BECTHHUK IMHUIIY

2013 Mexanunka Ne 3

YAK 517.958

W.B. Baapues', IN.A. HeyaeBa®

'KazaHckuii (MpwuBommkcknin) begepanbHbin yHMBepceuteT, KasaHb, Poccus
2|/|HCTMTyT nHdopmaTtmkm Akagemun Hayk Pecnyonukun TaTtapcTtaH, KasaHb,
Poccus

MATEMATUYECKOE MOAENIMPOBAHUE YCTAHOBUBLLEUCA
ounbTPALUUN C MHOMO3HAYHBIM 3AKOHOM

PaccmaTtpuBaeTcs yCTaHOBUBLUMIACSA NPoOLEecC punbTpaLmm HECKMMaEMOW BbICOKOBA3KOW Xuna-
KOCTM, crneayouein MHOro3Ha4HoMy 3akoHy cunbTpaumm. O6o6LleHHas nocTaHoOBKa AaHHOW 3agayun
dopmynupyeTcs B BuAE CMELUaHHOro BapuvauMOHHOro HepaBeHCTBA C MOHOTOHHBIM OMnepaTopoM
1 cenapabenbHbiM, BoobLle roBopsi, HeauddepeHumpyeMbiM yHKLUMOHaANoOM B runb6epToBOM mpo-
cTpaHcTBe. K gaHHoOW 3agade cBoauTcst 3adada 06 onpefdeneHuy rpaHul, npenenbHO paBHOBECHbIX
LeNMKOB OCTaTOYHOW BA3KOMMAacTUYeckon HedTW. YCTaHOBMEHbl CBOWCTBA onepaTopa, BXOAsLLero
B 3TO HEpaBEHCTBO (0bpaTHasi cunbHasi MOHOTOHHOCTb, KOSPLUMUTUBHOCTL), @ Takke CBOMCTBA (DYHKLMO-
Hana (NMMNWWL-HENPEpPbLIBHOCTb M BbINYKMOCTL). OTO AAN0 BO3MOXHOCTb NPUMEHUTL ANsl foKa3aTesb-
CTBa TEOPEMbI CYLLECTBOBaHMSA M3BECTHbIE pe3yrnbTaTbl TEOPUN MOHOTOHHBLIX onepaTtopoB. Ans pelue-
HWUS BapuaLuMOHHOro HepaBeHCTBa NpeasiokeH UTepauuoHHbIA METOA, He Tpebytowmin obpalleHns uc-
XOAHOro onepartopa. Kaxabli wwar uTepaumoHHOro npolecca CBoAUTCS (DaKTUYECKM K peLueHuto
KpaeBbIX 3ajay Ans onepaTopa Jlannaca. WccnegoBaHue cxoaMMoCTU UTEpaLMOHHOIO npolecca yaa-
rnock NpoBecTu Gnarojapsi CBeAEHNIO ero K MeToAy nocrnefoBaTenbHbIX NPUBNMKEHNUIA AN OTbICKAHUS
HEMOABMXKHOMN TOYKM HEKOTOPOro onepartopa (onepartopa nepexoaa). lMonyyeHa cBA3b peLleHust ncxon-
HOro BapMauMOHHOIO HepaBeHCTBA C KOMMOHEHTaMN HEMOABWKHOM TOYKM 3TOrO onepaTopa nepexofa.
[lokasaHo, 4To onepaTop nepexofa SBMseTCH HepacTArMBaloLLMM, CBEPX TOro, NMony4yeHo HepaBeHCTBO,
bonee cunbHOE, YeM HEPaABEHCTBO HEPACTArMBAEMOCTU. YCTaHOBIEHO Takke, YTO onepaTop nepexoaa
SIBMSIETCSH aCUMNTOTUYECKN PErynsipHbiM. OTO U NO3BONUIIO AoKa3aTb cnabyo CXOAMMOCTb NocrneaoBa-
TenbHbIX NpubnukeHu. MNpoBeaeHo MccnegoBaHWe CXOAMMOCTU UTepauMOHHOro npouecca. Metog
Obin peanu3oBaH 4McreHHOo. [NpoBeaeHHble Anst MOAeNbHbIX 3a4ay YMCIEHHbIE 3KCMEPUMEHTLI Moa-
TBepAMnn adEKTUBHOCTL MTepaunoHHoro metofa. Cneayet oTMETUTb, YTO MPEAoXeHHble MeTOoAbI
NO3BONAIT HAaXoaUTb NPUBNMKEHHbIE 3HAYEHNSI HE TOMbKO CaMOro PEeLUEHUs], HO U ero XapaKTepUCTHK,
Ons 3agad punbTpaumm — 3To NPUGNMKEHHbIE 3HAYEHMS FpagMeHTa peLleHms], a Takke NpUBbImKeHHbIe
3Ha4YeHWs1 cKopocTel (OUNbTPaLMM Ha MHOXECTBAX, COOTBETCTBYHOLLMX TOYKaM MHOrO3Ha4YHOCTU B 3a-
KOHe punbTpaLmm, YTO BECbMa MOSE3HO C NPaKTUYECKON TOUKUN 3PEHUSI.

KnioueBble crnoBa: matemaTMyeckoe MOAENUPOBaHNE, yCTaHOBUBLLAsACA ounbTpauus, Bapma-
LMOHHOE HepaBeHCTBO, HeauddepeHUMpyembln yHKLMOHanM, 06paTHO CUIIbHO MOHOTOHHBIV onepa-
TOP, UTEPALMOHHBIN MEeTOA.
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MATHEMATICAL SIMULATION OF STEADY FILTRATION
WITH MULTIVALUED LAW

We consider a steady process of filtration of the incompressible high-viscosity fluid, following
multivalued filtration law. Generalized statement of this problem is formulated in the form of mixed varia-
tional inequality with monotone operator and separable generally nondifferentiable functional in Hilbert
space. To this problem the problem of finding the boundaries of limit-equilibrium unrecovered visco-
plastic oil in multilayer beds can be reduced. We establish the properties of operator (inverse strong
monotonicity, coerciveness) and functional (Lipschitz continuity, convexity) contained in this variational
inequality. This makes it possible to apply the known results in the theory of monotone operators to
prove the existence theorem. To solve the variational inequality, we suggest iterative method that does
not require the inversion of the original operator. Each step of the iterative process can essentially be
reduced to the solution of the boundary-value problem for the Laplace operator. The investigation of the
convergence of the iterative process is performed by its reduction to the successive approximation
method for finding a fixed point of some operator (the transition operator). We obtain a relationship be-
tween the solution of the original variational inequality and the components of the fixed point of this
transition operator. We show that the transition operator is nonexpanding; moreover, we obtain an ine-
quality stronger than the nonexpansion inequality. We also show that the transition operator is asymp-
totically regular. This permits one to prove the weak convergence of the successive approximations.
This method was realized numerically. The numerical experiments made for the model problems con-
firmed the efficiency of the iterative method. It is must to be mentioned that the suggested methods
permit one to find approximate values not only of the solution itself but also of its characteristics (for
filtration problems, these are approximate values of the solution gradient and also the approximate val-
ues of filtration rate on the sets according to the points of multivalence in filtration law), which is very
useful from the practical viewpoint.

Keywords: mathematical simulation, steady filtration, variational inequality, nondifferentiable
functional, inverse strongly monotone operator, iterative method.

BBenenune

B pabGorte paccmarpuBaercs 3amada o0 OMpEIeNIEHUH TPaHUI] Tpe-
JIeTbHO PAaBHOBECHBIX IIEJTMKOB OCTATOYHOM BSI3KOIUIACTUYHON He(TH B
MHOT'OCJIOMHBIX I1acTax (cM., Harpumep, [1—4]). IlpenenbHo paBHOBECHBIN
[EJTUK OCTAaTOYHOM HE(PTH MPENCTaBIsIeT cOO0K HAanOOJbITyI0 00J1aCTh, KO-
TOpasi MOXKeT OBbITh 3aHATAa OCTATOYHOMN BSI3KOIUIACTUYHOM KUAKOCTHIO He-
OTPaHUYEHHO JOJITO, TO €CTh XapaKTepU3yeT BKIIAJ TUIACTHUECKUX CBOWCTB
KHUJIKOCTH B OCTaTO4YHBIE moTtepu HedTu. Takum o0pa3oM, pacueT mpeaeib-
HO PaBHOBECHBIX LIETUKOB MPEACTABISAET COO0N OAMH U3 MOAXOA0B K OICH-
K€ BJIMSIHHS TUTACTUYECKUX CBOMCTB He()TH Ha MpefeNibHyl0 HedTeoTaauy.
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Taxon pacyeT MOJIC3CH IAJII OLUCHKU LICJ'IGCOO6pa3HOCTI/I 6ypeHI/m HOBBIX CKBa’>XHH.
PaccmarpuBaemasi 3a1aua o0 omnpeaeNeHUN TPaHMIl MPEAETbHO paBHOBEC-
HBIX IEIHKOB OCTATOYHOH BSA3KOIUIACTUYHON He(TH CBOAUTCS K CTaIlMO-
HapHOW 3amaye (WIBTPALUU HEC)KUMAEMOH KHUIKOCTH € 3()(HEKTUBHBIM
MHOTO3HAYHBIM 3aKOHOM, COCTOSIIIEHl B HAaxXOXJIEHHUH TOJEH JaBICHUS
Y CKOPOCTH (PpUIIBTpAIMH, YJOBIETBOPSIONINX YPaBHEHHUIO HEPa3pBIBHOCTH
Y TpaHWYHBIM ycioBusiM. B [1-4] miis obnacteit punbTpamnuu mpocToro BU-
Jla ¥ KOHKPETHBIX 3aKOHOB (DMIBTpAllMU OBLJIO MPOBEACHO pPEIICHUE pac-
cMmaTpuBaeMoii 3a1aun. OHAKO B Cilyyae MPOU3BOJIBHBIX oOnacTel GpuibTpa-
LM U 3aKOHOB (PUIIbTPALIMU, ONPEIEISIEMbIX HEMMHEHHOW (YHKIMENH 001Iero
BUJIa, HEOOXOMMO MPUMEHATH MPUOIIKEHHbIE MeToIbl. MccnenoBanuo Kop-
PEKTHOCTH TaKHX 3a/1a4, MOCTPOCHUIO MPUOIIKEHHOTO METO/a €€ PeIICHHS
Y UCCIIEJOBAHUIO €r0 CXOMMOCTH M MOCBSIIIIEHA JJaHHast paloTa.

O06001IeHHAs TOCTaHOBKA CPOPMYITUPOBAHA OTHOCHTEIHHO JTaBIICHUS
B BHUJIC BapUAIMOHHOTO HEPABEHCTBA BTOPOTO poja [S, 6] ¢ 0OpaTHO CHIILHO
MOHOTOHHBIM oreparopoM [7] B runb0epToBOM mpocTpaHcTBe. DyHKINO-
HaJl, BXOJSIIMN B 3TO BapHallMOHHOE HEPABEHCTBO, SIBIAETCS CyMMOM He-
CKOJIBKUX TIOJIyHETIPEPBIBHBIX CHHU3Y, BBIMYKJIBIX, COOCTBEHHBIX, BOOOIIE
roBops, HenuddepermupyeMbix GyHKIHOHANIOB. JlokazaHa Teopema cyiie-
CTBOBaHMsI 3TOTO BapHUallMOHHOTO HEPAaBEHCTBA, a TAK)KE YCTAHOBIIEHO CY-
IIECTBOBAHUE TOJISI CKOPOCTEH (pUIbTpaIMy, MOCTPOSHHOTO COTJIACHO MHO-
TO3HAYHOMY 3aKOHY II0 PEIICHUIO0 BapHAllMOHHOTO HEPABEHCTBA, YJOBJIE-
TBOPSIIOIIETO YPaBHEHUIO HEPA3PBIBHOCTH.

Jlns peieHus: BapHAIIMIOHHOTO HEPABEHCTBA MPEIOKEH UTEPALMOH-
HBI METOJ| pacilerIeHus, He TpeOyromuid oOpaieHus] UCXOJHOTO Orepa-
Topa. OT™MeTHM, 4To paHee [8, 9] nns pelieHns BapuallMOHHBIX HEPABEHCTB
BTOPOTO pojia mpeuiarajics Meto paciuerienus. OCHOBHAs TPYAHOCTh MIPH
€ro peanu3alii COCTOsIa B PEIICHWH BO3HUKAIOIIEH HAa KaXKIOM IlIare me-
TOJA 33/J]a4l MUHUMH3AlMU. B cirydae onHOCHONHOTO IuiacTa (Korjga B Ba-
pPHAIIMOHHOM HEPAaBEHCTBE NMPHUCYTCTBYET JHIIb OAWH HeauddepeHuupye-
MbIH (DYHKIIMOHAJ) 3Ta 3aja4a MUHHUMH3allud ObUTa perieHa B [9] B sBHOM
BUJe Onmarofaps TOMy, YTO YAalOCh BBIUMCIHUTH cyOoauddepenman QpyHk-
LIMOHAJA, CONPSHKEHHOTO ¢ MUHUMM3HPYEMBIM. DTOT NMPHEM ObLII IPUMEHEH
W JUId pacCMaTpUBaeMoOl B HacTosImel padore 3amaun. Takum oOpa3om, Ka-
JKIBIH 111ar MeToJ1a CBOUTCS (haKTUYECKHU K oOpallieHuto oneparopa Jlamaca.

CrnemyeT OTMETUTh, YTO METOJ] TIO3BOJISIET HAXOAUTh MPUOIMKECHHBIC
3HA4YEeHHUsI HE TOJILKO CaMOT0 PEIIEHHs], HO U €r0 XapaKTepUCTHK, JJIS 3a1a4
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bunbTpa — 3TO NPUONMIKEHHBbIE 3HAYEHUS TPAIUEeHTa PEIICHUS, YTO
BEChbMa MOJIE3HO C MPAKTUYECKON TOYKM 3peHHus. JJisi YuciaeHHOW peanu3a-
IIUM YKAa3aHHOTO UTEPAIIMOHHOTO METOoJIa ObLIA MOCTPOSHBI KOHEYHORIIEMEHT-
HBIE alMPOKCUMAIIMK BAPUAILIMOHHOTO HEPABEHCTBA U UTEPALIMOHHOTO METO/IA.
Beut cocraBien komruieke mporpamm B cpene Matlab. Jlns MonmenbHBIX 3am1a4
OBUIM TIPOBEICHBI YMCIICHHBIC SKCTIEPUMEHTHI JIJIs1 PA3JIMYHBIX UCXOTHBIX JdaH-
HBIX, TP 3TOM SMIIUPUYECKU ONPEAEISUTICH ONTUMANIbHBIE (IO KOJIMYECTBY
uTepaluii) UTepalioHHbIe MapaMeTphl. Pe3ynbTaThl 3KCIIEPUMEHTOB CBHJIE-
TENBCTBYIOT 00 3(h(heKTUBHOCTH UTEPAITIOHHOTO METO/IA.

1. ITocTanoBka 3aga4n

B pabotax [1-4] paccmaTpuBanuch 3a1add 00 ONMpEAeSICHUN TPAHUIL
MpeICIbHO PAaBHOBECHBIX IIEJTMKOB OCTATOYHOW BS3KOIUIACTHYHOW HE(TH.
Pacuet nenukoB ocTaTOYHON HEPTH B MHOTOCIIOMHBIX (/71 CIIOEB) IUTacTax,
B OCpeIHEHHOU mocTaHoBKe, cBeAeH ([3, ¢. 135]) k pemenuro cramuroHap-
HOM 3amaun (PHIIbTpAlliK BBITECHSIIONIEH YKHUIKOCTH OTHOCHUTEIIBHO IOJICH
TABJICHHUS p W CKOPOCTH QUIbTparud W ¢ 3P(EKTHUBHBIM MHOTO3HAYHBIM

3aKOHOM (puc. 1)

w
~-Vped(w|)—, (1
pe®(whn
0<D0)<B,;; DP(2)=P;,z;,<z<z,+0;
2
O(z)=a,;z,z;,+0,<z<z, ,,i=12,.,m, @
2, =0,0,=P1 2 =ﬁ,e1 B a3 mz 4w (3)

a, a; a;

3neck kodhduuueHtsl a,,p;,i=12,...,m, SBIAIOTCA UCXOAHO 3aJaHHBIMU

BEJIMYNHAMU.
MHoxecTBa TOUeK 00macTu puiIbTpanun Q

Q ={xeQ:|Vp(x)]>B,},Q] ={xeQ:|Vp(x) =B},
Q; ={xeQ:|Vp(x)|<B;}

4)

COOTBETCTBYIOT 30HAaM IIIacTa C HOMEPOM i, B KOTOPBIX IUIACT MPOMBIT
HOJHOCTBIO, TPOMBIT YaCTHYHO WJIA HE IPOMBIT.

JHanee paccMoTpuM 3aauy (UIBTPALUU C HECKOJIBKO OoJiee oOuuMm,
yem (1)—(3), 3akonom. Ilycte Q— R" — orpanudeHHasi 001acTh ¢ HeEIpe-
peiBHO# 1o JIunumuy rpanuueit I'=T,UT,, I',NT, =, mesI';, >0, Ha
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I') naBnenue paBHO Hymo, [', HenpoHunaema. TpeOyercs ompenenuTh
CTallMOHAPHBIE TOJISI JaBICHUS p W CKOPOCTH W (QUIbTpyIolelcs B 00-

nactd  Q  KUAKOCTH, YJIOBJIETBOPSAIOLIME YPAaBHEHUIO HEPa3pbIBHOCTH
U TPAaHUYHBIM YCIIOBUSAM

divw(x)= f(x),xeQ, p(x)=0,xel,, W(x)n)=0,xel,, (5

rae f — 3agaHHast QyHKIUS, XapaKTepU3yIoliasi IUIOTHOCTh BHEIIHUX HC-

TOYHUKOB; N — BHEIIHSS HOpMalb K [, IpuM MHOTO3HaYHOM 3aKOHE (DMIIBT-

patuu (puc. 2),

g(Vpl
—-wee—-Vp, xeQ. (6)
vpl P

Vel @ () g

ﬁ‘g ______________________
65
Bz _______
B,
91 E"
0 |z=0 iz 3 z=|wl
Puc. 1. 3akon ¢punbTpanuu Puc. 2. MHoro3na4nas QpyHKuus g

Cunraercs, 4T0 MHOrO3HauyHasi (PyHKIUSI g MOXET OBITh Mpe/ACTaBiICHA

B BHUJE

(&) =gy (&) + Y 0,H(E-P)).
i=1

roe 0,20, B,20, i=1,2,...,m, — 3a7aHHbIe MOCTOSHHbIE, MHOTO3HAYHas
bynkuus H (pynkius XeBucaiifa) 1 OfHO3Ha4YHas QYHKIUA g, 3a1ar0Tcs

COOTHOIIEHUSMH (pHC. 3)
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0, £<0,

H(E)=1[0.1], €=0, g,(8)=
I, £>0,

(7

{ 0, £<v,
gE-v), 2y,

rae y>0 — 3amaHHas mocTosHHas, QyHKuUA $:[0,+00)— R' HempephiBHA
U YIOBJIETBOPSIET YCIOBUAM

£(0)=0, g(&)>g(C) vE>L=0, )
CYLIECTBYIOT TaKHe NOCTOsIHHBIE ¢, >0, ¢, >0, £ >0, uto
&< 8(E)<eE VE2E ©)
&0 2®

0

Puc. 3. Oynkumu gou &

-1
3ametum, uto obpatHoe P Kk MHOrosHauHOMY OTOOGPAKEHHIO, OI-
penenerHomy ¢opmynamu (2), (3), yIOBIETBOPSIET BCEM YCIOBUSM, HaJIO-
JKEHHBIM Ha MHOT'O3HaYHOE OTOOpa’KEeHUE g .

OueBHUIHO, YTO

ME) -R(O) 2 2(E~C) Vze HELVECER, tre p) =1 >~ (10)
. S b £, £20.

[TepeiineM K MOCTPOCHHUIO BapUAIIMOHHOW (HhOPMYIIMPOBKH 3a1a4u (5),
(6). 3amaaum oneparop G:R" — R" ciemyrommm o0pa3om:
0, y=0,

G = 11
6)) g0|()|))|/|)y’y¢0. (11)
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O06o3HaunM yepe3 le‘l’ (QQ) MHOXecTBO OeckoHeuHO anudepeHIupyeMbIX
B Q (yHkumii, paBHbIX Hy0 B okpecTHocTH ). [lycTh p M W — pelucHue
3anaui (5), (6). Torna GyHKIUS p yIOBIETBOPSAET HEPABEHCTBY

[ 7Gmee)dx =] (w(x),Vn(0))dx <[ (G(Vp(x)),Vn(x))dx +
Q Q

Q

376, [11V(p(x) + ) |-B)dr— (12)
=l Q

30, [ V() -B)de Ve €y (@)
Q

i=1
[Tycte V ={ne Wz(l) (Q)m(x)=0,xeI',} —npocrpanctBo Cobosnesa ¢
sopwoii ||}, =([|Vn(x)|*dn)"* . OGossaumm  a(pn) = [(G(Vp(x)).
Q Q

Vn(x))dx. ®opma a(-,) nuHelHa o Bropomy aprymeHnty. C yuerom B (7),
(11) mmeem
la(p.)I< [IG(Vp) || Vnlde= [ 1 ,(VpDIVlde= [ &(Vpl-7)|Vnld,
Q Q Q(p.y)
rae Q(p,y)={xeQ:|Vp(x)|>y}. U3 (9) c yuerom HeyObIBaHUS B crity (&)
GbyHKIIMU ¢ TOTy4YaeMm

la(p)l< [ 2(VpDIValde< [2(Vp )| Vndx<
Q

Q(p.y)

<¢ [IVpllValdr<el pllInlly,
Q

TO ecTh popma a(-,-) OrpaHUYEHA [0 BTOPOMY apryMEHTY, a 3HaUuT, B CUITY

Teopembl Pucca—®umiepa nopoxaaer oneparop A:V —V no dhopmyne
(4pn)y =a(p:n) = [(G(Vp(x)),Vn(x))dx. (13)
Q
JHanee, umeem

[ Ju VP | -Bdxl= [ (Vp(x)|-B)dx <[mesQ]™ pll,, (14)
Q

Q(p.B)

TO ecTh Ha V' ompenenensl GyHKIMOHANB! F,, i=1,2,...,m, 0 hopMynam

i
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Fi(p) =0, [u(| Vp(x)|-B,)dx. (15)
Q

Taxum oOpa3zom, B cooTBeTcTBUU ¢ (12) mox perieHuemM paccmarpu-
BaeMOl CTallMOHApHOM 337auu QUIBTPALMU HEC)KUMAEMOM KHUAKOCTH, Cle-
JyIOIIEH MHOTO3HAYHOMY 3aKOHY (DUIIBTpaIiu, Oy/IeM MOHUMATh ()yHKIIHIO
p €V, ABIAIOIIYIOCS pElIEHUEM BapHaLlMOHHOTO HEPABEHCTBA

Up—f-p)y + Y F -3 F(p)20 ¥neV, (16)

i=1 i=l1
rie aneMeHT f €V ompenensercs no gopmyne (f,m), = I FOom(x)dx.
Q

3anumeM ¢yHkuuoHansl £ B Buge F,=%.,oA, rne A=V, ¥, -

¢yHKIIOHANBI, onpeneneHHbie Ha Y =[L,(Q)]" nmo ¢opmyram
W) =0, [u( y(0)]|—B)dx, i=12,...m. (17)
Q

Torna BapuanmoHHoe HEpaBEHCTBO (16) MOKET OBITh 3alUCAHO B BUJIE

(Ap—fm-p)y +D ¥.(AN)-D W.(Ap)=0 VneV. (18)
i=1 i=1

®opMmynupoBKa 33/1a4n B BUJIE BapHAIIMOHHOTO HepaBeHcTBa (18) Oyner
UCIIOJIb30BaHA IIPU TOCTPOSHUU UTEPALIOHHOTO METO/1a JJISl €10 PEICHHUSI.

2. CymiecTBOBaHHE pelICHUsI

JlokaxkeM TIpeIBapUTEIILHO PSJl Pe3yIbTATOB.
Jemma 1. Onepamop G, onpeoenennviti 6 (11), a6n1emcs MOHOMOH-
HbLM, MO eCmb

(Gy—-Gz,y—2)=>0 Vy,zeR". (19)

HokazarenbcrBo. Ilpumensiss HepaBeHcTBO Kommu-ByHsikoBckoro,
uMeeEM
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(Gy—Gz,y—z>=(g°('y')y—go('Z')z,y—zjzgoayn|y|+go<|z|>|z|—

|yl | z|

(,2)
|yl z]
—Lgo(¥DIzl+go(zDIy1=[go( ¥ D—go(zDI( ¥ =] 2].

—go(yDIzl+go(zD ¥ 1]

Ecmu |y |2y, |z|2y, TO

(Gy-Gz,y-2)2[go(yD—go(zDI( ¥ |-|z])=
=[&(yI-n-&lzI-NI(yI-v)-(z|-1)]=0

B CHJTy MOHOTOHHOTO BO3pacTaHus g .
Ilycts |y |2 v>|z].
Tornaa B cuny (8)

(Gy=Gz,y-2)2g (| ¥yD(yI=-lzD=g(y[-V(»y|-1z))=0.

2go([yDIyl+go(zDlz]-

AHaJIOTMYHOE HEPABEHCTBO IMOJy4yaercsa npu |z |>v>| y|. HepaBeHncr-

Bo (19) nokazano.

Cneocmeue 1. Onepamop A, onpedenennviii coenacho (13), aenaem-

CAl MOHOMOHKRHbBIM.

Jemma 2. Onepamop A, onpedenennviii 6 (13), asnaemcsa Kospyu-

muenbim [10], npuuem
(Ap,p)yzcyllp ||12/V —Gllplly —¢; VpeV,

2oe ¢, :[mesQ]l/zcoy, C, :[mesQ]cOyz.
Jloka3zatenbcTBo. Mcnonbsys (9), umeem

(4p.p)y = [ VP DIVpldx=" [ &(Vpl-1)|Vpldr>
Q

Q(p.y)

2
>c, [ (Vpl=7)|Vpldx=c,[IVp| dx—cyy[|Vpldx-
Q(p,7) Q Q
—c, [ IVpPPdxzellplly, —ell plly —cs,
AN\Q(p,y)

6o |Vp(x)|<y Ha Q\Q(p,y).
JlemMa nmokazana.

(20)
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Jemma 3. Onepamop A, onpedenennviii 6 (13), aensiemcs Henpepuvls-
HbLM.

HoxazareabcTBo. 13 ycnosuit (7)—(9) BeiTekaer, uro onepamop G,
onpeodenennsiii 6 (11), apnsercst oneparopom Hemsimkoro (cm. [11, ¢. 213]).
B cuny (9)

[IGUyPde={lg(¥DPde= [ [2(yl-pPde<el [ |ly|-y)Pdes<
Q Q

Q(p,y) Q(p,y)

2 n
<cf [Iy| de=c [ylj<+o Vye¥=[L,(Q)",
Q

To ecTh G neiictByeru3 ¥ B Y.
s moObIX p,u €V umeem

[(4p.), [<[[(G(Vp).Vu)ldx <[| G(Vp) || Vur|dx <
Q Q

IGVPy I Vully =l GVR)Ily [l

HO3TOMY Ui TIOOBIX p,m u3 V

Ap— Anu
I Ap—anlly= sup L=l G9p) - Gvm,

uelV ,u#0 ” HV

Ho Toraa nenpepbsIBHOCTh oneparopa A ClEAyeT U3 HEMPEPHIBHOCTU OIle-
patopa Hemsikoro (cM. Teopemy 19.2 [11, ctp. 213]).
Jlemma 4. Dynxkyuonanvt F,, onpedenennwvie coenacuo (15), asnsaromes

BLINYKIILIMU, NONYHEnpepvleubimu cHusy [12], cobcmeenHvimu.
Joxka3zareabcTBo. B cuty (14) dyHkuuoHans! £, SBISIOTCS OTpaHH-

YEHHBIMH, a 3HAYUT, COOCTBeHHbIMH. DyHKIMSA W, ompenencHHas B (10),

OYEBUJIHO, SIBJISIETCS BBIMTYKJIOHM, @ 3HAYUT, BBITYKIBIMU OyIyT U (PYHKIHO-
Haimel [, Jlamee, ¢yHKIUs | MOXeT ObITb 3alUcaHa B BUAE

wE)=¢&"=(&+|&|)/2. Mockonbky a—b<la-b|, |a|-|b|<|a—b|m1s mio-
Obix uucen ab, o a’ —b" =(a—b+|al-|b|)/2<|a-b]|, modTOMY IS
moObIX pneV

(Vnl=B)" =(VpI-B)" <IVnl=|Vpl<IV(n-p)I,

clIeIOBaTEIIEHO,
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[F=F (<6, [I(Vn|-B)" =(VpI-B,)" |dx <
Q

<0, [IV-p)|dx<d,In-pll
Q

rae d, =0 [mesQ]"?

, TO ecTb (YHKUUOHANbl F. SBIIAIOTCS JIMHILIUIL-
HEMPEPBHIBHBIMU, a 3HAYUT, MIOJTYHEIPEPHIBHBIMU CHHU3Y.

Teopema 1. Ilycms svinonnenst ycnosus (8), (9). Toeoa sapuayuonnoe
Hepaeencmeo (16) umeem Henycmoe, 8binyKioe, 3AMKHYMOe MHONCECMBO
pewieHutl.

Joka3atenabcTBo. 13 nemm 14 cienyert, uto oneparop A sBAsSeTCA
HETPEPBIBHBIM, MOHOTOHHBIM, a 3HAYUT, NICEBJIOMOHOTOHHBIM [10] 1 K03p-

IUTUBHBIM, (yHKIMOHanbl F., i=1,2,...,m, — BBIIyKIbIMHU, IOJIyHEIpe-

m
PBIBHBIMH CHU3Y, COOCTBEHHBIMU. DyHKIIMOHAT F :Z F;Taxxe sBisgercs
i=1
BBIMMYKJIBIM, TIOJYHEIIPEPhIBHBIM CHHU3Y, COOCTBEeHHBIM. [loaTOMYy Bapuaru-
OHHOE HepaBeHCTBO (16) mmeeT HemycTOE, BBITYKIIOE, 3aMKHYTOE MHOXKECT-
BO pelieHuit (cM., Harpumep, [12]).

Cnenyer oTMeTuTh, uTO HcxoaHas 3amada (5), (6) dopmymupyercs
OTHOCHUTEIILHO TIOJICH JaBIICHUSI p W CKOPOCTH (PUIBTpAMKA W, B TO BpEMs
Kak 00o0OmIeHHass mocTaHoBKa (16) — OTHOCHTENBHO NaBiieHUus p . Tem He
MEHee UMEET MECTO

Teopema 2. [Iycmo svinonnenvt yciosus (8), (9). Eciu p — pewenue
sapuayuonno2o nepasercmsa (16), mo cywecmeyem ¢hynxyus weY, ma-
Kas, umo noumu 8crody Ha Q cnpagednusvl gxnouerue (6) u unHmespaivHoe
mootcoecmeo (mo ecmv W y0o8iemeopsem 8apuayuoOHHOMY YPAGHEHUIO He-
PpaspuieHOCML).

[w(x),.¥n()dx = [ FOrm(x)dx vneCE(Q). 1)
Q

Q

Jloka3aTtenabcTBo. [IlycTh p — pelieHne BapualioOHHOTO HEPABEHCTBA

(16), xoTOpOE COTJIACHO OMpeACICHUI0 CyOoauddepeHnana YKBUBATICHTHO
BKJTFOUCHHIO

f-aped YEp) | 22)
i=l1
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Tak kaxk QyHKUMOHANBI F; BBIIYKJIbl M HENpepbiBHBL, TO (cM. [12])

8[217, ( p)J :ZGF,. (p) . IlpoBoas paccyxaeHus, Mogo0HbIE COAEPIKALIIM-
i=1 i=1

cs B [13], umeem, uto B Touke p cyOauddepenunan pyHkuuonana F; ects

MHOX€ECTBO JIMHEHHBIX HereprBHBIX Ha V' QyHKuMoHana /; Buga

(,pm)y = jx”’ (Vp(0).Yn()dr. eV

oIV
rae Kip €L (€2), %, (X) €0, (| VP(X)[-B)). (23)
[TosTomy cooTHOmIEeHUE (22) 03HAYAET, YTO BBHIITOJTHEHO PABEHCTBO

j Jom(x)dx = j (G(Vp(x)), Vn(x))dx +

fj (Vp(x) V() dx = [(w(x),Vn(x)dx ¥ne CF (Q).
7 Xip(x)
rie w<x>=—G<Vp<x>>—§ Vo]

Vp(x), npuuem weY mnpu BHITIOTHE-

Huu (8), (9).
Takum 00pa3oM, BEKTOP-PYHKIUS W YIOBJICTBOPSET YPaBHECHHUIO He-
paspeiBHOCTH (21), a B cuity (23) — cooTHomeHuto (6). Teopema mokaszana.

3. UTepannoHHBbIN MeTO/ pelIeHUs] CMEIIaAaHHOT 0
BAapHALIMOHHOI'0 HEPABEHCTBA

Jnsa pemenust BapualmoHHOro HepaBeHCTBa (18) mo ananorum c [8]

PacCMOTPUM  CIIEIYIONMI  HTepalMoHHbi mporece. Iyets p'® eV,
(0) N

y©@ ey, A9 eY — npoussonbusie snementsl. [onokum ¥ = Z‘I’ Ib

i=1

j=0,L...,3mas p, y AV onpememum p"V,

pUD = O [ dpD — farpD 4 AT D~y (24)

3atem maxoaum y*) | pemas 3amauy MEHEME3AIHI
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r(V, 2=y )y + ¥ (2) - P () 2

40 - (25)
> (rAp(JH) + (J)’Zi _ y(/+1))Y VeV
Haxoner, Borauciasem A+
WD =0 D [Ap U -y U], (26)

3neck >0 u 7 >0 — uTepaMOHHKIE TapaMeTpel; A :Y — ¥ — compsbkeH-
HBIA K A oreparop: (A*y,n),/ =(»,An)y, neV, yeY, (), — cKansIpHOE
mpomssenerme B ¥ : (v.2)y = [(¥(0).2(0)dx, y.zeY.

)

HetpynHo yoeautscst B TOM, 4TO 33/1a4a (25) 0OTHO3HAYHO pa3pelinmMa.
[Ipn uccrnenoBaHuM CXOAMMOCTH HUTEPALMOHHOIO Ipolecca Oynem
npenmnosaratb, 4ro Hapsaay ¢ (8), (9) dyHkuus ¢ nunmMI-HEnpepbIBHA

¢ moctossHHOM L >0, To ecThb

18(8)-g(Q) < L(E-C) VEL20. 27)

Jemma 5. Onepamop G, onpeodenennsiii 6 (12), yooenemeopsiem yc-
J108UI0

|Gy—Gz|*’<L(Gy—Gz,y-z) Vy,zeR", (28)

mo ecmv G — 0bpamno cunvHo MoHOmouHwll (cm. [7, 14, 15] ) onepamop
c koncmanmou 1/L, wu, credosamenvno, OH AGNAEMCA  AUNUIUY-
HenpepvlieHbIM ¢ KOHCmanmou L .

Jloka3zarenabcTBo. [Ipu y =z HepaBeHCTBO (28) BBIMOIHSACTCS TPUBH-
anbHBIM 00pazom. [Ipenmonoxum mosTomy, uro y # z . [lo anamoruu ¢ [16]

paccMOTPUM BBIpaKCHUE

o 1Gy=GzI” _ g(yD+8(zD-280(¥Dg(zDr.2)/|¥llz]  _
(Gy=Gz,y—z) go(lyDyHgo(zDlzl-(go(¥D/1yIH+go(zD/zD(y,2)
20 (yD+g;(z)—-2gy(¥Dgy (| z])cos a D,

" 2o Nyie (D2 (2 (¥ DNy e, (2D /12Dy lIz[(2)cos o~ D,

rae cos a=(y,z)/|y||z|. Eciu 3Hamenatens D, obOpamaercss B Hylb, TO
B CHJIy ycioBus (8) (M3 KOTOPOro CledyeT, 4To g, — HeyObiBaromas QyHK-

11s1) ¥ HepaBeHCTBa 1 —cos o >0 umeem
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0=D,=g,(yDly+go(zDlzl-go(¥DIzl=go(zDly 1+
Hego(yDlzl+go(zDl y[I(A—cos a) 2[g(| ¥ )— g, zDI( ¥y -1z =0,
cnenoBarensho, [go(|v)—go(zDI(y~1z))=0, To ects mmbo |y|=z],

nutorga D, =0, a 3HauuT, TpeOyeMOE HEPABEHCTBO BLIMIOIHEHO, OO
1 > s

go([1)=8o(|2)) m Torma 0=D, =[g,(| ¥ z]+g, (| z])| ¥ (A —cos ) , oTKYNA

B CHJIy HEOTPUIATEIHLHOCTH 000MX COMHOXHUTENEH, 10 KpaiHell Mepe, oauH
u3 HUX paseH Hymo. Eciu g,(|y)=g,(z[)=0 wm | y|=|z|=0, 10 D, =0,
U TpeOyemMoe HepaBeHCTBO BhINOIHEHO. Eciun ke cos o =1, To cHOBa nmMeeM
Dy=g>(yD+g (12D ~2g0(¥Deoll zD=Lgs (| ¥ g0l 2D1* =0.

Paccmorpum  ciyuait, korma 3HameHarens D, #0. ®yHkuwms
cos o — D(cos o) sBhsieTcsl APOOHO-TMHEHHON, MOITOMY €€ MaKCUMyM
JIOCTUTAETCS MPU cos oL =1 .

[Ipu cos o =1 B cuny (27)
(g(yD-g(z))’ _g (P -g'(zI-B)

e CIEED yFz
[Tpu cos o =—1 B cuty HepaBeHcTBa (27) ¢ £=0
_ (gyh+e(z’ _
(go(yD+go(zD (¥ D+ 2]

(B +g (2B Iy Hz2B
BIH ST

JlemMa nmoka3zaHa.

Cneocmeue 2. Onepamop A, onpedenennwiii coenacto (13), aensem-
csl 00PaMHO CUTLHO MOHOMOHHBIM ¢ hocmosnHot 1/ L>0.

HetpynHo yoeautbest B ToM, 4TO 3a1a4a (25) OJHO3HAYHO pa3peirnma.

[Ipenmonaraem, 4To pelieHUE BapUAIMOHHOTO HepaBeHcTBa (18) cy-
mecTByeT, A GpyHkuoHanoB V., onpenenseMsix no ¢popmynam (17), Bbl-

MOJIHEHO CJIEAYIOIIEE YCIOBHE HEBBIPOXKACHHOCTH 3a1auu [12, c. 35]:

Jz=Aw e[| dom ¥ : lim ¥, (y) =¥ ,(2), (29)
y—oz

j=1
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a omeparop A'A:V —V SBIsSETCS KAHOHMYCCKHM H30MOP(H3MOM, TO €CTh
A'An=n VneV. (30)

Jns uccnenoBaHusl CXOAMMOCTH HMTEPAIMOHHOTO METOJA BBIHIIEM
SIBHBIN BUJ OIICpaTopa nepexoa Meroaa. EyneM CUUTaTh, UTO T U r CBA3AHBbI
cooTHomeHneM rt<1. BBenem runp0epToBO MpocTpaHcTBO Q =V xY xY

co CKAJIIPHBIM IIPOU3BEICHUEM (D)o =a;()y +a,()y +a3 )y,
a,=(-1r)/t, a,=r, ay=1/r. Dnementsl 3 @ OyneM 0003HAa4YaTh

q=(4,-9,,95) - Onpenenum oneparop 7:0— 0, Tq=(T\q,1,q.T5q) , cne-
JTYIOITUM 00pa3oM:

Tq=q,—Aq, — f+ N g5 +r(q, - N'q,)], (31)
T,q =Prox . (AT\q ""”_1613)7 (32)
T,g=q5+r(AT)q-T,q). (33)

3neck Prox ,:Y — Y — npokcumanbHoe oToOpaxkeHnue [12], crapsiiee B co-

OTBETCTBHUE IPOU3BOJILHOMY D3JEMEHTY J €Y eIUHCTBEHHBIH JIIEMEHT
z=Prox p(y), ABIAIOIMIICA PEUNICHHWEM 3aJa4d MHHUMH3AaLUU (CM., Ha-

npumep, [12])

1 . 1
P(z)+=lz—y|ly=min{P(q)+=llg—» Iy }-
2 qeY 2

[Ipu >TOM nanHas 3ajaya MUHUMHU3AIUU SKBUBAJICHTHA BapUAIIMOHHOMY
HEPaBEHCTBY

(z=y,9—2)y +P(q)—P(z)20 VgeY. (34)

OtmeruM Taroke (cM., Hampumep, npemiokenue 2.1 [17, c. 285]), urto
MIPOKCUMATBHOE OTOOPAKEHHE SBIISETCS )KECTKO HEPACTITUBAIOIINM, TO €CTh

(Prox ,(y)—Prox p(z),y —z)y || Prox ,(y)—Prox »(z) ||§Z 0 Vy,ze?Y.
[TepenuceiBas (25) B BuzE

r(Y —[ApYT 4+ DLz =y 4 () - TP (YY) 20 VzeY
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¥ WCIIONB3Ys ONpe/eleHHe TIPOKCUMAIBHOTO OTOOPAKEHNS Ha OCHOBE Ba-
puanuonHoro Hepasencta (34) ¢ P=W/r u y=ApY™" +r"04 Y, nepe-

nuuieM urepaonnsii mpouecc (31)—(33) B Bune
gU =Tq, g =(pD D3 D) j=012,.., (35)

rae q(o) € 0 — NpOoU3BOJBHBINA JIEMEHT, TO €CTh 1 — OmepaTtop mepexoja
ATOTO UTEPALMOHHOTO MPOIIECCa.
Teopema 3. Touka q=(p,y,\) A619emMcsi HENOOBUNHCHOU MOUKOU One-

pamopa T 6 mom u moybKko mom crydae, K020d 6blNOJIHEHbl yciaosus

y=Ap, (36)
Led¥Y(Ap), 37)
~-Ah=Ap-f. (38)

IIpu smom nepeéas komnonenma p 000U HENOOBUIHCHOU MOYKU One-
pamopa T asnsemcs pewenuem 3aoayu (18).
Hoxka3zareabcrBo. Ilyctsb g =(p,y,A) — HENOJBWKHAsA TOYKa Omepa-

topa 7, TO eCTh

p=p—-tAdp-f+Ah+rA (Ap-y)], (39)
y=Prox,, (Ap+r %), (40)
A=A+r(Ap—y). (41)

PaBenctBo (41) skBuBanentHo (36), uéo r>0. PasenctBo (40) »kBHBa-
JICHTHO HEPaBEHCTBY

(y—Ap—r_lk,z—y)Y +r ' [P(2)-¥(»)]20 VzeY
WM ¢ yuetoMm (36) — HEpaBEHCTBY
-(Az=Ap)y +¥(z)-Y(Ap)20 VzeY, (42)

KOTOpPOE, B CBOKO OY€PE]lb, SKBUBAJICHTHO BKIIFOUEHHIO (37).
Hakoner, paBenctBo (39), oueBHIHO, S5KBUBAJIIEHTHO (38).
[TpoBepum, uto p — pemenue 3agauu (18). 3 (39) ¢ yuerom paBeHCT-

Ba (36) cienyer, uto Ap— f =—A"A. B HepaenctBe (42) 3aMeHNM, HC-
noyib3ys (36), y Ha Ap ¥ MONOXKUM z = AT, IIe M — IPOU3BOJIbHBIN 3Jie-

MeHT u3 V . Torga moxyyum

50



Mamemamuueckoe Modeﬂupoeanue yCchlHOGMGW@IJC}l qbwzbmpauuu C MHO2O3HAYHbIM 3AKOHOM

~(MAN=Ap)y + P (AN)-¥(Ap)=—(A"Am-p), + ¥(An)-¥(Ap)=
=(Adp-f,An—-Ap), +¥(An)-Y(Ap)20 VneV,

TO €cTh p — penieHue 3anaun (18). Teopema mokaszana.

Teopema 4. Ilycmo cywecmayem no Kpatineii mepe 00HO peuieHue 3d-
oauu (18), u evinonneno ycnosue (29). Toeda MHOMCECBO HENOOBUNCHBIX
mouek onepamopa T He nycmo.

Joka3zareabcTBo. [lycth p — pemenue 3agauu (18), y = A p . Bapua-

IIMOHHOE HepaBeHCTBO (18) SKBUBAJICHTHO BKIIIOYCHHUIO
f—Aped(WYoA)p. (43)
N3 ycnosus (29) u Teopemsr 13.3 [18] mosrydaem cienyroiee paBeHCTBO:

(Y oA p=A"3¥(Ap). (44)

(v *
U3 (43) BeITekaeT, uTo Haitnercs snemeHT p €0(WY o A)p, mist KOTO-
*
pOTO BBITIOJIHEHO PABEHCTBO f —Ap=p , a cooTHomieHue (44) o3Havaer
* *
CyliecTBoBaHME Takoro sjemeHta A €0V (Ap), uto p =A A, TO ecTb

~AA=—p =Ap- f. Urak, nna q=(p,y,\) UMEIOT MECTO COOTHOIICHHUS
(36), (37), a 3HAUUT, B CHITy TEOPEMBI 3 ¢ — HEMOABUKHAS TOUKA OIepaTopa

T . Teopema noKa3aHa.

U3 teopemsl 4 ciemyeT, 4TO UCCIEJOBAHUE CXOAUMOCTH HTEpAIOH-
Horo npouecca (24)—(26) cBOAUTCS K MCCIECIOBAHUIO CXOJUMOCTH METOJa
MOCJIEIOBATENbHBIX NPUOIMKEHUH (35) OTBICKAHMS HENOJBHYKHOM TOUYKH
oneparopa 7 . YCTaHOBUM CBOMCTBa 3TOT0 OIEpaTopa.

Teopema 5. I[Iycmv 4 :V — vV — 00pamuo CuibHO MOHOMOHHBIU ONe-
pamop ¢ koncmanmotl 6 >0, u vinoHeHo credyrwee yciosue:

0<t<206/(2or+1). (45)

Toeoa onepamop T, onpedensemviti coomuowenusmu (30)—(32), ss-
naemcs  Hepacmseusarwum. bonee moeco, ona mobwvix  q=(q,,9,.93),

s =(5,5,,5;) Uz Q cnpaseeonuo HepaseHcmeo

|7q—Ts Hé +d(Aq, — Asy,q, =)y +rll(g, —ATiq)— (s, _ATIS)H)Z’ +
I 2 . 46)
+’c(1—_rr)|| (A-)(q, —T1q)— (s, —T}s)] - 1(Aq, — 4s)) [y <llg —s ||Q5

rae d =2—-1/[c(1-1r)].
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Joka3atenabcTBo. [1o ycinoBuio HacTosmiei Teopembl A — oOpaTHO
CHUJILHO MOHOTOHHBIN OTIEpaTop ¢ KOHCTaHTOW G >0:

(Au—An,u—n), 2ol Au—An||; YuneV. (47)

3aMeTHM, 4TO B CHUJIy ycioBus (45) BbINOJIHEHBl HepaBeHCTBa Tr<1 u

d >0, a 3HauuT, U3 (46) u (47) OyAer cieaoBaTh HEPACTATUBAEMOCTh OIC-
patopa T . Jlokaxkem HepaBeHCTBO (46). [lepenuiem paBenctso (31) B Bume

T,g = Rq, —r(A*c]3 —rA*qz) , Tae onepatop R:V —V ompenensercs cooT-
HomenneM Rn=(1—tr)n—t4dn+1f . Ucnons3ys (47), nomyyaem
| Rq, — Rs, ||13:(1_T”)2 g, =, ||I% —2t(I-r)(Aq, — Asy.q, =s,)y +
+7°||dgy —As, [y < (A=) llgy =, |7 = (48)

—r(2(1—rr)—r($_1)(Aq1 —Asy.q;=S1)y-
Janee,
IT,q~Tislly=(Tg ~Tys,Rq, — Rs,)y ~

_t(qu_TlS')A*(q3 _S3)_’”A*(‘]2 =5y
OTKY/Ia, UCTIOJIb3YSl OYCBHIHOC PABEHCTBO
_ 1 1 2 € 2
(p)y =o-llplly —5llp—enlly +5lInlly VpneV, Ve>0,  (49)

¢ p=Rq,—Rs, n=Tyq-Ts,

NMECM

1 1
ITg=Tslly =51 Ray = Rsy iy =5 || Ray = Ry —e(Tyg =Tys)lly +
8 * *
+§||T19_T13 17 =t(Tig =Ti5,A" (g5 =53) = A (g5 = 5,))y -
Otcrona (mocie neneHust Ha T/2) ¢ yueTom (48) BBITEKAET, 4TO

1 2-¢ 1
IRy = Rs, —&(Tig=Tis)ly + —— I Tyg = Tis Iy = Rg, = Rsy | -
* * 1—1r 2
—2(Tiqg—Tis,A (g5 —s3)—rA (Q2_52))V£( )

g, —s, ||I§ -
_8_1(2(1_”’)_“5_1)(1491 — As;,q, =81y _2(T1‘]_T1SaA*(‘]3 —53)—
_’”A*(% =85y
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BriOupast € =1—1r , Ha OCHOBaHHH OTPEJICIICHUS OTiepaTopa R , MOIyIHM

1

o =@ =Ti) = (s ~Ti)]=(Ag, = As) | +
1+1:r

I T\g— TSHV— _SlHrz/_d(A(I1_AS1aQ1_S1)V_
_2(qu_TlsaA (Q3 _S3))V _2”(qu_TlsaA*(CI2 _52))V = (50)

1—=zr
= =8 ||12/ —d(Aq, — Asy,q, =)y —2(MT1g = T,5),q5 —53)y +

+2r(AMTg—=T,5),q, = 55) y-

Ilonoxum e=1, p=q,-s,, Nn=A(T,q—T;s) B paseHctBe (49)
u ipeobpazyem (50) k crenyromemy BUAY:

T(l Sl A=w)lq ~Tig)~(sy ~Ti)]=7(Agy —Asy) ly +

+7(/(q,—ATig)—(s, _ATS)]_T(A% _ASI)H?/ +d(Aq,—As;,q,—s))y +
1+1:r

(1)

ITq— TSHV— qu_SIHV —2(AM(Tg—T:5),q5—53)y +
+quz—S2Hy”HA(Tﬂ—TlS)Hy-

JHainee, u3 (32) ¢ yu4eTOM KECTKOM HEPACTATMBAEMOCTH IPOKCHUMAIb-
HOTO OTOOpakKeHUS UMEEM, UTO

ITyq = Tys I3 <(ATyg+r7'qy = ATys =53, Tog = Tos) .,
OTKyJa
r||T2q—T2s||12/Sr(Aqu—ATls,Tzq—Tzs)Y+(q3—s3,T2q—Tzs)Y. (52)
U3 (33) cneayer COOTHOLICHHE
r! 17359 —Tys ||%'S”_1 g5 —s; ||§' +2(q; =53, AT1q—T15)) y —
~2(¢5 53,154 =Ty 8) y +r | A(T,q =T, ~(T,q =T,5) [|7=r " [l g5 =55 |7 +
+2(¢5 =53 Mg ~T,9)) y =2(q3 = 53.To,4 =T58)y + || AT, g =T, 9) || +
+7(|Tyq =T, 11y =2r (A(T,q =T;5),Toq =T 5) .-
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CxknanpiBasi mojyuuBiieecss cooTHomeHnue ¢ (51) u (52) u yuuThiBas, 4To
B cuiny (30) mmeer mecro paseHctBO ||A(Tyq—-T1,s)|y=T,q—T,s||, , momy-

4yaeM, 4TO CIPaBeIMBO HEPABEHCTBO (46). Teopema rokazaHa.

Teopema 6. [Iycmv A:V —V — 0bpamuo CuibHO MOHOMOHHbIN ONne-
pamop ¢ koucmanmou >0, vinonnenvt ycnosus (29), (45), 3a0aua (18)
umeem no KpauHel mepe 0OHO peuieHue, UmepayuoHHas nocieo08amenb-

HOCMb {q(f)};io nocmpoena coenacuo (35). Toeoa sma nocredosamer-

*
Hocmb cxooumcest ciabo 8 Q npu k —+00, ee npeden q s61AemMC HENOO-

sudicHou moykou onepamopa T , u cnpageonugvl pagencmea

lim ||y =ApY||,=0, (53)
j—©
lim |l ¢ = ¢ | ,=0. (54)
J—oo

Jloka3aTtenbcTBo. Bocnonbzyemcss HepaBeHCTBOM (46), IOJIOKUB
BHeM ¢=¢'” W cunTas s HemoABIKHOW Toukoi omepatopa T (B cHIy
TEOpeMBbI 4 CyILIECTBYET XOTs Obl O/IHA TaKas TOYKa). Y UUThIBAsA, YTO IO OI-
peleleHHIo uTepanuonHoil mocnenoBarensHoctd 7'qY) =¢Y*™ | a nus me-

NOJBMKHOM TOYKM § COMNIACHO TEOpEME 3  BBINOJIHEHBI PAaBEHCTBA
s, =ATis=s,—-As; =0, s, —T;s =0, nomydaem

i+1 2 i i i i+1 2
gV =sllg +d(Ap — As;,p” =s)), + 7|y = ApU |1} +

1

a1 - = pU ) —x(ap — s <lg ) sl

M3 storo HCPAaBCHCTBA CJICAYCT, UTO OTpaHUYCHHASA CHU3Y (HYJ'IGM) qucJio-

Bas mocienoBarenbHocTs {| g —$|lp} /- HE BO3pAacTaeT W, Cle/l0BATEND-

HO, UMeeT KOHeuHbIH npenen lim || ¢'” —s |p=0,, U, 3HAYUT, BBIITOTHCHBI

J—o
COOTHOIIICHUA
lim(Ap(j)_Aslap(j)_Sl)V:0’ (55)
]—)oo
liml| ¥ = ApY* V|, =0, (56)
Jj—o©
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lim||(1-tr)(p" = pY")=1(4p" - 4s,) ||, =0. (57)

J—>®©

Ucnonesys (47) u (55), momydaem

lim || 4p" — 45, ]|, =0. (58)
Jj—o©

N3 (57) u (58) cnenyer, uTo
lim [| pY"" = p* ||, =0. (59)
Jjoo

Hanee, ucnions3ys (56), (59) u HepaBeHCTBO
1y =ApD 1<y =ApY D+ APY =pU D)y,
noiryyaeM cooTHolneHue (53), U3 KoToporo ¢ yuetom (59) u paBeHcTBa
YUy Z (3O ZA p Dy 4 (A pD) = A pUHD ) 4 (A pUD — 30Dy
CII/Ty€T, YTO

lim || yY*" =y, =0. (60)

Jj—®©
Haxoner, ucniomnssys (26) u (53), umeem

lim [| 29 =2 |l =rlim | Ap" =y ||, =0. (61)
J—®© J—oo
PaBenctBa (59)—(61) 03Ha4arOT, 4TO BHINIOJHEHO COOTHOIICHHUE (54), U MO-
ckonbky ¢ € Q0 — IpoM3BONBHO 3aJaHHBIN EMEHT, TO oneparop T SBIA-

eTcsl aCUMNOTOTUYeCKH peryiisipHsiM (cMm. [19]). Kpome Ttoro, omepatop T
SBJISICTCSI HEPACTATHBAIOIIUM B CHITy TEOpeMHI 5, mosTtomy (cMm. [20]) urepa-

UOHHASA IOCJIEN0BATENLHOCTD {q(-’)};‘i0 cxogutrcs cnabo B O mpu

* ~ V3
k—+400, u ee mpenen g SABISAETCS HEMOJBIKHOM TOYKO# omeparopa 7.
Teopema nokasana.

4. UTepanMoHHBI MeTO pelIeHus 32/1a4 YCTAHOBHBIIEHCSA
(puabTpanuu ¢ MHOI03HAYHBIM 3aKOHOM

Kak Obuto ckazaHo Bblme, omnepatop A, ONpeleNeHHbI Ha
V=mew,"(Q)m(x)=0,xel’,} cornacuo (13), IpH BHINOIHEHHH YCIO-

Buii (8), (9), (27) sBusiercss 0OpaTHO CHILHO MOHOTOHHBIM C MOCTOSHHOM

55



U.b. baopues, JL.A. Heuaesa

c=1/L, a dynkuuonanst ¥,,i=1,2,...,m, 3amaBacMble C MOMOIIBIO COOT-
HoueHuil (17), — nomyHenpepbIBHBIMU CHU3Y, BBIMYKJIBIMH, COOCTBEHHBIMU

Ha Y =[L,(2)]". [To3TOMY BBIIOJIHEHBI yCIOBUS CXOAUMOCTH UTEpPALOH-

HOro Tnpotiecca (24)—(26) u cnpaBenIuB CIEAYIOMUN Pe3yIbTaT:
Teopema 7. Ilycmv  evinoanenvt  ycinosus (8), (9), (27),

0<t<2/(2r+L), umepayuonnvie nociedosamenvrocmu  {p" )};Ozo ,
Y )};":0, {k(j)}fzo nocmpoenvit coznacto (24)—(26). Tozoa:

1) nocedosamensrocms {p" )};0:0 cxooumcest ciabo 8 V' k nHekomo-
POMY peulenuio p 8apuayuoHHo2o Hepasencmaa (18);

2) nocnedosamenvrocms {yY )};O:o cxooumcesi crabo 8 Y k Vp;
3) nocredosamenvHocmy {X(j)}fzo cxooumes crabo 6 Y k A, mako-
My, umo A€V (Vp), —~AA=Ap—f

4) cnpasednuso coomnowenue liml|| y =V p|| y=0.
J—>o
OcTtanoBHMCS Tenepb Ha OCOOCHHOCTSIX MPUMEHEHUS UTEPALIHOHHOTO
Merona (24)—(26) nns pemieHUs 3a4ad  yCTAaHOBUBIIEWCS (UIBTpAIIIN
C MHOTO3HAYHBIM 3aKOHOM.
[Tepsiii mar (24) ceoautcs B cuily Teopembl Pucca—®uriepa k 00-
pamenuto oneparopa Jlannaca:

—ApY™ =—(1-1r)ApY +1div(G(V p )+ 1V —ry )+ 1 f,

TpeTuii mar (cooTHomeHue (26)) — K BEIYUCICHUSM 10 SIBHBIM (hOpMYIIaMm.
OCHOBHYIO TPYAHOCTh B peallu3alliil UTEPAI[MIOHHOIO METO/a Mpe-
CTaBJISIET BTOPOW LIAr — pelieHue 3aJadyd MUHUMU3auuu (25), To ecThb co-
IJIACHO ONPEAENICHUIO NPOKCUMAIBLHOIO OTOOpaKEHUs B BUJAE BapUalllOH-
HOro HepaBeHCTBa (cM. (34)) 3amauu 0e3yCIOBHON MMHUMHU3AIMHA CHUIBHO
BBINTYKJIOTO, TOJYHENPEPHIBHOIO CHHU3Y, COOCTBEHHOTO (hyHKIIMOHAIA

WY SR, W)=z HHE) (VP 40D, Crenys [21)
MOKHO ITPOBEPUTH, YTO PCHICHUC 3TOU 3aga4du UMECT BU
P =g (eel ), 1=V pU 42D,

rae (puc. 4)
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(F,—SH)/F, 8j71+rBj71S§S8j71+rBj, j=12,...m,
g (&)=1B;, 9, +rB,<ESY, +rB,, j=12...m,
&-9,)/r, 8, +rB, <&,

J

9,=216,,0,=B,=0.

i=1

Takum 00pa3om, KaXKIbIi 1Iar UTEPAIIHOHHOTO METOAa CBOIUTCS (ak-
TUYECKH K oOpaleHuto oneparopa Jlammaca.

I : , .
0.9 A L”
g©) 0.8

0.7
0.6
B - : i 05
i ! ims
E ! 04
0.3
By| - : : | i
oo : 0.2
Lo | 0.1 7 v
P i € 0
- H— i 0.2 0.4 0.6 0.8 1
0 By B 7By, rPBrr0t+6, 0 x
Puc. 4. ®ynkuus g: Puc. 5. Bup 3acToifHbIX 30H

Cnez[yeT OTMETHUTDH, YTO MECTO/J ITO3BOJIICT HAXOAUTh HpI/I6J'II/I}KeHHBIC

3HAYCHHA HE TOJIBKO CaMOI'o pCIICHUs p(j) , HO U €TI0 XapaKTCPUCTHK, IJIA

3aa4 GUIBTPALMK — 9TO TIpUOIMKeHHbIe 3HaueHns /) rpaguenta pemre-

HUS, YTO BEChMa MOJIE3HO C MPAKTUIECKON TOYKH 3PEHHS, PH MOCTPOCHUN
NPEAETbHO PABHOBECHBIX IIEIMKOB OCTATOYHOW BS3KOIUIACTHYHON He(TH
B cooTBeTCTBHHU ¢ (hopmynamu (4). Kpome Toro, kak 3To crenyeT u3 LI 2), 3)
TEOpeMbl 7, MPUOIMKEHHOE 3HAaYEHUE CKOPOCTU (PUIBTpAIMH, YAOBJIETBO-
pstomIel YpaBHEHUIO HEPa3pBIBHOCTH, MOXKET OBITh BBIYHCICHO 1O (hopmy-

ne v=—g,(y" Dy /1y |-

T'0 UTEPALMOHHOTO METO/a ObUTM MOCTPOEHBI KOHEYHOPA3HOCTHBIE aIIpPOK-
CUMallMM BAPWALMOHHOTO HEPAaBEHCTBA U WTEPALMOHHOIO METOAA,
COCTaBJIEH KOMILJIEKC MporpaMM B cpeae Matlab, mpoBeaeHsl pacueTs! AJis
MOJICIbHOM 3afauu  (uiIbTpalMd B EAMHUYHOM KBaJIpaTHOM IUIACTE

ALY Jlns ancnennoit peanusariy yKka3aHHO-
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Q=(0,1)x(0,1) ¢ ueHTpoM B Hayajie KOOPJAWHAT, B KOTOPOM HAaXOJIUTCS
CKBakuHa ¢ nebutom ¢ =1. Ilonaranocs, yro I'=1I",. B kadecTBe QpyHKIMN
¢ BeIOupanace Qynkuus g(&)=&. Bo Bcex pacuerax MpUHUMAJIHCH Clie-
nytomue 3Haduenus: m=1, B, =1, 3, =1, npu 3TOM >MIUPHYECKU OIIpee-

JSUTMCH ONTUMAJbHBIE (II0 KOJMYECTBY UTEpALMii) UTEpallMOHHBIE ITapaMeT-
pel. Ha Q crpounace ceTka pasmMepoMm n, X n,. Pe3ynbrarel S5KCIIEPUMEHTOB

CBUJIETENILCTBYIOT 00 3((EeKTUBHOCTH UTepalioHHOro Merona. Ha puc. 5
i n, =300, n, =300 npuBencHBI IPaHULBI 3aCTOMHBIX 30H, HA KOTOPBIX

|Vp|:1.

Pabota BwimonHeHa mnpu ¢uHaHcoBoi momnepxkke PODU (rpanHThi
Nel12-01-00955, 12-01-97022, 11-01-00667).
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