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The subject of the work is a microstructure of a composite which consists of a continuum
matrix and a set of isolated particles homogeneously distributed inside the matrix. It is assumed
that the reinforcing particles have ellipsoidal shapes, while distribution and orientation are random.
The main point of the work is a new computationally-efficient algorithm to generate microstructure
of such a composite. In the algorithm the existing “concurrent” method based on an overlap
elimination is extended to ellipsoidal shapes of the particles. It begins with randomly distributed
and randomly oriented ellipsoidal particles which can overlap each other. During the performance
of the algorithm intersections between particles are allowed and at each step the volumes of
intersections are minimized by moving the particles. The movement is defined for each pair of
particles based on the volume of the intersection: if two particles are overlapped, then the
reference point inside the intersection is chosen and then two particles are moved in such a way
that the reference point becomes the tangent point for both particles. To define the relative
configuration of two particles (separate, tangent or overlapping) and to choose reference point
inside the intersection volume the technique based on formulating the problem in four dimensions
and then analyzing the roots of the characteristic equation are applied. The algorithm is able to
generate close packed microstructures containing arbitrary ellipsoids including prolate and oblate
ellipsoids with high aspect ratios (more than 10). The generated packings have a uniform
distribution of orientations. 
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1. Introduction 
 
Synthesis of a representative volume element (RVE) of 

a composite material plays a key role for application of 
numerical simulation methods for determination problems 
of material effective properties, physical fields at the micro 
level, load-bearing capacity of the adhesive layer, 
conditions of microcrack origin, and many other things. 
Apparently, for such tasks, it is crucially important to model 
the microstructure with maximum approximation to the real 
internal structure of the material. 

This paper is devoted to the algorithm for construction 
of spatial microstructures of the dispersion-strengthened 
composites. Such materials include two following 
components: the binding homogeneous matrix and evenly 
distributed filler particles (inclusions) in it. In this case, 
distribution of the inclusions in the matrix volume and their 
shape and size are considered as stochastic. Formation of 
the internal structure of such composites is associated with 
random arrangement of non-intersecting inclusions of 
various geometric shapes in a certain volume. To simulate 
actual geometric shapes of the inclusions, we use ellipsoids 
taking the form of balls (three semiaxes of the ellipsoid are 
equal to each other), disks (one of the semiaxes is much 
smaller than the other two), and stretched fiber (one of the 
semiaxes is much longer than the other two) in extreme 
cases. 

In recent decades, methods of computer-aided 
microstructure formation have been actively developed. The 
methods can be conventionally divided into “successive” 
and “parallel”. The successive methods are based on 
piecewise addition of inclusions to the RVE structure, while 
the parallel algorithms use a certain procedure for 
distribution of a given number of inclusions to a random 
configuration. The maximum attainable volume fraction of 
inclusions and, in the case of non-spherical inclusions, the 
uniform distribution of inclusion orientation may be used as 
the evaluation criteria for the algorithms. 

The maximum attainable volume fraction depends on 
the shape and size of the inclusions. There are several 
experimental works on determination of this value. Most of 
them are devoted to spherical inclusions. The maximum 

dense packing of balls with equal radius is 18 0,7405π ≈  

and it is achieved by formation of regular hexagonal 
packing (the Kepler's hypothesis formulated in 1611 [1] and 
proved in 1998 [2]). The maximum ratio for irregular 
packaging of the balls is not precisely defined, so is the 
concept itself (see discussion of this question in [3]). 
Usually, this value equals to 0.64 according to the series of 
experiments described in [4, 5]. If the inclusions have 
ellipsoidal shape, the maximum volume fraction with 
irregular packaging decreases rapidly with the increase of 
semiaxes ratio [6–13]. There is an experimental evaluation 
of the maximum attainable volume fraction for stretched 
fibers [9, 12]: 

 5,3,pα =   

where p  is the volume fraction of the inclusions; α  is the 

ratio between length and diameter of the fibers. Similar 
dependence is presented in the paper [11] in the 
logarithmical form. The maximum attainable volume 
fraction also decreases with the increase of the semiaxes 
ratio for disk-shaped ellipsoids [13-17]. It should be noted 
that the limit volume fraction has not been determined yet 
for the general case of randomly-shaped ellipsoids of 
generalized size distribution. The methods of computer-
aided microstructure formation can be used to estimate this 
value. 

In the literature, the successive method that was 
presented in [18] for the first time, dominates other methods 
of computer-aided microstructure formation. Its essence is 
as follows. Position of the first inclusion is set randomly. 
Positions of the inclusions, introduced into the structure 
after the first one, are also set in a random way, however, 
the positions are checked for intersection with the 
previously placed inclusions, and if there are no 
intersections, the inclusion is added to the RVE structure. 
Otherwise, a new position is selected until there is one with 
no intersections. Addition of inclusions to the RVE 
structure continues until the required volume fraction is 
reached. This algorithm for ball inclusions of equal radius 
allows to achieve the volume fraction of 0.385 [19]. For the 
stretched ellipsoidal fibers, the qualitative dependence of 
the volume fraction on the semiaxes ratio repeats the 
experimental evaluations, but the maximum attainable 
volume fraction is significantly lower [19]. 

A fundamentally different idea of RVE formation was 
proposed in the paper [20] for round-shaped inclusions (the 
2D-problem). The algorithm is based on the molecular 
dynamics method and begins with stochastic plotting of the 
vectors that determine positions and speeds of a given 
number of zero-volume particles (points). New positions of 
the particles are determined by integration of motion 
equations, while dimensions of the particles increase over 
time and two types of events are tracked: collision of the 
particles with each other and collision of the particles with 
the RVE boundaries. The integration process is iterative in 
the terms of time, and the steps of integration are 
determined by the time to the nearest event. Movement of 
the particles in the RVE continues until the required volume 
fraction is reached. For ball inclusions, collision time of two 
moving inclusions can be determined using simple analytic 
formulas, but the situation changes fundamentally when the 
inclusions are ellipsoidal. In this case, to determine the 
collision time, it is necessary to apply numerical methods 
that significantly slow down the algorithm. Thus, in the 
paper [21, 22], the collision time is determined based on the 
solution of the optimization problem of extremum seeking 
for a nonlinear function, and in the paper [23], the time is 
determined based on the solution of a nonlinear equation 
with variable coefficients. Therefore, implementation of this 
parallel algorithm requires great computational efforts, 
however, it allows to form an RVE with the volume fraction 
close to the limit values. The paper [24] demonstrate 
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formation of the RVE for spherical inclusions of equal 
radius with the volume fraction of 0.637, and the paper [23] 
contains examples of RVEs for ellipsoidal inclusions with 
volume fractions close to the experimental evaluations. 

The parallel type also includes the algorithm for 
spherical inclusions presented in the paper [25]. As in the 
previous algorithm, the position vectors of the inclusion 
centers are set randomly, the inclusions have a given size 
determining the volume fraction. Random arrangement 
leads to intersection of the inclusions at the beginning (if 
there are no intersections, the RVE is completed and the 
algorithm performance is finished). After that the iterative 
process is started where the intersecting inclusions receive 
displacement vectors to minimize the intersection areas. The 
process continues until there are no intersections left. The 
volume fraction of 0.64 can be achieved for spherical 
inclusions [25]. In the paper [26], this algorithm was 
extended for cylindrical inclusions and the volume fractions 
are close to the experimental evaluations. The idea of the 
algorithm has not been implemented for ellipsoidal 
inclusions. 

The most common algorithms in the literature are listed 
above. Without going into details, we give references to two 
more algorithms that are original, but complex in realization 
and require significant computational resources. They are 
presented in the papers [27] and [28]. It should be noted that 
today only one algorithm based on the molecular dynamics 
method allows to form RVEs for ellipsoidal inclusions with 
limiting values of volume fractions, but its realization is 
computationally expensive. 

The main goal of this work is to expand the algorithm 
for  spherical and cylindrical inclusions that minimizes the 
intersection areas [25, 26], to the case of ellipsoidal 
inclusions. The idea behind the proposed method is as 
follows. First, positions and orientations of the inclusions of 
a given size are set randomly. Then, we perform search for 
pairs of intersecting inclusions. Each of such pairs has a 
point inside the intersection area, and each of the inclusions 
is moved in such a way that this point becomes the contact 
point. The algorithm takes into account the possibility to use 
the formed microstructure for the problems of numerical 
homogenization where it is preferable to use periodic RVEs 
[29]. In this case, distribution of the inclusions inside the 
RVE is stochastic, however, each inclusion, intersecting the 
RVE border, has a periodic image on the opposite face of 
the RVE. This is an auxiliary option, and it can be easily 
excluded from the algorithm if necessary. 

The structure of the article allows to implement the 
proposed algorithm, therefore all realization steps are 
described in sufficient detail. The following section 
introduces the mathematical tools necessary for geometric 
modeling of RVE inclusions. The third section is directly 
concerned with realization of the algorithm. The basic steps 
of the algorithm are explained, and comments are made on 
their numerical implementation. The fourth section presents 
the results of the algorithm. In that section, we give 
examples of RVEs with various forms of inclusions, 

evaluate uniform orientation distribution of the inclusions, 
and compare the algorithm with other algorithms. 

 
2. Inclusions in the Representative  
volume Element 

 
This is auxiliary section that serves to preserve integrity 

of the presentation. The information given here is generally 
known, however, the geometric modeling introduces a 
certain specificity in the description of location and mutual 
arrangement of RVE inclusions, therefore, to understand the 
main part of the work, we dwell on this issue in sufficient 
detail. 

Throughout the article, the capital Latin letters indicate 
scalars, lowercase bold letters indicate vectors, capital bold 
letters indicate matrices. 

 

2.1. Location of Inclusion  
in the Representative volume Element 

 

The article discusses an RVE in the form of an L-side 
cube with randomly located ellipsoidal inclusions inside. 
Let us introduce the orthogonal coordinate system Oe1e2e3 
so that the point O coincides with one of the vertices of the 
cube, and we direct the unitary vectors along the sides 
forming this vertex. Let us consider an ellipsoid randomly 
located with respect to Oe1e2e3. We denote by O' the center 
of the ellipsoid and introduce the local coordinate system 
O'e'1e'2e'3 where the axes are directed along the main axes of 
the ellipsoid. Then, the ellipsoid equation in the local 
coordinate system takes the canonical form  

0,T′ ′ ′ =x A x  
where 

 

2

2

2

1/ 0 0 0

0 1/ 0 0
;

0 0 1/ 0

0 0 0 1

a

b

c

 
 
 ′ =  
  − 

A   

a, b, c are the semiaxes of the ellipsoid. The homogeneous 
coordinates are used to describe location of the points  
in space, i.e. the vector x  is defined by four  

numbers ( )1 2 3, , , .
T

x x x w=x  It is to be recalled that 

( )1 2 3/ , / , /
T

x w x w x w=x  is the vector of the corresponding 

point in the Cartesian coordinate system. 
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1x

2x′

1x′

O′

O  
 

Fig. 1. An ellipsoidal inclusion in the representative  
volume element 
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The reason for introduction of homogeneous 
coordinates is their efficiency for the point transformation 
expression in numerical simulation, as in this case, rotation 
and displacement can be described using matrix 
multiplication. Transition from the local to global 
coordinates is carried out using the matrix :M  

,′=x Mx  

where 

,
1T

 
=  
 

R r
M

0
 

R  is the rotation matrix; r  is the position vector of the 
point O'. So, in the global coordinate system, the ellipsoid 
equation takes the following form 

0,T =x Ax  

where  
1,T− −′=A M A M  

where T−M  means the inverse matrix of .TM  Due to the 

fact that R  is an orthogonal matrix, the inverse matrix 1−M  
can be calculated using the following formula  

 1 .
1

T T

T
−  −=  

 

R R r
M

0
  

The matrix R  determines rotation at the angle θ  
around the unitary vector .m  We write this matrix using the 
quaternion which is determined by specification of the 
scalar α  and vector v  according to the following rule 

 ( , ) cos , sin .
2 2

θ θ = α =  
 

q v m   

It should be noted that as 1,=m  then 

22 1,= α + =q v  i.e. the quaternion is normalized. Then, 

the rotation matrix can be represented in the following form 

 ( )22 1 2 2 ,T= α − + + αR E vv S   

where E is the identity matrix, and the matrix S is expressed 
by the components of the vector v  

 
3 2

3 1

2 1

0

0 ,

0

v v

v v

v v

− 
 = − 
 − 

S   

where iv  is the i-th component of the vector .v  Let us also 

recall the multiplication rule for two quaternions, i.e. the 
turns addition rule. Let the ellipsoid orientation be set by the 

quaternion ( )1 1 1,= αq v  and let it be necessary to rotate this 

ellipsoid with the quaternion ( )2 2 2, ,= αq v  then the 

quaternion, defining the new orientation, is calculated using 
the following formula 

 ( ) ( )12 12 12 1 2 1 2 1 2 2 1 1 2, , .T= α = α α − α +α − ×q v v v v v v v   

2.2. Mutual Arrangement of Two Inclusions 
 

Let us assume that there are two ellipsoids 0T i =x A x  

and 0.T j =x A x  We formulate the following characteristic 
equation 

 ( ) 4 3 2
1 2 3 4 5det 0.i j p p p p pλ − = λ + λ + λ + λ + =A A  (1) 

This is a fourth power polynomial and, therefore, there 
are always four roots. The paper [30] shows that the mutual 
arrangement of two ellipsoids can be determined based on 
the analysis of the roots of the characteristic equation (1). 
First, it should be noted that, in the case of ellipsoids, this 
equation always has two positive roots, so the analysis is 
based on the remaining two roots. The following options are 
possible: 

а) two aliquant negative roots: iA  and jA  with no 
common points; 

b) two multiple negative roots: iA  and jA  touching 
each other at the outside faces of both ellipsoids (i.e. they 
have only one common point); 

c) two complex conjugate roots: iA  and jA  with 
common area; 

d) two multiple positive roots: iA  and jA  with 
common area, their boarders have one or two contact points; 

e) two aliquant positive roots: iA  and jA  intersecting 
each other, or one of the ellipsoids is inside the other. 

There are no other possible root combinations. 
We can calculate the coefficients of the characteristic 

polynomial using the formulas given in the paper [31]: 

1 1 2 3 2 2 3 11 1 3 22 1 2 33 1 2 3 44; ;p p C C C C= −δ δ δ = δ δ + δ δ + δ δ − δ δ δ  

 ( ) ( )3 1 2 33 44 34 43 2 3 11 44 14 41p C C C C C C C C= δ δ − + δ δ − +   

 ( ) ( )1 3 22 44 24 42 1 23 32 22 33C C C C C C C C+ δ δ − + δ − +   

 ( ) ( )2 13 31 11 33 3 12 21 11 22 ;C C C C C C C C+ δ − + δ −   

 (4 1 22 33 44 22 34 43 33 42 24p C C C C C C C C C= δ − + + +   

 )44 32 23 32 24 43 42 23 34C C C C C C C C C+ − − +   

 (2 11 33 44 11 34 43 33 14 41C C C C C C C C C+ δ − + + +   

 )44 13 31 31 14 43 41 13 34C C C C C C C C C+ − − −   

 (3 11 22 44 11 24 42 22 14 41C C C C C C C C C+ δ − + + +   

 )44 12 21 21 14 42 41 12 24C C C C C C C C C+ − − +   

 11 22 33 11 23 32 22 13 31C C C C C C C C C+ − − −   

 33 12 21 21 13 32 31 12 23;C C C C C C C C C− + +   

( )5 det ,jp = A  

where 

 2 2 2
1 2 31/ , 1/ , 1/ , .i i i iT j ia b cδ = δ = δ = =C M A M   
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Consequently, the mutual arrangement of two ellipsoids 
comes to definition of roots of the fourth power polynomial 
which is easy to implement numerically and achieve 
performing countable algebraic actions.  

We should also mention one more important property 
of the problem (1) for the generalized eigenvalues. The 
paper [19] shows that: in the cases b) and d), the 
corresponding eigenvector (s) indicates the contact point 
(s); in the case c), the real corresponding eigenvectors 
(complex conjugate eigenvectors) indicate a point inside the 
intersection area; in the case e), one of the corresponding 
eigenvectors indicates a point inside the intersection area. 
This property will be used below. 

 
2.3. Mutual Arrangement of an Inclusion  
and the Boundaries of the Representative  
volume Element 

 
Let us assume that, in the global coordinate system, the 

ellipsoid equation takes the following form 

 0.T =x Ax   

The matrix A  is symmetric and can be represented in 
the following form 

 

1

2 ,
1

2
T F

 
 

=  
  
 

B d
A

d
  

where B  is the matrix 3 3× ; d  is the vector 3 1× ; F  is the 
scalar. Then, in the Cartesian coordinate system, the 
ellipsoid equation takes the following form 

 0,T T F+ + =x Bx d x   (2) 

where ( , , )x y z=x  is the Cartesian coordinates. It should be 

noted that B  is a symmetric positive definite matrix, as the 
last equation is an ellipsoid equation. 

The boarders of the RVE are defined using the 
following equations 

 , 1, 2,3, 0, .kx k L= β = β =   

I.e., for example, we have two planes 1 0x =  and 

1x L=  for the first variable. In order to establish whether 

the ellipsoid intersects the plane ,kx = β  we introduce a 

vector on this plane 

 ( , ) , , .T
l mx x l m l k m= < ≠ ≠x   

Then, a point on the plane can be represented in the 
following way 
 ,= +x Px p   (3) 

where P  is the matrix 3 2×  composed of two unitary 

vectors of the axes l  and m  

 ( , );l m=P e e   

and p  is the vector spanned by the unitary vector :ke  

 .k= βp e .  

For example, for the plane 1 ,x L=  the equation (3) 

takes the following form 

 

1
1

2
2

3

0 0

1 0 0 .

0 1 0

x L
x

x
x

x

     
      = +           

       

Using (3) in (2), we get 

 0,T T F+ + =x Bx d x  (4) 

where 

 ,T=B P BP   

 2 ,T T= +d P Bp P d   

 .T TF F= + +p Bp d p   

It should be noted that the matrix B  is obtained from 
B  by crossing out the row k  and column .k  And since the 

matrix B  is positive definite, B  is also positive definite. 
Let us change variables 0*= −x x x  in (3). We have 

 ( )0 0 0 0* * 2 * 0.T T T T TF+ − + + − =x Bx x B d x x Bx d x  (5) 

We choose 0 ,x  so that the expression in brackets 

equals to zero 

 1
0

1
.

2
−=x B d   

Then, the equation (5) takes the following form 

 * * 0,T g+ =x Bx   (6) 

where the scalar g  is defined by the expression 

 

11
.

4
Tg F −= − d B d

  

So, the type of the ellipsoid intersection with the plane 

kx = β  is defined by the equation (6), and since B  is a 

positive definite matrix, the three following cases are 
possible: 

1) If 0,g <  the ellipsoid intersects the plane and the 

intersection has the form of an ellipse. 
2) If 0,g =  the ellipsoid intersects the plane at one 

point. 
3) If 0,g >  the ellipsoid does not intersect the plane. 

 
3. Formation Algorithm for a Representative 
volume Element 

 
Let us describe the main steps of the algorithm. First, 

we randomly set location of the ellipsoid centers in the  
L-side cube. Orientation of the ellipsoids is also defined 
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randomly. Dimensions of the ellipsoids are chosen based on 
the volume fraction that the RVE should have. At each step 
of the algorithm, we check two types of intersection: 
intersection of the ellipsoids with the cube boundaries and 
mutual intersections of the ellipsoids. For the first type of 
intersection, we create periodic images of the ellipsoids on 
the opposite side in order to maintain periodicity of the 
RVE. In the second case, we move the ellipsoids apart to 
minimize the intersection area. The algorithm performance 
is finished when there is no mutual intersection of the 
ellipsoids. Let us consider each type of intersection in more 
detail. 

 
3.1. Intersection Including the Boundaries  
of the Representative volume Element 

 
Let us assume that the ellipsoid intersects the boundary 

of the RVE. In this case, it is necessary to create its periodic 
image on the opposite side. The distance between the 
centers of the original ellipsoid and its periodic image is 
defined by the vector 

 
, 0,

( ) , ( )
, .k

L

L L

β =
ξ β ξ β = − β =

e   (7) 

It should be noted that the periodic image has the same 
spatial orientation as the original ellipsoid. It is clear that 
the number of periodic images of an ellipsoid depends on 
the number of borders it intersects in the area. If the 
ellipsoid intersects two planes k kx = β  and ,l lx = β  then 

besides two periodic images defined by the expression (7), 
it is necessary to create the third one with the center 
determined by the vector 

 ( ) ( ) .k k l lξ β + ξ βe e  (8) 

Finally, if the ellipsoid intersects three planes ,k kx = β  

l lx = β  and ,m mx = β  then there are seven periodic images. 

Location of the centers of six periodic images are defined 
by the vectors (7) and (8), and the seventh location is 
determined by the vector 

 ( ) ( ) ( ) .k k l l m mξ β + ξ β + ξ βe e e   

 
3.2. Mutual Intersection of Inclusions 

 

Let us assume that two inclusions iA  and jA  intersect. 
The idea behind the proposed method is to search for a new 
position of the inclusions where they would have only one 
common point. It is proposed to search for such a position 
using the iterative way and gradually reducing the 
intersection area. To do this, we select a new reference point 
within the intersection area at each step. Next, we plot the 
displacement vector for the points of the ellipsoids that 
coincide with the reference point, so the reference point is 
on the edges of the ellipsoids and, at the same time, is close 
to their tangency point (the degree of approximation will be 

determined below). New position of the ellipsoids is 
determined by their rotation and displacement, so that the 
points of the ellipsoids that coincide with the reference 
point, move to the given vectors. 

 
3.2.1. Selection of the Reference Point  
in the Intersection Area 

 
It should be noted that the way of the reference point 

selection is not uniquely determined. It is clear that a good 
choice can speed up subsequent performance of the 
algorithm. On the other hand, one should not forget about 
the time that the search for the "optimal" point may require. 
For example, we can select the mass center of the 
intersection area as such a point. However, the search for 
the mass center can take quite a lot of computing time and 
slow down operation of the algorithm. Therefore, it is 
proposed to choose a reference point determined by the 
eigenvectors for the generalized eigenvalue problem given 
in § 2.3, as at this step of the algorithm, the eigenvalues are 
already known and calculation of corresponding 
eigenvectors does not require great computational efforts. 

As mentioned above, there are three possible cases of 
characteristic polynomial roots for intersecting ellipsoids. If 
the roots are complex conjugate, then the eigenvectors will 
also be complex conjugate. In this case, the real 
eigenvectors indicate a point inside the intersection area. If 
there are two aliquot positive roots, then one of the 
eigenvectors indicates a point inside the intersection area. 
Finally, in the case of two multiple positive roots, the 
eigenvector (s) indicates the contact point (s). In this case, 
we propose to choose the point inside the intersection area 
in the following way. Let us introduce into consideration a 

straight line passing through the contact point cx  (in the 
case of two points, one of them is chosen randomly) and 
parallel to the normal vector n  to the surfaces of the 
ellipsoids at this point:  

 , .c t t R= + ∈x x n   

To determine the normal vector ,n  we differentiate the 

equation of one ellipsoid 

 ( ) 2 ,
c

T T cF
=

= −∇ + + = − −
x x

n x Bx d x Bx d   

We choose the negative sign, because we are interested 
in the normal going inside the area. Let us find the 
intersection points of the line and the ellipsoids. To do this, 
we use the equation of the line in the equations of the 
ellipsoids (2) 

 ( ) ( ) ( ) 0, , .
Tc k c kT c kt t t F k i j+ + + + + = =x n B x n d x n   

Opening the brackets and combining similar terms, we 
get two quadratic equations 

 
2 0,k k kt tα +β + γ =   
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where 

, 2 ,k T k k T k kTα = β = +e B e e B e d e  

k cT k c kT c kFγ = + +x B x d x   

Each of the equations has a zero and positive root. We 

denote the positive roots by it  and jt  for the ellipsoids i  
and j  respectively. Location of the reference point is 

determined by the following expression 

 ( )min , / 2.m c i jt t= +x x n   

 
3.2.2. Definition of the Displacement Vector 

 
Plotting of the displacement vector is identical for both 

ellipsoids, therefore we consider only one of them. 
According to the method, the ellipsoid point that coincides 
with the reference point, must move in such a way so that 
the reference point is on the surface of the ellipsoid, and the 
normal vectors of both ellipsoids in the reference point must 
be collinear. Therefore, it is necessary to determine the 
normal vector in the new unknown position of the ellipsoid. 
To do this, we introduce the following function into 
consideration  

 ( ) .T Tf F= − − −x x Bx d x   

This function has its maximum in the middle of the 
ellipsoid and equals 1 at the maximum point. It equals zero 
on the border of the ellipsoid and is less than zero outside it. 
Let us find the gradient of this function 

 ( ) 2 .f∇ = − −x Bx d   (9) 

We approximately determine the normal vector for the 

new position of the ellipsoid at the reference point mx  along 
the gradient of the function ( ):f x  

 

( )
.

( )

m

m

f

f

∇=
∇

x
e

x
  

Fig. 2 shows the level surfaces of the function ( ).f x   

It is clear that the smaller the intersection area, the closer 

the level surface, where the point mx  lies, to the surface of 
the ellipsoid, and the smaller the angle between the vector 
e  and the normal to the ellipsoid surface at the point closest 

to .mx  
 

 
 

Fig. 2. Isolines of function ( )f x  

The desired displacement vector is co-directional with 
the vector .e  The displacement distance is defined as the 
nearest distance from the reference point to the surface of 
the ellipsoid along the straight line defined by the vector .e  
To do this, we write the equation of the line in the 
parametric form 

 , .m t t R= + ∈x x e   

Let us find intersection points of the line and the 
ellipsoid. To do this, we use the equation of the line in the 
equation of the ellipsoid (2) 

 ( ) ( ) ( ) 0.
Tm m T mt t t F+ + + + + =x e B x e d x e   

Opening the brackets and combining similar terms, we 
get the following quadratic equation 

 2 0,t tα +β + γ =   

where 

 , 2 , .T T T mT m T m Fα = β = + γ = + +e Be e Be d e x Bx d x   

This equation gives us two real roots 1t  and 2t  (we will 

assume that 1 2 ).t t<  Two values of the parameter t  

correspond to two points 

 
1 2

1 2, .m mt t= + = +x x e x x e   

It is apparent that the roots 1t  and 2t  have different 

signs, because mx  is inside the ellipsoid. The displacement 
module will be determined by the negative root, as the 
movement must be carried out along the vector .e  We 

define the displacement distance of the point mx  in the 
following way 

 ( ) ( )1 1
1 1 1 .

Tm m Tt t t= − − = =u x x x x e e   

So, the displacement vector of the point is as follows 
mx  

 .=u u e    (10) 

Such a definition of the displacement vector 
corresponds to the simple mechanical interpretation where 
the function ( )f x  represents the potential of a certain force 

pushing the ellipsoid out from the intersection area. 
 

3.2.3. Definition of Displacement  
and Rotation of the Ellipsoid 

 
Once we found the displacement vector of the ellipsoid 

point coincident with the reference point, it is necessary to 
determine the new position of the ellipsoid. In the limiting 
case when the ellipsoid has the form of a ball, the new 
position is determined by simple transfer of the ball center 
to the vector .u  In the general case, there are several ways 
to define the new position. For example, we can move the 
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center of the ellipsoid or rotate the ellipsoid around a certain 
axis. This article proposes combination of these two 
possibilities. To do this, we represent the vector u  as the 
sum of two vectors: 

 ( ) ,c c c cu u= + −u e u e  (11) 

where the unitary vector ce  indicates direction from the 

point mx  to the center of the ellipsoid 

 

( ) ( )
,

m

c Tm m

−=
− −

r x
e

r x r x
 (12) 

where r  is the position vector pointing to the center of the 
ellipsoid. cu  is determined using the scalar product of the 

vectors u  and ce  

 .T
c cu = e u   

The new position of the ellipsoid center is defined by 
the following expression 

 .N c cu= +r r e   (13) 

We set rotation of the ellipsoid in such a way so that 

displacement of the point, coincident with 
mx , is 

determined by the vector ( )c cu−u e . To do this, we define 

the vector that is the axis of rotation by the vector product 

 
( )

( ) ( )
.c c c

T
c c c c

u

u u

− ×
=

− −

u e e
m

u e u e
  

It should be noted that 1.=m  We define the 

approximate rotation angle  

 
( ) ( )

( ) ( )
.

T
c c c c

Tm m

u u− −
θ =

− −

u e u e

r x r x
  

Therefore, the rotation is determined by the quaternion  

 cos , sin .
2 2

θ θ =  
 

q m   (14) 

Fig. 3 shows the iterative process that converts 
intersecting ellipsoids into contacting ones. At the first step 
we: choose the reference point inside the intersection area; 
calculate the gradient of the function ( )f x  using the 

formula (9); determine the displacement vectors of the 
ellipsoid points coincident with the reference point using the 
expression (10); set the new position and spatial orientation 
of the ellipsoids defined by the formulas (13) and (14). At 
the second step, the reference point is located on the 
ellipsoid faces, but it is not a contact point, as the normal 
vectors to the two ellipsoids are approximately defined at 
this point, moreover, they are not collinear, and as the 
result, the ellipsoids still have a common area, however, it is 
less than at the first step. After that the iterative process 
continues with gradual decrease of the intersection area, and 
the normal vectors, determined at the reference point, 
gradually become collinear. 

 
Точка касания

 
 

Fig. 3. Stages in the elimination of overlaps 
 
4. Results of the Study 

 
4.1. Examples of Packaging 

 

Fig. 4 and Fig. 5 show examples of RVEs for various 
forms of inclusions with the maximum volume fraction 
obtained using the proposed algorithm, and Table 1 compares 
the results with the results of the successive [19] and parallel 
[23] algorithms. The Table shows that, as it has already been 
mentioned in the introduction, the maximum volume fraction 
of the successive algorithm is significantly lower than the 
values obtained using parallel algorithms. Comparison with 
the results of the paper [23] shows that the maximum volume 
fraction of the proposed algorithm is not less than the 
maximum volume fraction of the parallel algorithms, and it is 
even bigger for some ratios of semiaxes. 

 

а) a = b = c / 2
Объемная доля 0,66

б) a = b = c / 10
Объемная доля 0,33

в) a = b = c / 30
Объемная доля 0,10

 
 

Fig. 4. Representative volume elements contain inclusions of prolate ellipsoidal shape 
 

Contact point 

а) а = b = c/2 
Volume fraction 0.66 

b) а = b = c/10 
Volume fraction 0.33 

c) а = b = c/30 
Volume fraction 0.10 
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а) a = b = 2 c
Объемная доля 0,65

б) a = b = 10 c
Объемная доля 0,33

в) a = b = 30 c
Объемная доля 0,10

 
Fig. 5. Representative volume elements contain inclusions of oblate ellipsoidal shape 

 
Table 1 

Comparison of maximum volume fraction obtained with various algorithms 
 

Ratio of the ellipsoid semiaxes a/c The results given in [19] The results given in [23] The results of this work 

1/2 0.40 0.60 0.66 

1/ 0 0.25 0.30 0.33 

1/30 – 0.10 0.10 

2 0.41 0.60 0.65 

10 0.26 0.30 0.33 

30 – 0.10 0.10 

 

б) распределение
по размерам

в) распределение по 
отношению полуосей

а) представительный 
элемент объема 
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Fig. 6. Representative volume element of polydisperse ellipsoids with the particular size and aspect ratio distributions.  
volume fraction 36 %, number of ellipsoids 300 

 
In practice, one can often encounter composite 

materials where the dimensions of the inclusions and the 
ratio of the semiaxes are stochastic quantities. We use the 
analysis based on a two-dimensional image of the inclusions 
to assess forms of the inclusions in such materials. The 
output data of the analysis are the distribution of the 
inclusions by their mean diameter (diameter of a circle with 
an area equal to the area of the inclusion projection) and the 
ratio of semiaxes. Fig. 6, b and c show an example of such 
distributions, and Fig. 6, a shows the corresponding  
RVE. Therefore, the proposed algorithm allows to form  
a microstructure with ellipsoids of random sizes and shapes. 

4.2. Distribution of Ellipsoids by Orientation  
 
One of the important RVE characteristics is distribution 

of the ellipsoids by their orientation. It is clear that the 
distribution should be close to uniform (isotropic) 
distribution for random arrangement of the inclusions. To 
estimate proximity of the probability function of the 
inclusion orientation distribution to a constant value, we 
introduce into consideration the orientation matrix proposed 
in the paper [32]  

 , , , 1, 2, 3,m n m nT w w m n= =
  

Diameter / Side of the RVE, 10–2 Ratio of semiaxes 
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a) representative volume element  

 
b) size distribution 

 
c) ratio semiaxes distribution 

а) а = b = 2c 
Volume fraction 0.65 

b) а = b = 10 c 
Volume fraction 0.33 

c) а = b = 30 c 
Volume fraction 0.10 
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where 1,w  2w  and 3w  are three components of the 

unitary vector w  directed along one of the ellipsoid axes; 

•  means averaging of all ellipsoids in the RVE. It should 

be noted that the orientation matrix is symmetric and the 
trace of the matrix equals to 1. In the case of isotropic 
distribution, the orientation tensor equals to (1/ 3) E  where 

E  is the identity matrix. To estimate proximity of the 
orientation matrix to (1/ 3) ,E  we introduce into 

consideration the relation max minρ = λ λ  where maxλ  and 

minλ  denote the maximum and minimum eigenvalues of the 

orientation matrix. We can estimate proximity of the 
orientation distribution to the isotropic distribution 
according to proximity of the number ρ to 1. Fig. 7 shows 
dependence of the number ρ on the number of inclusions for 
two types of ellipsoids.  We performed 10 realizations of 
the algorithm for each number of inclusions. The graphs 
show mean values of ρ with the confidence interval of 
95 %. In both cases, the volume fraction of the ellipsoids 
equals to 0.1. The graphs show that there is 1ρ→  when 

,N →∞  at the same time, the confidence interval narrows 

too. This suggests that the proposed algorithm forms a truly 
stochastic RVE. 
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b) a = b = 10c  

 
 
 
 

Fig. 7. Ratio ρ as a function of the ellipsoids number. Each point 
represents  the  mean  value obtained  for  10  random           realizations. 

There is also 95 % confidence interval shown 

Let us give one more estimation of the inclusion 
orientation proximity to the isotropic distribution in the 
created RVEs. It is to be recalled that the algorithm 
performance begins with a random assignment of location 
and orientation of the inclusions. In order to make sure that 
the algorithm does not line up inclusions in a certain 
direction, one can compare the number ρ at the beginning of 
the algorithm and its value at the end of the algorithm 
performance. In this case, as the initial orientation is 
random, the corresponding value ρ may be considered as a 
reference for the given number of particles. Table 2 shows 
the ratio ρ at the beginning and end of the algorithm 
performance for the RVEs shown in Fig. 4 and Fig. 5. The 
Table shows that there is no alignment of the inclusions 
along a certain direction and the numbers ρ are included in 
the corridor shown in Fig. 7 

 
Table 2 

 
Ratio ρ at the beginning and end of the algorithm 

performance for the RVEs shown Fig. 4 and Fig. 5 
 

Ratio of the 
semiaxes a/c 

The number  
of ellipsoids 

Ratio ρ at the 
beginning of the 

algorithm 

Ratio ρ at the 
end of the 
algorithm 

1/2 30 2.17 1.53 

1/10 90 1.44 1.47 

1/30 175 1.25 1.19 

2 30 1.70 2.03 

10 60 1.36 1.99 

30 90 1.96 1.53 

 
5. Conclusion 

 
The article presents a new algorithm for formation of 

spatial microstructures of dispersion-strengthened 
composite materials with ellipsoidal reinforcing particles. 
The algorithm allows to create an RVE with the following 
characteristics:  

− uniform stochastic distribution of ellipsoids by 
orientation and internal volume; 

− given distribution of ellipsoids by size and ratios of 
the semiaxes, i.e. the ellipsoids inside the RVE may have 
different sizes; 

− the volume fraction that is not less, and sometimes 
more, than the values achieved by currently known 
algorithms. 

The algorithm is simple for implementation and does 
not require great computational efforts. Determination of 
eigenvalues and eigenvectors of 4×4 matrices is the most 
resource-intensive operation of the algorithm. However, in 
the computational sense, the solution of this problem is a 
countable combination of simple algebraic actions. These 
actions are much less resource-intensive compared to 
solution of a nonlinear equation with variable coefficients 
necessary for realization of an algorithm based on the 

The number of inclusions 

The number of inclusions 
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molecular dynamics method [23] (it is to be recalled that, 
currently, this is the only known algorithm that allows to 
achieve the volume fractions close to those obtained using 
the algorithm proposed in this paper). It should be noted 
that the proposed algorithm allows contact of the particles. 
An additional artificial increase of dimensions transforms 
the contact areas into transition layers of a given thickness. 

In conclusion of the article, it should be noted that the 
microstructures of dispersion-strengthened composites can 
be used in a wide range of problems in physics and 
mechanics of composite materials. For example, one can 
study the impact of shape (ratios of the semiaxes) and size 
distribution of the inclusions on the effective elastic, 
electrical, and other properties of the composite as well as 
on the origin of microdefects, and much more. 
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