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 !" 625.7:658.5-047.58 

 .!. "#$%&'#

 !"#!#$%&'()* #!'+&%$',-.//0*

%$1),.(,+$/!-',$!),."2/0* +/)-.$'),.,, 3!'')4

(.). *+,&-.+'

5.$6'()* /%7)!/%"2/0* )''".&!-%,."2'()*

8!"),.1/)9.'()* +/)-.$'),.,, 3!'')4

/.0. 1,&234%&'#, (.(. 567+',

::: «;<= ,.1/)9.'(!#! $.#+")$!-%/)4», #. >%$%,!-, 3!'')4

8/9 :;</)(0; 

8/=;)(>;/00?@ A*/0/8;B 5*;@ 8 @(0;"8/)

;00/)(>;/00/C/ <(");=;D

9/</E0/C/ 1< 91<;D=;D

 !"#$%&"' (%#)%# * +%#"$,!%-.',/ +%0,-.1,%''2) 3*%'%+,4"-

5*,) +").',6+%- ,''%-.1,%''%7% !.6-,0,8 #%!%&'%7% (!"#(!,80,8.

 !%1"55 9(!.-$"',8 #%!%&'2+ (!"#(!,80,"+ !.55+.0!,-."058 *.*

5,50"+. 5 !.5(!"#"$"''2+, (.!.+"0!.+,, *%0%!.8 -(%$'" 9*$.#2-.-

"058 - !.+*, .*5,%+.0,4"5*%: 0"%!,,.

 !"#$%&$ '!(%): (!%1"55 +%0,-.1,,, ,''%-.1,%''%" !.6-,0,",

#%!%&'%" (!"#(!,80,", 0"%!,8 9(!.-$"',8.

#$%&'()&* +$,&-(.%/* 0(0 -.%$1 '$21.3/%'&* ,( 4(5$%,&0( (0$6-

6.0%&' +4.1+4&*%&*), +$2'$6*78&3 9$4-&4$'(%: ; ,.<$ $/$2,(,,=.

& ',;%4.,,. /$<6(/$'(,,=. ).6.'=. ;/%(,$'0&, ,(+4('6.,,=. ,( >99.0-

%&',$. 1$/%&?.,&. $+4.1.6.,,$<$ 4.2;6:%(%( ' 4(5$%. [1]. @99.0%&'-

,$/%: -$%&'()&& 1$/%&<(.%/* +4& 4.(6&2()&& /&/%.- -.,.1?-.,%( 0(A.-

/%'( & (1-&,&/%4(%&',$<$ ;+4('6.,&*.  +4('6*78&. +(4(-.%4= -$%&'(-

)&& – -(%.4&(6:,$. '$2,(<4(?1.,&., '4.-* (,(+4&-.4, ;'.6&A.,&. $%-

+;/0( &6& $%<;6=), ,.+4.4=',(* &,9$4-()&* $ ,$'(%$4/%'. /$%4;1,&0$'

(4(1&$ &6& -./%,$. %.6.'&1.,&., ',;%4.,,** 0$-+:7%.4,(* /.%:).  

B( ,(A(6:,$- >%(+. -$%&'()&7 0(0 +4$).// -$?,$ +4.1/%('&%:

' '&1. 4*1( >%(+$': '=*'6.,&. +$%4.5,$/%.3; +$&/0 +;%.3 $5./+.A.,&*

+$%4.5,$/%&; $+4.1.6.,&. ).6& & +;%.3 .. 1$/%&?.,&*; ',.14.,&. /&/-
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%.-= -$%&'()&&; +$6;A.,&. 4.2;6:%(%(; ;%$A,.,&. /&/%.-= -$%&'(-

)&&. C,.14.,&. /&/%.-= -$%&'()&& ' 0$66.0%&'. – ,(&5$6.. $%'.%/%-

'.,,=3 >%(+, %4.5;78&3 1$ 70 % $% $58.<$ 0$6&A./%'( '4.-.,&, ,.-

$5D$1&-$<$ 16* 4.(6&2()&& /&/%.-= -$%&'()&& [2]. E1,(0$ ' $%6(-

?.,,$3 /&/%.-. ;+4('6.,&* 1$4$?,=- +4.1+4&*%&.- &,,$'()&$,,=3

+$1D$1 +4&$54.%(.% /'$3/%'( ,.+4.4=',$/%& & &,9$4-(%&',$/%&. F(-

0$. -$1.6&4$'(,&. -$%&'()&$,,=D >0$,$-&A./0&D -.D(,&2-$' &,,$-

'()&$,,$<$ 4(2'&%&* 1$4$?,$<$ +4.1+4&*%&* +4.1/%('6*.%/* ,$'=-

& 2(/6;?&'(78&- $5/;?1.,&*.

B(&5$6.. 56&20& 0 >%&- 2(1(A(- 1&/04.%,=. +$1,(6(10&, ( ' (,(-

6$<$'$- '&1. -$1.6& %.$4&& ('%$-(%&A./0$<$ ;+4('6.,&* &2'./%,=

%(0?. -(%.-(%&A./0&. 2(1(A& ;+4('6.,&* &,%.,/&',$/%:7 4.06(-=.

G %$A0& 24.,&* %.$4&& ('%$-(%&A./0$<$ ;+4('6.,&* +4&-.,.,&.

&,,$'()&3 ' $+4.1.6.,,$3 -.4. '$2-;8(.% +$1'&?,$. 4(',$'./&. /&/-

%.-= (+4$).//( ;+4('6.,&* 1$4$?,=- +4.1+4&*%&.-) & ' ,.3 '$2,&0(-

.% 4.(0)&*, /%4.-*8(*/* /'./%& 0 -&,&-;-; >99.0% ',.H,.<$ '$21.3-

/%'&* [3, 6]. !6* -$1.6&4$'(,&* +4$).//( -$%&'()&& -$?,$ .<$ 4(/-

/-(%4&'(%: 0(0 /&/%.-; / 4(/+4.1.6.,,=-& +(4(-.%4(-&, 0$%$4(*

'+$6,. ;06(1='(.%/* ' 4(-0& (0/&$-(%&A./0$3 %.$4&& [4]. 

!(,,=3 -.%$1 &//6.1$'(,&* ,. /$'/.- $A.'&1.,, %(0 0(0 +4$-

).//,=3 +$1D$1, +4&-.,*.-=3 ,( 1$4$?,$- +4.1+4&*%&&, 4.(6&2;.%/*

1&/04.%,$. I &,9$4-()&$,,=3 4*1, +$6;A(.-=3 ' +4$).//. ;+4('6.-

,&* & -$,&%$4&,<( 4.2;6:%(%$', &-..% 1&/04.%,;7 +4&4$1;. E1,(0$

' ;/%$3A&'$3 /&/%.-. ;+4('6.,&* +.4.1$'$<$ 1$4$?,$<$ +4.1+4&*%&*

$5=A,$ ,. ,(5671(.%/* /%(%&/%&A./0&D '=6.%$' &6& 4.20&D /0(A0$'

' +4$).//. ;+4('6.,&*. @%$ +$2'$6*.% (++4$0/&-&4$'(%: &2-.,.,&.

'D$1,=D %.D,$6$<&A./0&D, >0$,$-&A./0&D, ;+4('6*78&D 9(0%$4$'

4(26&A,$3 +4&4$1=, ( %(0?. '=D$1,=D +(4(-.%4$' (,(6&%&A./0&-&

9;,0)&*-&, A%$ -$?.% 5=%: 4.(6&2$'(,$ A.4.2 /%$D(/%&A./0$. 1&99.-

4.,)&(6:,$. ;4(',.,&. '%$4$<$ +$4*10(. C +4$%&',$- /6;A(. &-..-

/%$D(/%&A./0;7 +4$).1;4; (,%&04&2&/,$<$ ;+4('6.,&*.

C >%$- (/+.0%. +4$'.1.- +$/%(,$'0; 2(1(A& -(%.-(%&A./0$<$

((,(6&%&A./0$<$) -$1.6&4$'(,&*.

B.2('&/&-=. +.4.-.,,=. 16* /&/%.-= / 4(/+4.1.6.,,=-& +(4(-

-.%4(-& $5=A,$ '067A(7% ' /.5* '4.-* t & 0$,.A,=3 '.0%$4 +4$-

/%4(,/%'.,,=D +.4.-.,,=D 1( ,..., )nα α  [5]. !&(+(2$, &2-.,.,&* '4.-.-

,& $5$2,(A&- A.4.2 τ . J.4.2 Ω $5$2,(A&- +$1-,$?./%'$ nR , 16* 0$-
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%$4$<$ +4$/%4(,/%'.,,=. +.4.-.,,=. &-.7% /-=/6. K/6& Ω 2('&/&%

$% t, %$ $5$2,(A&- >%; $56(/%: ,tΩ +4& t∈ τ . #,$?./%'$

( ) ( ){ }1, : ,..., ,n tt t∆ = α α = α α ∈Ω ∈ τ $+&/='(.% &,%.4./;78&3

,(/ 1&(+(2$, &2-.,.,&* ,.2('&/&-=D +.4.-.,,=D. L('&/&-=. +.4.-

-.,,=. $54(2;7% 0$,.A,$. -,$?./%'$ { }: 1,...,ix i m= /0(6*4,=D

9;,0)&3, $+4.1.6.,,=D ,( -,$?./%'. ∆ . @%& +.4.-.,,=. 1$6?,=

;1$'6.%'$4*%: $+4.1.6.,,$3 /&/%.-. 1&99.4.,)&(6:,=D ;4(',.,&3

' A(/%,=D +4$&2'$1,=D ',;%4& -,$?./%'( ∆ & ,.0$%$4=- <4(,&A,=-

;/6$'&*- ∆∂  – ,( <4(,&)..  4(',.,&* ' A(/%,=D +4$&2'$1,=D & <4(-

,&A,=. ;/6$'&* $+4.1.6*7%/* 1&,(-&0$3 4(//-(%4&'(.-$3 /&/%.-=.

C,.H,&. '$21.3/%'&* 16* %(0$3 /&/%.-=, /'*2(,,=. / +4$).//$-

;+4('6.,&* -$%&'()&.3 ',.14.,&* +4$<4.//&',=D %.D,&A./0&D 4.H.-

,&3, -$<;% 5=%: 4(/+4.1.6.,= ,( Ω &6& '1$6: <4(,&)= >%$3 $56(/%&.

G&/%.-( / 4(/+4.1.6.,,=-& +(4(-.%4(-& /%4$<$ $+4.1.6.,(, ./6&

2,(,&. ',.H,&D '$21.3/%'&3, D(4(0%.4&2;78&D +4$).// ',.14.,&*,

<4(,&A,=D ;/6$'&3, /$$%'.%/%';78&D ,(A(6:,=D ;/6$'&3 & /(-&D

;4(',.,&3 ' A(/%,=D +4$&2'$1,=D $0(2='(.%/* 1$/%(%$A,=- 16* %$<$,

A%$5= $1,$2,(A,$ $+4.1.6&%: +$'.1.,&. /&/%.-=.

M(//-$%4&- /%$D(/%&A./0$. 1&99.4.,)&(6:,$. ;4(',.,&. '%$4$-

<$ +$4*10( / $1,$3 ,.2('&/&-$3 +4$/%4(,/%'.,,$3 +.4.-.,,$3 α

& $1,$3 2('&/&-$3 +.4.-.,,$3 ):

11 12 22 10 01 002 ,tt t ta x a x a x a x a x a x fα αα α+ + + + + =   (1) 

' 0$%$4$3 ,. '&1,( *',$ 2('&/&-$/%: $+.4(%$4( { }, ,ij f xα $% '.0%$4(

( ),t α , ( ,&?,&. &,1.0/= ;0(2='(7% ,( 1&99.4.,)&4$'(,&. +$ /$$%-

'.%/%';78.3 +.4.-.,,$3, ,(+4&-.4:

( )
( )

2 ,
, , .t

x t
x t

t
α

∂ α
= α ∈ ∆

∂α∂

"4$-. ',.H,.<$ /%$D(/%&A./0$<$ '$21.3/%'&* f, /'*2(,,$<$ / 4.(-

6&2()&.3 +(4(-.%4$' /&/%.-= -$%&'()&&, 9&<;4&4;78.<$ ' (1), ,(

/&/%.-; -$<;% 1.3/%'$'(%: & <4(,&A,=. ',.H,&. '$21.3/%'&*, /'*2(,-

,=., ,(+4&-.4, / $<4(,&A.,&*-& +$ 4./;4/(-. B(+4&-.4, ./6&

[ ], ,a bΩ = %$ %&+&A,$. <4(,&A,$. '$21.3/%'&. ,( /&/%.-; &-..% '&1
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1 2( , ) ( ), ( , ) ( ), .x t h t x t b h t tα = = ∈ τ   (2) 

K/6& 0 , ft t !τ = " # , %$ %&+&A,=. ,(A(6:,=. ;/6$'&* /&/%.-= &-.7% '&1

0 1

0 0( ) ( ) , ( , ) ( ) , .tx t x x t xα = α α = α ε∈Ω  (3) 

G1.6(.- ,./0$6:0$ 1$+$6,&%.6:,=D 2(-.A(,&3 $%,$/&%.6:,$

<4(,&A,=D & ,(A(6:,=D ;/6$'&3. !6* $5./+.A.,&* ;/6$'&* (++4$0/&-

-()&& ,.+4.4=',$3 9;,0)&.3 ,.$5D$1&-$ +4&,*%:, A%$ ;4(',.,&. (2) 

+$,&-(.%/* 0(0 /$04(8.,,(* 2(+&/: 5$6.. /%4$<&D ;/6$'&3:

1 2lim ( , ) ( ), lim ( , ) ( ), .
a b
x t h t x t h t t

+ −α→ α→
α = α = ∈ τ

 4(',.,&* (3) %(0?. 2(-.,*7% 5$6.. /%4$<&. ;/6$'&*

0 0

0 1lim ( , ) ( ), lim ( , ) ( ), .t
t t t t

x t x x t x
+ +→ →

α = α α = α α ∈Ω

@%$ 2,(A&%, A%$ <4(,&A,=. & ,(A(6:,=. ;/6$'&* /6.1;.% +$,&-

-(%: ' /-=/6. +4.1.6$' x +4& /%4.-6.,&& 0 /$$%'.%/%';78.3 %$A0.

',;%4& ∆ .

G6.1;.% ;/%(,$'&%: ,.0$%$4=. $/,$',=. %4.5$'(,&* 0 <6(10$/%&

(++4$0/&-&4;78&D 9;,0)&3. C /$$%'.%/%'&& / (1) +$,*%,$, A%$ 4.H.-

,&. x, ./6& $,$ /;8./%';.%, 1$6?,$ &-.%: +4$&2'$1,;7 +.4'$<$ +$-

4*10( +$ t & +4$&2'$1,;7 +.4'$<$ & '%$4$<$ +$4*10( +$ α . @%& 9;,0-

)&& +$/6. ;-,$?.,&* ,( /$$%'.%/%';78&. 0$>99&)&.,%= { }ija 1$6?-

,= /$A.%(%:/* / >6.-.,%(-& 9;,0)&$,(6:,$<$ +4$/%4(,/%'(, '=54(,-

,$<$ 16* ',.H,&D '$2-;8.,&3 f, /'*2(,,=D / ',.14.,&.- /&/%.-= -$-

%&'()&& +$ $/'$.,&7, ,(+4&-.4, ,$'$3 %.D,$6$<&&. N,(6$<&A,=. $<-

4(,&A.,&* ,(06(1='(7%/* & ,( $+.4(%$4= 0 1 2, , .x h h @%& (++4$0/&-&-

4;78&. 9;,0)&& & $+.4(%$4= 1$6?,= 5=%: ,.+4.4=',=-& & '2(&-$-

/$<6(/;78&-&/*. K/6& x ,.+4.4=',$, %$ ,.$5D$1&-$, A%$5=

0 0

1 2( ) (0) , ( ) (0).x a h x b h= =

M(//-$%4&- +4&-.4. GA&%(.-, A%$ 0$66.0%&' $%%$4<(.% ,$';7

%.D,$6$<&7 [5]. GA&%(.- %(0?., A%$ $%%$4?.,&. +4.1/%('6*.%/* ,.0$-

%$4=- 2(8&%,=- /6$.-, +4.+*%/%';78&- '$21.3/%'&7 /&/%.-= -$%&-

'()&& f. F$<1( $5$2,(A&- ( , )x t α '.6&A&,; '$21.3/%'&* /&/%.-= -$%&-
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'()&& ,( 0$66.0%&' ' -$-.,% ,(A(6( '$21.3/%'&*. J.4.2 1t -$-.,%

'4.-.,& -(0/&-(6:,$<$ '$21.3/%'&* /&/%.-= -$%&'()&& ,( 0$66.0%&',

' 0$%$4=3 ( ,0)x t . I2-.,.,&. /6$* $%%$4?.,&* 0$66.0%&'$- +4$<4./-

/&',$3 %.D,$6$<&& +$1 '$21.3/%'&.- /&/%.-= -$%&'()&& -$?.% 5=%:

+4.1/%('6.,$ /6.1;78&-& ;4(',.,&*-&:

0

0( , ) ( , ), ( ) ( )tx t x t x t xααα = µ α α = α   (4) 

/ <4(,&A,=-& ;/6$'&*-&

[ ]0 1

1
( ,0) ( ), ( , ) 0, , .x t f t x t b t t t

k
α α= = ∈

C -$-.,% 1t /6$3 $%%$4?.,&* ,(A&,(.% 4(24;H(%:/*. E5$2,(A&-

A.4.2 ( )tη <6;5&,; 4(24;H.,&* /6$* ' -$-.,% '4.-.,& .1tt ≥ O;1.-

/A&%(%:, A%$ /$/%$*,&. $/%('H.<$/* /6$* $%%$4?.,&* +$-+4.?,.-;

;1$'6.%'$4*.% ;4(',.,&7 (4), $1,(0$ / 14;<&-& ,(A(6:,=-& +(4(-.%-

4(-&:

1 1 1( ) 0, ( , ) ( , )t x t x t− +η = α − α ,  (5) 

& <4(,&A,=-& ;/6$'&*-&:

( , ( )) ,

( ) ( , ( )) ( ),

( , ) 0,

m

t

x t t x

L t kx t t f t

x t l

α

α

η =

ρ η − η =

=

<1. , ,k Lρ  – +(4(-.%4= /6$* $%%$4?.,&* +4$<4.//&',$3 %.D,$6$<&&,

D(4(0%.4&2;78&. /06$,,$/%: 0$66.0%&'( 0 '$/+4&*%&7 &,,$'()&3,

&,%.,/&',$/%: 4.(0)&& $%%$4?.,&* & -(0/&-(6:,=. 2(%4(%= ,( /&/%.-

-; -$%&'()&&, 0$%$4=. -$?.% +$2'$6&%: /.5. +4.1+4&*%&..

C 4.(6:,$/%&, / $5*2(%.6:,=- ;A.%$- +4$'.1.,,$<$ -(%.-(%&A.-

/0$<$ (,(6&2(, -$?,$ '$/+$6:2$'(%:/* $5$/,$'(,,$3 56(<$1(4* .-;

>99.0%&',$3 +4$).1;4$3 0$44.6*)&$,,$-4.<4.//&$,,$<$ &6& >0$,$-

-.%4&A./0$<$ +$1D$1(. O6(<$1(4* >%$-; -$?,$ $).,&%: 1$67 $5P*/-

,.,,$3 1&/+.4/&&, ( %(0?. $).,&%: $%,$/&%.6:,$. '6&*,&. 1$-&,&-

4;78&D %.D,$6$<&A./0&D, >0$,$-&A./0&D 9(0%$4$' 4(26&A,$3 +4&4$-

1= ,( '=D$1,$3 +(4(-.%4 $).,0& >99.0%&',$/%& +4$).//( ;+4('6.,&*

&,,$'()&$,,=- 1$4$?,=- +4.1+4&*%&.-.
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