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STUDY THE BEHAVIOR OF A COMPRESSED ROD  

OUTSIDE THE STABILITY 

The problem of determining the shape of the curved axis of the rod after buckling in the elastic 
zone with the help of the Euler equations of elastic is solved. Critical force is calculated, as well as field 
of linear and transverse displacements. For rods, the loss of stability which occurs in the plastic region, 
the definition of critical load and displacement is carried out on a tangent modulus of elasticity by 
Engesser-Shanley. It is thus supposed that the material follows the compression diagram with line 
hardening. This technique will allow passing from calculation of a separate rod to calculation on stability 
of three dimensional rod systems. 

Keywords: stability, the critical force, the nonlinear differential equations, the deflections, a tan-
gent modulus of elasticity. 
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#&%90 (%-.@08 -$%&'(%)*8 +,(-$&.+/0A 1,'(, )*9%50$6 9); 

,-(,)(*8 $04;: B%&1* 0 -$&.+$.&(*% 4%&%+&%-$(,--$%&'(%)*% 4,+&*-

$0:. C D$08 +,(-$&.+/0:8 -$%&'(0 3;&(0&(, -,%90(%(* ) .=5;8 0 ),--

4&0(01;2$ $,56+, -'01;2@.2 (;<&.=+.. E,-+,56+. '%-$+,-$6 -$%&'(: 

(; -';$0% (;1(,<, )*3%, F%1 (; 0=<0?, $, 95: ,?%-4%F%(0: &;?,$,-4,-

-,?(,-$0 +,(-$&.+/00 );'(,, F$,?* -$%&'(0 -,8&;(:50 4&:1,50(%A-

(.2 B,&1. &;)(,)%-0:. ";+ $,56+, -$%&'%(6 $%&:%$ .-$,AF0),-$6, %<, 

'%-$+,-$6, ; -5%9,);$%56(,, 0 (%-.@;: -4,-,?(,-$6 &%=+, .1%(63;2$-

-:, F$, ,$&;';%$-: (; &;?,$% )-%A +,(-$&.+/00. E,D$,1. 4&0 4&,%+$0-

&,);(00 +,(-$&.+/0A, -,-$,:@08 0= /%($&;56(, -';$*8 -$%&'(%A, 

);'(,% 1%-$, =;(01;%$ 4&,)%&+; 08 (; .-$,AF0),-$6. G;9;F% ,4&%9%5%-

(0: +&0$0F%-+,A -05* 4,-):@%(, =(;F0$%56(,% F0-5, &;?,$: 95: ,$-

9%56(,<, -$%&'(: – [1–3], -$%&'(%)*8 -0-$%1 – [4]. 

";+ 0=)%-$(, [5], 0--5%9,);(0% .-$,AF0),-$0 =;)0-0$ ,$ <0?+,-$0 

-$%&'(:. !5: 950((*8 0 $,(+08 -$%&'(%A, <0?+,-$6 +,$,&*8 )%50+;, 

+&0$0F%-+;: -05; ,4&%9%5:%$-: 4, B,&1.5% HA5%&;, +,$,&;: 4&01%(0-

1; $,56+, $,<9;, +,<9; 1;$%&0;5 4,9F0(:%$-: =;+,(. I.+;. C 9;((,A 

&;?,$% 95: ,4&%9%5%(0: B,&1* 0=,<(.$,A ,-0 -$%&'(: 0 4%&%1%@%(0A 

4,-5% 4,$%&0 .-$,AF0),-$0 ) .4&.<,A =,(% 0-4,56=.2$-: .&;)(%(0: 

D5;-$0+0 HA5%&;. 

!5: -$%&'(%A, 4,$%&: .-$,AF0),-$0 +,$,&*8 4&,0-8,90$ ) 45;-

-$0F%-+,A ,?5;-$0, ,4&%9%5%(0% +&0$0F%-+,A -05* 0 4%&%1%@%(0A 

,-.@%-$)5:%$-: 4, +;-;$%56(,1. 1,9.52 .4&.<,-$0 1%$,9,1 H(<%--%-

&; – J%(50. 

1. &'()*$'!+* ,*#*-% .')"/% 0()'1-%!'()%  

( .'2'345 0/*!$"$%1 67*()%+% 817"/* 

C &;?,$% &;--1;$&0);2$-: -$;56(*% -$%&'(0 &;=(,A <0?+,-$0  

$&.?F;$,<, -%F%(0:, 3;&(0&(, =;+&%45%((*% 4, +,(/;1, &;-F%$(;: 

-8%1; 4&%9-$;)5%(; (; &0-. 1. #$%&'%(6 -'01;%$-: )9,56 ,-0 -05,A  , 

4, )%50F0(% ?,563% +&0$0F%-+,A -05* HA5%&;: 
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<9% 
-&d  – -&%9(0A 90;1%$&, 

-& ( )(( ) 2d d d! $ . 

M;=1%&* $;+08 -$%&'(%A 4&%9-$;)5%(* ) $;?5. 1. 

N;?50/; 1 

M;=1%&* -$%&'(%A 

#$%&'(0 
C(.$&%((0A  

&;90.- r)(, 1 

O;&.'(*A 

&;90.- r(, 1 
!50(; l, 1 I0?+,-$6 P 

1 0,01775 0,021 1,95 141 

2 0,0263 0,03 3,28 164 
 

M%3;%$-: =;9;F; ,4&%9%5%(0: 1;+-01;56(,A (;<&.=+0, +,$,&.2 

1,'%$ )*9%&';$6 -$%&'%(6 4,-5% 4,$%&0 .-$,AF0),-$0 (% &;=&.3;:-6, 

; $;+'% 4%&%1%@%(0A 8;&;+$%&(*8 $,F%+: 4, ,-0 x – +,(%/ -$%&'(:, 4, 

,-0 y – -%F%(0% ) -&%90(% 950(*. E&0 (;<&.=+%, 4&%)*3;2@%A +&0$0-

F%-+.2, -$%&'%(6 0-+&0)5:%$-:, 4,:)5:2$-: 0=<0?(*% (;4&:'%(0:. 

Q4;-(*1 :)5:%$-: -%F%(0% ) -%&%90(% -$%&'(:, $;+ +;+ $;1 4&,<0?, 

; -5%9,);$%56(,, 0 0=<0?(*% (;4&:'%(0:, 1;+-01;56(*. 

C +;F%-$)% 4&%9%56(,<, ?*5, )=:$, (;4&:'%(0% [R] = 210 KE;. 
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E&,0($%<&0&.%1 D$, .&;)(%(0% - .F%$,1 <&;(0F(*8 .-5,)0A 4&0 

s = 0: 

0,
s

%&
!

%
 S = S0, 

<9% S0 – .<,5 (;+5,(; +;-;$%56(,A + ,-0 -$%&'(: ) $,F+% - +,,&90(;-

$,A s = 0: 
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0 .& 0 &  E&0(:) 
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! 1  4,-5% 90BB%&%(/0&,);(0: 4,5.F01 
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d d
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C &%=.56$;$% 4,5.F050 =;)0-01,-$6 -05*   0 )%50F0(* m, F$, 

4,=),5:%$ ,4&%9%50$6 )%50F0(. 4&,<0?; 95: +;'9,<, =(;F%(0: -05*  . 

C $;?5. 2 4&0)%9%(* =(;F%(0: +&0$0F%-+,A -05*  +& 95: -$%&'(%A, 

&;=(0/; 1%'9. 4&%9%56(,A 0 +&0$0F%-+,A (;<&.=+,A V , )%&$0+;56(,% 

4%&%1%@%(0% +,(/; -$%&'(: 0 1;+-01;56(*A 4&,<0? 4&0 s = l/2. 

N;?50/; 2 

M%=.56$;$* &;-F%$,) 

#$%&'(0  +&, +O V , O Ymax, 11 Xmax, 11 

1 38,55 4,7 19,4 0,5 

2 47,57 5 38,2 1,1 

 

";+ )09(, 0= $;?5. 2, 4,-5% 4,$%&0 -$%&'(%1 .-$,AF0),-$0 9;56-

(%A3%% ),=&;-$;(0% (;<&.=+0 ?*-$&, 4&0),90$ + %<, &;=&.3%(02. 

O; &0-. 2, 3 4,+;=;(* 4&,9,56(*% 0 4,4%&%F(*% 4%&%1%@%(0: 

-$%&'(%A 1 0 2 -,,$)%$-$)%((,. 

 

M0-. 2. G;)0-01,-$6 )%50F0(* 4&,9,56(,<, 4%&%1%@%(0: +,(/; -$%&'(:  

s = 0 (#) 0 4&,<0?; ) -%F%(00 s = l/2 ($) ,$ (;<&.=+0 ) 4%&),1 -$%&'(% 

# 

$ 
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M0-. 3. G;)0-01,-$6 )%50F0(* 4&,9,56(,<, 4%&%1%@%(0: +,(/; -$%&'(:  

s = 0 (#) 0 4&,<0?; ) -%F%(00 s = l/2 ($) ,$ (;<&.=+0 ), )$,&,1 -$%&'(% 

O; &0-. 2, # 0 3, # 4,+;=;(; =;)0-01,-$6 4%&%1%@%(0: +,(/; 

-$%&'(: ,$ 4&05,'%((,A -05* 4,-5% 4,$%&0 .-$,AF0),-$0, ,(; 4%&%-

-$;%$ ?*$6 50(%A(,A. Q9(;+, -+,&,-$6 &,-$; 4&,9,56(,<, 4%&%1%@%-

(0: <,&;=9, (0'%, F%1 )%50F0(* 4&,<0?; -%&%90(* -$%&'(:, 0 ) 1,-

1%($ 4,$%&0 4&,F(,-$0 ,(, -,-$;)5:%$ 4,&:9+; 2 % ,$ 4,4%&%F(,<, 

4&,<0?;.  

7= &0-. 2, $ 0 3, $ )09(,, F$, ?*-$&, ),=&;-$;2@0A 4&,<0? ,4&%-

9%5:%$ ),=&;-$;(0% 0=<0?;2@%<, 1,1%($; 0 1;+-01;56(*8 (;4&:'%-

(0A. N;+ +;+ &;=(0/; 1%'9. 1;+-01;56(,A (;<&.=+,A 0 +&0$0F%-+,A 

-05,A (%)%50+; (1%(%% 1 %), $, 4,9,?(*% -0-$%1* 01%%$ -1*-5 &;--

-F0$*);$6 $,56+, (; .-$,AF0),-$6. 

2. 9*#*-* .')"/% 0()'1-%!'()% ()"/:$; ,* ./"#"7*2%  

0./0<'()% 2")'#'2 8$<"(("/* – ="$7% 

!5: -$%&'(%A, <0?+,-$6 +,$,&*8 1;5; ( 100),: ;

 

4,$%&: .-$,AF0-

),-$0 4&,0-8,90$ 4&0 (;4&:'%(0:8, 4&%),-8,9:@08 4&%9%5 4&,4,&-

/0,(;56(,-$0, $.%. ) 45;-$0F%-+,A ,?5;-$0. C &;?,$% ?*50 &;--1,$&%-

(* 9); $;+08 -$%&'(:, &;=1%&* +,$,&*8 4&0)%9%(* ) $;?5. 3. 

# 

$ 
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N;?50/; 3 

M;=1%&* -$%&'(%A 

#$%&'(0 
C(.$&%((0A 

&;90.- r)(, 1 

O;&.'(*A &;90.- 

r(, 1 
!50(; l, 1 I0?+,-$6, P 

3 0,0757 0,083 3,0 53 

4 0,0961 0,1045 3,28 46 

 

E&,-5%901 4,)%9%(0% -$%&'(: 4&0 ),=&;-$;(00 -'01;2@%A -0-

5*. E&%94,5,'01, F$, 9,-$0<(.) +&0$0F%-+,<, =(;F%(0:  0 (4, B,&-

1.5% H(<%--%&; – J%(50 -05; 
2

0 2

%E I
 

l

 
! ), 4&0 (%+,$,&*8 1;5*8 ),=-

1.@%(0:8 -$%&'%(6 0=,<(.5-:. C)%9%1 ) &;--1,$&%(0% 0=1%(%(0% (;-

4&:'%(0:: 

 ,%!<9 ! <=  (11) 

<9% %!  – +;-;$%56(*A 1,9.56, .%! d d! 9 =  

E,-+,56+. -'01;2@;: -05; 4&0 4,$%&% .-$,AF0),-$0 ,-$;%$-: 

(%0=1%((,A 4, 4&%94,5,'%(02, $, ) ,9(,A F;-$0 -%F%(0: ?.9%$ 

0,<9 >  ) D$,1 -5.F;% 9)0<;%1-: 4, 90;<&;11% ))%&8 (&0-. 4); ) 9&.<,A, 

<9% 0<9 ;  4&,0-8,90$ &;=<&.=+;, 0 =;)0-01,-$6 1%'9. 4&0&;@%(0%1 

(;4&:'%(0: 0 9%B,&1;/00 0=,?&;';%$-: 4&:1,A, 4;&;55%56(,A (;-

F;56(,1., .4&.<,1. .F;-$+. 90;<&;11*: 

 .!<9 ! <=  (12) 

 
 

M0-. 4. !0;<&;11; -';$0: M0-. 5. E,5,'%(0% (%A$&;56(,A ,-0 

 

 



 190 

#'01;2@;: -05; 4&0 4,$%&% .-$,AF0),-$0 ,-$;%$-: 4,-$,:((,A, 

4,D$,1. 

0.
F

dF<9 !2  

Q-6 &0 9%50$ -%F%(0% (; 9)% F;-$0, ) ,9(,A -4&;)%950), -,,$(,-

3%(0% (11), ) 9&.<,A – -,,$(,3%(0% (12), 4&0F%1 4,5,'%(0% D$,A (%A-

$&;56(,A ,-0 =;&;(%% (%0=)%-$(, (&0-. 5). 

W.9%1 -F0$;$6 1;$%&0;5 -5%9.2@01 90;<&;11% -';$0: - 50(%A(*1 

.4&,F(%(0%1, $.%. +;-;$%56(*A 1,9.56 4,-$,:((*A !% = 0,5·10
5 
KE; [6]. 

Q?,=(;F01 <= – 0=1%(%(0% ,-0 -$%&'(: 4&0 0=1%(%(00 -05* ,$  0 9, 

 , ? – -,,$)%$-$).2@.2 +&0)0=(. 0=,<(.$,A ,-0. !%B,&1;/02 ),5,+-

(; - +,,&90(;$,A & ,?,=(;F01 

.&?$=<!=@<  

O; (%A$&;56(,A ,-0 ,(; &;)(; (.52, -5%9,);$%56(,, 

0 .& ! '<= ?  

N;+01 ,?&;=,1 .&;)(%(0: (11) 0 (12) 4&01.$ )09: 

( ) 0,   ,%! & & &<9 ! <= $ ? >  

( ) 0,     .! & & &<9 ! <= $ ? ;  

C*F0-501 4&0&;@%(0% -05* 0   < ! '  0 0=<0?;2@0A 1,1%($ 

 

( )

( )

0( (

)( 0 )(

0 (

0 )(

2

0

,

r r

m

r r

r

r

P d rd dr E d & rdr

E d & rdr

 '1 

1

 '1

1

< ! 1 <9 1 ! 1 <=$ ? $

$ 1 <= $?

2 2 2 2

2 2
  (13) 

( ) ( )
0 0( ( (

)( 0 )( 0 )(

2

0

,

r r r

m

r r r

' d yrd dr E d & yrdr E d & yrdr

 '1  '1 

1 1

! 1 <9 1 ! 1 <= $ ? $ 1 <= $ ?2 2 2 2 2 2  

<9% 1,'(, )*&;=0$6 sin .y r! 1

 

 

Q4&%9%501 4,4%&%F(*% 4%&%1%@%(0: -';$,<, -$%&'(:, %-50 .F-

$%1, F$, 1,1%($ ) -%F%(00 - +,,&90(;$,A x &;)%( ( ),'  & "! '  ; +&0-

)0=(; 0=,<(.$,A ,-0 
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( ) 1
X .& " '

 
@@ @@! ! '  

Q+,(F;$%56(, 90BB%&%(/0;56(,% .&;)(%(0% 4&01%$ )09 

( ) 0,%! I
% %

 
@@ $ ? !  

; - .F%$,1 B,&1.5* H(<%--%&; – J%(50 [7] 

( )
2

0

2
0,

 l
% %

 
@@ $ ? !

 
  

<9% ,m  ,?  – ?%=&;=1%&(*% )%50F0(*, 4,5.F%((*% 0= )*&;'%(0A (13), 

;
M

m
P r

!
< "

 
2

.mE d

P

 #
? ! ?

<
  

C $;?5. 4 4&0)%9%(* =(;F%(0: +&0$0F%-+,A -05*, )*F0-5%((,A 4, 

+;-;$%56(,1. 1,9.52 95: 9).8 -$%&'(%A, =(;F%(0: )%&$0+;56(,<, 4%&%-

1%@%(0: +,(/; -$%&'(: 0 1;+-01;56(*A 4&,<0? 4&0 s = l/2. E,-+,56+. 

+&0$0F%-+;: -05; 95: -$%&'(%A 1;5,A <0?+,-$0 -.@%-$)%((, ?,563%, F%1 

. <0?+08 -$%&'(%A, $, 0 4%&%1%@%(0:, ,-,?%((, 4&,9,56(*%, $;+'% 

?,563%, ; ),$ 4,4%&%F(*% 4%&%1%@%(0: ,$50F;2$-: (%=(;F0$%56(,. 

N;?50/; 4 

M%=.56$;$* &;-F%$,) 

#$%&'(0  0, KO Xmax, 11 Ymax, 11 

3 0,63 10 39,1 

4 1,22 15 40,2 

 

 

M0-. 6. G;)0-01,-$6 )%50F0(* 4,4%&%F(,<, 4%&%1%@%(0:  

-%F%(0: s = l/2 ) -$%&'(:8 3 0 4 
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9!05 0&15'& )! %"&,)&$05.  
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