s q q q
ij jikl lk lk a

q q

K
q q

ih ij ijkl lk lk jg
q

i im m

m c m f s K

c m   = , hg  (33) 

!/+ '*("!"/"%-+ %"-&7"3$%>1 5'9*'%"%$ $"%&'() *(-()G"%-# !"2'(9)6--

11 22 33 12 23 13P , QP , QP , QP , QP , QP∆   7 5(-3$)//' ()2-8"35'# 3-3$"9" 5''(!--

%)$ - *(-()G"%-# 3!7- '7 %) :) " N ,∆ j 1,..., ,= aj K *' )5$-7%>9 3-3$"9)9

35'/B,"%-+. A (33) ,jiklc s
ijm – -&7"3$%>" 5'9*'%"%$> 7 5(-3$)//' ()2-8"-

35'# 3-3$"9" 5''(!-%)$ $"%&'() 8"$7"($' ' ()% ) 4*(4 -1 1)()5$"(-3$-5

;R0-5(-3$)//) - '(-"%$)6-'%%>1 $"%&'('7 3-3$"9 35'/B,"%-+, 1Slk  – 5'9-
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*'%"%$> $"%&'() %)*(+,"%-# 7 5(-3$)//' ()2-8"35'# 3-3$"9" 5''(!-%)$ %)

%)8)/' :) ). 0'9*'%"%$> Oih $"%&'() *'7'('$), 3'79"G)CG" ' 5(-3$)//'-

 ()2-8"354C - /)='()$'(%>" 3-3$"9> 5''(!-%)$, ="(4$3+ %) 5'%"6 :) )

('*("!"/+C$3+ 3 *("!>!4G"# -$"()6--); %) *"(7'# -$"()6-- Oih 3'79"G)"$

5(-3$)//' ()2-8"354C - /)='()$'(%>" 3-3$"9> 5''(!-%)$ %) %)8)/' :) );

2) %)1',!"%-" ( )O O N= ∆ j
ih ih 3' /)3%' 9'!"/- *'7'('$) (":"$5-.

K/+ '*-3)%-+ ('$)6-# 9'%'5(-3$)//'7 4!'=%' -3*'/B&'7)$B '=()G"%-

%'" !7-,"%-" [14]: -&'=(),"%-" !7-,"%-+ %)*()7/"%-+ '3- ()3$+,"%-+

(3,)$-+) %) 3$)%!)($%'9 3$"("' ()2-8"35'9 $("4 '/B%-5", *'3$('"%%'9

7 5(-3$)//' ()2-8"35'# 3-3$"9" 5''(!-%)$; -%)8"  '7'(+, %)*()7/"%-" '3-

()3$+,"%-+ (3,)$-+) '*("!"/+"$3+ 3 *'&-6-# *'!7-,%' ' %)=/C!)$"/+

7 0E0, 7()G)CG" '3+ 79"3$" 3 5(-3$)//-8"35'# (":"$5'#. ?'85) %) 3$"("'-

 ()2-8"35'# *('"56--, *'5)&>7)CG)+ 7 5),!># 9'9"%$ !"2'(9-('7)%-+

%)*()7/"%-" '3- ()3$+,"%-+ (3,)$-+), %)&>7)"$3+ -&'=(),)CG"# $'85'#

('3-) ()3$+,"%-+ (<?@).

.(- ()339'$("%-- '!%''3%' ' ()3$+,"%-+ 3 48"$'9 *'7'('$'7 3' /)3-

%' 9'!"/- ?"#/'() *('-31'!-$ *'7'('$ 5(-3$)//), *(-7'!+G-# 5 7>1'!4

*('"56-- '3- ()3$+,"%-+ %)  ()%-64 3'3"!%-1 3$"("' ()2-8"35-1 $("4 '/B-

%-5'7 (*(- ()339'$("%-- '=()G"%%'-

 ' !7-,"%-+). O)$"9 *('"56-+ '3-

()3$+,"%-+ 7 3/48)" -&'$('*%' ' 4*-

('8%"%-+ %)8-%)"$ !7- )$B3+ *' 3$'-

('%" 3$"("' ()2-8"35' ' $("4 '/B%--

5) !' *'*)!)%-+ 7 7"(:-%4 ((-3. 1). 

D$9"$-9, 8$' 5'%5("$%># 7-! &)5'%)

4*('8%"%-+ *(- H$'9 ('/- %" - ()"$,

7),%' /-:B, 8$'=> '%' =>/' -&'-

$('*%>9 – '!-%)5'7>9 !/+ 73"1 3-3-

$"9 35'/B,"%-+ 5(-3$)//).

K/+ 9'!"/- *'7'('$) *' ?"#/'(4 )%)/-$-8"35-, *4$"9 *('3$' ' ()3-

39'$("%-+  "'9"$(-- )5$-7%>1 3-3$"9 35'/B,"%-+, !'3$)$'8%' /" 5' *'5)-

&>7)"$3+, 8$' *(- '!%''3%'9 ()3$+,"%-- !'/,%' 3$(' ' *('-31'!-$B 3/"-

!4CG"" !7-,"%-" '3- ()3$+,"%-+: !'3$-,"%-" 3$'('%> 3$"("' ()2-8"35' '

$("4 '/B%-5), &)$"9 – !7-,"%-" *' 3$'('%" !' !'3$-,"%-+ 7"(:-%> [111], 

5'$'()+ +7/+"$3+ )$$()5$'('9. @)7"%3$7' p
W %4/"7'94 $"%&'(4 7 7"(:-%)1

3$"("' ()2-8"35' ' $("4 '/B%-5) 73/"!3$7-" ()7%'*()7%'3$- )5$-7%>1 3-3-

$"9 35'/B,"%-+, $.". ()7"%3$7) 35'('3$"# 3!7- '7, *('7"(+"$3+ H/"9"%$)(%'.

?)5-9 '=()&'9, *(- -3*'/B&'7)%-- 9'!"/- *'7'('$) ?"#/'() *(- ()3-

$+,"%-- *'/48)C$3+ ("&4/B$)$> ((-3. 2), 3' /)34CG-"3+ 3 '*>$%>9- !)%-

@-3. 1. ?()"5$'(-+ <?@ !/+ *('-&7'/B%'

'(-"%$-('7)%%' ' &"(%) *(- ()3$+,"%--
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%>9- [15]: *(- ()3$+,"%-- '3B ()3$+,"%-+, -&%)8)/B%' =/-&5)+ 5 [001], 3$("-

9-$3+ 5 %)*()7/"%-C [001], 7 '3$)/B%>1 %)8)/B%>1 '(-"%$-('75)1 – 3$("-

9-$3+ 5 [111], 7 5'$'('# )5$-7%>9- 9' 4$ =>$B 6 EE.

.(- 3,)$-- 5'%"8%'# '(-"%$-('75'# ()$$()5$'('9) +7/+"$3+ [101], *(-

5'$'('# 35'/B,"%-" '34G"3$7/+"$3+ *' 8"$>("9 3-3$"9)9 35'/B,"%-+ [16] 

((-3. 3).  

@-3. 2. ?()"5$'(-+ <?@ !/+ ()&/-8%>1

%)8)/B%>1   '(-"%$)6-# &"(%)   (9'!"/B

*'7'('$) ?"#/'()) *(- ()3$+,"%--

@-3. 3. ?()"5$'(-+ *('"56-- '3- 3,)-

$-+ !/+ ()&/-8%>1 %)8)/B%>1 '(-"%-

$)6-# &"(%) (9'!"/B *'7'('$)            ?"#/'())

*(- 3,)$--

I'!"/B 9)$"(-)/B%' ' *'7'('$) *(-7'!-$ 5 *()5$-8"35- $)5-9 ," ("-

&4/B$)$)9, 8$' - 9'!"/B ?"#/'(): !/+ '!%-1 - $"1 ," %)8)/B%>1 '(-"%$-('-

7'5 &"("% H7'/C6-- '3- ()3$+,"%-+ - '3- 3,)$-+ 3 -3*'/B&'7)%-"9 9'!"/-

«9)$"(-)/B%' '» *'7'('$) *()5$-8"35- %"()&/-8-9> 3 *(-7"!"%%>9- %)

(-3. 1–3. T) (-3. 4 *(-7"!"%) H7'/C6-+ 5'9*'%"%$ $"%&'() W
( - )%$-3-9-

9"$(-8%' ' $"%&'()-«!'=)75-» – ˆ ˆ( : ( :) )⋅ + ⋅B D D B  p p 7 5(-3$)//' ()2-8"-

35'# 3-3$"9" 5''(!-%)$, *(- ()38"$" 3 !)%%>9-, 3''$7"$3$74CG-9- ()38"$4

*' 9'!"/- *'7'('$) ?"#/'() (="& 4*('8%"%-+), !/+ %) (4,"%-+, '$7"8)C-

G" ' (-3. 1.  

      

@-3. 4. L7'/C6-+ 5'9*'%"%$ $"%&'('7
p

−W - ˆ ˆ( : ) ( : )− ⋅ + ⋅B  D D B  
p p

7 5(--

3$)//' ()2-8"35'# 3-3$"9"        5''(!-%)$  (6-2(> '*("!"/+C$ 3''$7"$3$74CG-"

5'9*'%"%$> $"%&'('7)
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A-!%', 8$' &%)8"%-" «!'=)75-» *("%"=(",-9' 9)/' - /' -8%', 8$' 9'-

!"/- *'7'('$'7 *(-7'!+$ 5 '!-%)5'7>9 ("&4/B$)$)9.

3+2'45&,(&

A 2-&-8"35-1 $"'(-+1 */)3$-8%'3$-, '3%'7)%%>1 %) +7%'9 ()339'$("-

%-- 2-&-8"35-1 9"1)%-&9'7 !"2'(9-('7)%-+, '3%'7'*'/) )CG-9 +7/+"$3+

'*-3)%-" *'7"!"%-+ 5(-3$)//-$'7 – &"("%, 7 $'9 8-3/" ('$)6-# (":"$5-.

A %)3$'+G"# ()='$" ()339'$("%> !7" %)-='/"" ()3*('3$()%"%%>" 9'-

!"/- '*-3)%-+ ('$)6-# (":"$'5: 9'!"/B 3$"3%"%%' ' *'7'('$) ?"#/'(), '*-

("!"/+CG)+ 3*-% (":"$5- 5)5 ()&%'3$B $"%&'() 7-1(+ - )%$-3-99"$(-8%'#

8)3$- $"%&'() */)3$-8"35-1 3!7- '7, - 9'!"/B, 37+&>7)CG)+ *'7'('$ (":"$-

5- 3 9)$"(-)/B%>9 *'7'('$'9, '*("!"/+"9>9 '($' '%)/B%>9 $"%&'('9, 3'-

*('7',!)CG-9 4*(4 4C !"2'(9)6-C. A ()='$" )%)/-$-8"35- *'5)&)%', 8$'

35'('3$- *'7'('$) (":"$5-, *'/48)"9>" 7 H$-1 9'!"/+1, '$/-8)C$3+ 9)/>9-

!'=)75)9-.

.(- 9'!"/-('7)%-- ()3$+,"%-+ - '3)!5- 9'%'5(-3$)//'7, !/+ 8" '

()&()='$)%> 3-3$"9) 3''$%':"%-# - 31"9) "U -%$" (-('7)%-+, 3 -3*'/B&'7)-

%-"9 '="-1 9'!"/"# *'/48)C$3+ %"&%)8-$"/B%' '$/-8)CG-"3+ ("&4/B$)$>,

1'(':' 3' /)34CG-"3+ 3 '*>$%>9- !)%%>9-.

.(- H$'9 3$'-$ '$9"$-$B, 8$' 7 '="-1 9'!"/+1, :-('5' *(-9"%+"9>1

!/+ 9'!"/-('7)%-+ $"53$4(''=()&'7)%-+ 7 *'/-5(-3$)//)1, %-5)5 %" 48-$>-

7)C$3+ 9"1)%-&9> 7&)-9'!"#3$7-+; *' 34G"3$74, &"(%) ()339)$(-7)C$3+

'='3'=/"%%'. A $' ," 7("9+ 2-&-8"35- '8"7-!%' - H53*"(-9"%$)/B%' *'!-

$7"(,!"%' [16], 8$' 34G"3$7"%%4C ('/B 7 *'7'('$)1 (":"$5- - ()"$ %"3'-

79"3$%'3$B 35'/B,"%-+ !-3/'5)6-# 7 3'3"!%-1 &"(%)1. A 48"$" !)%%' '

(- !(4 -1) 9"1)%-&9) 7-!-$3+ ()&7-$-" 9'!"/"# $"53$4(''=()&'7)%-+.

@)='$) 7>*'/%"%) *(- 2-%)%3'7'# *'!!"(,5"  ()%$'7 @VV<

W 10-08-96010-(_4()/_), 10-08-00156-).
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