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 The paper describes the methodology of fractal dimension definition for deformation curves on 

the basis of the minimal covering method. The methodology allows to obtain the integral quantitative 

estimation of fracture of structural composite materials under compression and define the location of 

the fracture path parametric point. We compared the offered method to the algorithms for definition 

of the Hurst exponent and fractal dimension by the square covering method. The work shows the 

advantage of the methodology based on definition of the fractal dimension using the minimal 

covering method. 

To perform the mechanical testing of dispersal reinforced fine-grained concrete compositions, 

we used the WilleGeotechnik® hardware and software system additionally equipped with a climatic 

chamber allowing for temperature (from –40 to +100 °С) and humidity (from 10 to 96 %) adjustment 

during the loading. The change of stress and deformations of the samples during the loading was 

registered spaced at 0.01 sec. 

We used the following materials as the main components of disperse reinforced fine-grained 

concrete: CEM I 42.5B concrete, gravel sand, condensed and densified microsilicasuspension MKU-85, 

polycarboxylate superplasticizing agent Melflux 1641 F. Dispersed reinforcement of concrete was ensured 

by a separate adding of three types of fiber, i.e. the polypropylene multifilament fiber, polyacrylonitrile 

synthetic fiber FibARM Fiber WВ and astralene modified basalt microfiber Astroflex-MBM. 

We defined the values of indices of fractality and fractal dimension of stress incrementation and 

deformations of deformation curves for fine-grained concrete using the minimal covering method. On 

the basis of the fractal analysis of dynamic series, we defined the location and vicinity of the point of 

transition from the quiescent condition to the apparent trend for the concrete sample. We revealed 

the change of location of the parametric point and fractal dimension values depending on the type of 

fiber. It was discovered that the incorporation of 1 % of the polypropylene multifilament fiber or 5 % 

of the astralene modified basalt microfiber Astroflex-MBM resulted in the substantial increase of the 

first critical level, up to 54 and 47 % accordingly, both in the stress incrementation and deformation 

analyses compared to 19 and 28 % for the compositions containing 1.5 % of the polyacrylonitrile 

synthetic fiber. 

The proposed methodology of the fractal analysis of deformation curves on the basis of the 

minimal covering method allows to obtain valuable information about the fracturing process of 

different composite materials.  
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Introduction 

 

It is known that fracturing of composite materials, 

including cement concrete and grout, is a process of 

multiple nucleation, growth, and aggregation of different 

defects and microcracks up to the generation of 

macrocracks. Today it is beyond argument that the 

structural discontinuity of cement composites generates 

weak areas, where the material begins to loose up and 

fracture. The analysis of the concrete fracture mechanism as 

the process of progressive fracture of integrity was proposed 

in the works of A.A. Gvozdev, O.Ya. Berg, Yu.V. Zaytzev, 

N.I. Karpenko and other researchers [1-3].  

The process of concrete fracturing under the action of 

forces begins at the microscale level as a discrete advance 

action of a primary microcrack to a pore or a filler particle. 

When the microcrack reaches an inclusion (a pore or a filler 

particle), the energy of critical density discharges to the 

mouth of the crack and the system enters an unstable 

condition (the bifurcation point). At the bifurcation point, 

the fracture crack can branch, change its development 

mechanism or direction. The fracture process of the sample 

consists of discrete fracture actions at the microscale level 

[4]. In addition to the above, the fracturing has a stochastic 

nature and the process of damage accumulation is self-

similar that allows us to use the fractal theory [5].   

Academic literature describes different ways to define 

fractal dimension of structure of real composite materials 

with cement and plastic binders [6-10]. It was defined that 

the fractal analysis for the quantitative evaluation of 

structure inhomogeneity of polymer materials and pore 

structure of cement composite materials allows to find a 

compact way to describe similar objects. The works propose 

the modified methods to define fractal dimension of filled 

polymer composites according to the length of the section 

and the size of the surface area. These methods are more 

convenient and easy to perform compared to the traditional 

square covering method [6, 8].  

The works [11, 12] describe the application results of 

the fractal calculation methods for the evaluation of growth 

of fatigue cracks in metal. The process of nucleation and 

development of fatigue cracks in titanium alloys, using the 

method of infrared thermography under cyclic load, was 

studied with the help of the fracture surface analysis [11], as 

well as localization of deformations during a high-speed 

deformation and development of fatigue cracks under 

gigacyclic load in the aluminum and magnesium alloy 

AMr6 [12]. 

The software of the modern testing equipment is a high-

precision system for collection and registration of the results 

adapted to receive large amount of data. Registration of 

change in the load and deformation of the sample during the 

load can be spaced not merely at a fraction of a minute but 

also at a fraction of a second [4]. Depending on the test 

conditions using modern testing systems, the load speed 

may be set in the form of a constant value characterizing the 

stress or deformation buildup with time that allows to use 

the theory of fractal analysis of dynamic series. Such 

dynamic series include a wide range of different processes: 

from stochastic (the Brownian agitation) to deterministic 

[13-16]. The commonness of fractal properties of dynamic 

series speaks for a universal mechanism leading to fractality 

in completely different real systems. 

 

1. Equipment and Methodology of Defining 

Fractal Dimension of Deformation Curves 

 

In this work we used the hardware and software system 

WilleGeotechnik® (the model 13-PD/401) to perform 

mechanical tests of dispersal reinforced fine-grained 

concrete compositions. The system is additionally equipped 

with a climatic chamber allowing for temperature and 

humidity adjustment during the loading. The system allows 

to perform tests and monitor their parameters on the real-

time basis and includes a high-precision system with the 

resolution above 1.000.000 steps (20 bit), 3 freely 

switchable channels for each axis (stress, translation, 

pressure) and the possibility to connect up to16 additional 

measuring channels. The climatic chamber allows to 

perform researches within the range of temperature from  

–40 to + 100 °С and humidity limits of 10-96 %. Settings 

adjustment and processing of the acquired data were 

performed with the help of the GEOSYS 8.7.8 software. 

Change of stress and deformation of the composite 

materials during the load were registered with the step of 

0.01 sec and the load speed of 2 mm/min (Fig. 1, a). 

When tracing the fragments of the deformation curve 

on a large scale, one can clearly see (Fig. 1, b) that the 

process of deformation buildup is accompanied by discrete 

rises and falls of stress. Also, for a variety of the 

deformation diagram parts we can see increase and decrease 

of relative deformation with no substantial stress 

incrementation. Taking into account that stress and 

deformation incrementation in the sample under mechanic 

tests, using the WilleGeotechnik® hardware and software 

system, develop with time and a certain set step (0.01 sec), 

we apply the theory of fractal analysis of dynamic series to 

analyze the deformation curves.  

Let us consider the determination method of fractal 

structure of dynamic series y(t). Suppose Δ is the vicinity of 

the point [0, ].t T  Then the fractal dimension of the 

function y(t) on the interval [ , ],t t   defined using the 

square covering method with the side of the squares of 

,    is determined from the formula: 

 
 

0

ln ( )( )
( , ) lim 1 lim ,

1 1
ln ln

AN
D t 


   

   
   
    

 (1) 

where ( )N   is the quantity of the squares with the side of  

covering the function graph y(t) on the interval [ , ].t t   

A() is the size of the covered area, determined as 

( ) ( ) .A N     
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a 

 
                                                                     b 
 

Fig. 1. General view (a) and a fragment (b) of the deformation 

curve of composition of  disperse reinforced fine-grained  

concrete under compression 

 

Fractal dimension ( , )D t  is an integral characteristic 

of the function on the interval [ , ],t t   depends on the 

length of the interval Δ and is available for any continuous 

function y(t). If the function is continuously differentiable, 

then [17]: 

 
0

ln ( )
lim 0

1
ln

A





 
 
 

 and ( , ) 1.D t   

Consequently, if ( , ) 1,D t   then it speaks for the 

fractal structure of the considered time process. 

Let us choose from the interval [ , ]t t   an 

assembly of points 0 1 nt t t t t         and 

define the length of the polygonal curve 

 
1

,
n

n ii
L l

  (2) 

connecting consequent points by linear segments 

 0, ,t y     1 1, ,..., , ,nt y t y
 
where il  is the length of 

the segment on the plane ( ) ,y t t  connecting the points 

 1 1, ,i it y    ,i it y  that is calculated according to the 

following formula: 

    
2 2

1 1 .i i i i il t t y y      (3) 

In the case if the decomposition grid of the interval is 

equally spaced [ , ],t t   we have  

1 .i it t     

Assume that the number of points increases with no 

limit ( ),n   so 0.  If the function has no fractal 

structure, then 

0lim ( ) ,nL L    

where L is the length of the curve corresponding to the 

function graph y(t). 

Assume that the function  y(t) is such that ( )nL     

at 0  provided that 

 ( ) ;nL     0;    0.      (4) 

Then the function y(t) has a fractal structure and the 

value γ > 0 is its criterion and defines the degree of fractal 

structure: the larger the value γ, the larger the degree of 

fractal structure of the function. The value γ is referred to as 

the length index and is calculated in the following way  

 
 

0

ln ( )
lim .

1
ln
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       (5) 

Geometrically the length index is interpreted as a 

tangent of the straight line slope in double logarithmic scale 

with small  > 0: 

  
1

ln ( ) ln .L a
 

      
 

 (6) 

The definition of fractal dimension of the function y(t) 

suggests, that the function should be defined in all point set 

of the interval [ , ].t t   However, dynamic series in 

many technical fields form sequences yi, where the index 

1,...,i n  points to discrete time tagging which have known 

values of the time interval. 

Let us consider a discrete time process in the form of a 

dynamic series  

 1,..., .ny y  (7) 

We brake the totality of numbers 1,...,i n   to groups 

with the divider m1: 
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etc. up to mk. Let us consider an alternative for the length 

index γ, defined for the function of continuous argument by 

the equation (5), for a discrete dynamic series. We connect 

nearest sequences of points by 

 10, ,y  
1

1 , ,m

m
y

n

 
 
 

 
1
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linear segments.  

Let us set  iL m  as the length of the polygonal curve 

connecting pairs of adjacent points in series. Then 

accordingly we have for m1, m2  and mk  the following: 
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It is obvious that the following inequations are correct 

     1 1 .k kL m L m L m     

Then we define the length index of the discrete dynamic 

series (7) as the tangent of slope of the straight line in 

double logarithmic scale  ln( ) ln ( ) .m L m  

Today the Hurst method is the most abundantly used 

method for the determination of fractal dimension of 

dynamic series. However, the original calculation method 

for the Hurst exponent H using R/S is quite cumbersome, 

therefore the power law is often used to define it [17, 18]: 

 .H
i iX X    (8) 

In addition, the value of the Hurst exponent is defined 

as the slope coefficient of the function graph 

( ) i if X X    created in double logarithmic scale. 

The main disadvantage of this method is the need for 

experimental definition of a large amount of data as well as 

quite a slow output to asymptotics during the analysis of 

real fractal structures [17, 18].  

The work [19] proposes a numerical algorithm for 

definition of the local fractal dimension of dynamic series 

on the basis of the sequence of approximations that allow to 

quickly find the output of the function to the asymptotic 

mode 

 2( ) DS    under 0.  (9) 

If we rearrange the equation 

 
 

0

ln ( )
lim ,

1
ln

N
D 




 
 
 

 (10) 

multiply its two parts by 1/ and bring D to a logarithm, we 

obtain the following: 

 ( ) DN    under 0.  (11) 

If now we multiply the two parts (11) by 2, then the 

equation for definition of fractal dimension can be written 

over as a power function (9) using the approximation 

surface S(). 

Let us consider the dynamic series y(t) defined on a 

certain interval [a, b]. To calculate fractal dimension, we 

used the minimal covering method that is more precise than 

the cellular dimension method. Fundamental principles of 

the minimal covering method are described in the works 

[19–21]. The principle of the method involves the 

proportional partition of an interval  

 0 1m ma t t t b         

to m parts and calculation of the function y = f(t) in the class 

of surfaces consisting of rectangles with the base of 

b a

m


   (Fig. 2 [19]). Then the height of a rectangle on 

the interval  1,i it t  equals to the difference of the 

maximum and minimum value of the function f(t) on this 

interval – ( ).iK   If we introduce the amplitude fluctuation 

value of the function f(t) corresponding to the scale of 

partition  on the interval [a, b] 

 
1

( ) ( ),
m

f ii
V K


    (12) 

we obtain the functional connection to find the full size of 

the covered area: 

 ( ) ( ) .fS V      (13) 

According to (1), it follows that  

 ( )fV    under 0,  (14)                                     

where  is the fractality index connected to dimension of 

the minimal covering D as 

 1.D                                      (15)                                     

To compare the fractal dimension D, defined by the 

minimal covering method, to the cellular dimension Dc, let 

us consider cellular partition of the function graph plane f(t) 

(see Fig. 2). Assume that Ni() is the number of cells 

covering the function graph f(t) inside the interval [ti –1, ti]. 

Then Figure 2 shows that  

 2 20 ( ) ( ) 2 .iN K          (16) 

We divide this formula by , sum over all i, taking into 

account (12), and obtain the following  

 0 ( ) ( ) 2( ),fN V b a            (17) 

where ( ) ( )iN N    is the total number of cells with the 

size of  covering the function graph f(t) on the interval  
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[a, b]. We pass on to the limit under 0,  taking into 

account (14) and (15), and we have 

 
1

( ) ( ) .
D

fN V        (18) 

 
 

Fig. 2. The fragment of cellular (squares) and minimal (rectangles) 

covering of the fractal function graph on the interval [ti – 1, ti] 

 

On the other hand, according to the equation (10) 

 11( ) ( ) .cD

cN S
        (19) 

Consequently Dc = D. 

Taking into account that the minimal covering 

method for the analysis of dynamic series is simpler for 

operation and gives a faster output to the asymptotic mode, 

we will use it for the fractal analysis of deformation 

curves of dispersal reinforced concrete under compression.   

 

2. Materials Employed  

 

We used a portland cement class CEM I 42.5B, 

produced by OAO “Mordovcement”, to obtain compositions 

of fine-grained fibred concrete with multipurpose modifying 

additives. We used gravel sand with grain size less than 

5 mm as a fine-grained filler produced in the town of 

Smolniy of the Ichalkovsk district, the Republic of 

Mordovia. Percentage of the fine-grained filler reached 

65 % of the solid state mass. 

Dispersed reinforcement of the concrete was ensured by 

a separate adding of three types of fiber in the amount of 1; 

1.5 and 5 % of the binder mass accordingly: 

1. The low-modulus polypropylene multifilament fiber 

with the cut length of 12 mm, diameter of 25-35 micron, the 

density of 0.91 g/cm3; 

2. The high-modulus polyacrylic synthetic fiber with 

special treatment for concrete FibARM Fiber WВ  with the 

cut length of 12 mm, diameter of 14-31 micron, density of 

1.17-0.03 g/cm3; 

3. The astralene modified basalt microfiber under the 

brand name Astroflex-MBM FibARM Fiber WВ with  

the length of 100-500 micron, average diameter of  

8÷10 micron, bulk density of 800 kg/m3, with astralene 

content of 0.0001-0.01 % of the fiber mass. 

To perform the multifunctional modification of the fine-

grained concrete, we used condensed and densified 

microsilicasuspension (MKU-85), produced by OAO 

“Kuznetzkiye Ferrosplavy”, in the amount of 20 % of the 

cement mass. To ensure required rheological properties, we 

used the polycarboxylate superplasticizing agent Melflux 

1641 F (BASF Constraction Polymers, Germany) in the 

amount of 0.5 % of the binder mass. 

 

3. Fractal Analysis of Deformation Curves  

under Compression    

 

Let us perform the analysis of deformation curves of 

dispersal reinforced fine-grained concrete compositions to 

the fracture point with the help of the minimal covering 

method representing data in the form of dynamic series that 

describe incrementation of stress during the loading process 

(Fig. 3) and relative deformation with different steps (0.01, 

0.04, and 0.16 sec). To define the fractality index , we 

used the nested partition sequence m where m = 2n and  

n = 0, 1, 2, …, 12. Each partition consisted of 2n intervals 

containing 212 – n experimental points. For each partition m 

we calculated the amplitude fluctuation Vf() according to 

the formula (12), where Ki() was defined as the difference 

between the maximum and minimum stress (deformation) 

incrementation under compression on the time interval  

[ti –1, ti]. The analysis of Fig. 4 shows that the processed data 

correspond strictly to a straight line. Using the coefficient a 

of the regression equation y = ax + b calculated by the least 

square method, we defined the fractality index and 

dimension of the minimal covering: 

;a    1 .D    

Fractality indices of the deformation curve for the 

incrementation analysis of stress and deformation of the 

reference fine-grained concrete composition, defined 

according to Fig. 4, equal to  = 0,638 and  = 0,789; 

dimension of the minimal covering equals to 1,638D

  

and 1,789D

  accordingly. Values of fractal dimension 

for the concrete compositions containing three types  

of fiber are listed in the Table 1. Determination coefficients 

R2  vary in the interval of 0.982-0.996 that supports high 

integrity of the obtained data approximation by the linear 

model. 

The obtained results show that it is practical to use the 

fractality indices  and  of the fracture path, calculated 

using the minimal covering method, as a local characteristic 

defining dynamics of the loading process. To describe 

condition of a composite construction material in the 

process of deformation, we need to refer the value  to the 

behavior of the series that we analyze, i.e. to introduce the 

function (t) as the value  defined on the minimum, 

preceding t, interval . If the argument t is continuous, we 

choose an arbitrary small interval [19–21]. In our case, as 

the obtained dynamic series is spaced at 0.01 sec, we choose 

the interval containing 24 = 16  points  = 0,16 sec. The 

calculation results are shown in Fig. 5. 
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a 
 

  
 

b 
 

 
c 
 

Fig. 3. Dynamic series of stress incrementation according to the step of readings: a – 0.01; b – 0.04; c – 0.16 sec  

(the vertical line denotes the moment when the sample fractures) 

 

 

Let us analyze the change of the stress incrementation 

fractality index, shown in Fig. 5, a, from the perspective 

of the dynamic series analysis. It is known [18] that the 

bigger the value , the more stable the series. If  < 0.5, the 

series is interpreted as a trend (the period of relatively 

sustained up or down motion); if  > 0.5, the series is 

interpreted as a flat (the period of a relative stillness).  

If   0.5, we can say that these changes correspond to the 

Brownian agitation. The analysis of the Fig. 5, a shows that 

the sample of fine-grained concrete changes its condition 

from flat to trend in 10.4 sec after the deformation begins. 

This time point of the deformation curve corresponds to  

31 % of the fracture stress and 37 % of the maximum 

deformation (Fig. 5, c). The values of the determination 

coefficient R2 for the linear dependences, used to define the 

fractality index , vary within the interval of 0.98-0.997 

(Fig. 5, b) that confirms accuracy of the minimal covering 

method we used. 
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Fig. 4. Change of the variations amplitude depending  

on the approximation step of deformation curves  

of the reference  fine-grained concrete composition under 

compression in double logarithmical coordinates 
 

Table 1 

Values of the fractality index and fractal dimension  

of deformation curves of dispersal reinforced fine-grained 

concrete under compression 

Number of 

composition 

Type 

of 

fiber 

Fractality index 
Fractal 

dimension 

 R2 s R2 D D 

1 type 1 0.681 0.982 0.799 0.993 1.681 1.799 

2 type 2 0.665 0.988 0.743 0.996 1.665 1.743 

3 type 3 0.657 0.991 0.793 0.994 1.657 1.793 

 

 

 

 

 

 

 
a 

 
b 

 
c 

 

Fig. 5. Change of the fractality index (a) and determination coefficient (b) of stress incrementation of the deformation curve (c)  

of the reference fine-grained concrete composition depending on duration of loading (the vertical dashed line is the fracturing time  

of the sample, the vertical solid line is the point of condition transfer of the sample to the intermediate state between the flat  

and trend, the horizontal solid line corresponds to   = 0,5) 
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The main parameters of the fracture moment and the 

point of transition of the dispersal reinforced fine-grained 

concrete samples from the flat condition to the trend 

condition are listed in Table 2. We propose to use these 

values as numeric coordinates of the fracture process 

parametric point that speaks for accumulation of a certain 

level of microdefects in the volume of the composite 

material that leads to first cracks. 

Let us perform the analysis of the vicinity of the point 

of transition of the concrete sample from a relatively 

quiescent condition to the apparent trend on the basis of 

characteristic curves in the form of Japanese candlesticks 

charting (Fig. 6). Generally, this type of charts is used for 

the analysis of price movement involving 4 types of data: 

the opening price, the maximum and minimum price, the 

closing price [22]. For purposes of the deformation curve 

analysis, these 4 columns of data will contain the following: 

the stress (or deformation) incrementation in the starting 

point of the time interval, the maximum and minimum  

of the value that we analyze, the stress incrementation in     the 

 

Table 2 

Parameters of the fracture moment and the point of transition of the dispersal reinforced fine-grained concrete samples  

from the flat condition to the trend condition  

Number  

of 

composition 

Parameters of the fracture moment 
Parameters of the transition point 

absolute values relative values 

tfrac, sec comp, MPa comp, mm/m ttz, sec tz, MPa tz, mm/m ,
r

tz

f

t

t
 % 

comp

,tz



 % 

comp

,tz



 % 

1 21.1 29.03 1.234 11.52 16.07 0.667 54.59 55.35 54.07 

2 20.34 28.58 1.215 5.92 5.40 0.345 29.11 18.91 28.42 

3 21.23 23.90 1.278 10.08 10.42 0.600 47.48 43.60 46.95 

 

 

 
а 
 

 
 

b 
 

Fig. 6. Analysis of vicinity of the point of transition from the flat to trend condition for the sample of the reference  

fine-grained concrete composition with the help of  Japanese candlesticks charting (incrementation of compression stress) 
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last point of the interval. The rectangular candlestick body 

shows fluctuations of the parameter during the interval. The 

top of the shadow shows the maximum, and the lowest 

point shows the minimum in the time interval. If the 

candlestick body is black, we see decrease of the parameter. 

The white body means increase of the parameter. 

Analyzing a range of fine-grained concrete 

compositions, we defined that the point of transition of the 

sample from a relatively quiescent flat condition to the trend 

condition in the vicinity of the point under   0,5 follows 

the stage of stress incrementation decrease, for example, see 

the section of the deformation curve in the interval from 

9.28 to 9.43 sec (Fig. 6, a). This situation speaks for certain 

difficulties during redistribution of stresses along the 

volume of the composite material, the process of structure 

decompaction and the beginning of the micro-fracturing 

process (the first parametric point, according to Berg). This 

stage is related to emergence of a dangerous active crack 

(the defect of the structure in the form of pores, openings or 

inclusions of the filler). 

We can see the structuring growth of increase and 

decrease stages of stress incrementation with increase of the 

load in the interval from the transition point to the fracture 

point. We can explain discretization of stress increase and 

decrease under steady increase of the deformation and load 

received by the sample as well as growth of the order in the 

structuring of increase and decrease stages of stress 

increment on that stage by the discrete nature of cracks 

development that is shown by local propagation of the crack 

for the minimum critical length. Current time interval has 

the following specific: nonlinear nature of the deformation 

curve [1, 23], further development of the structure 

decompaction process, generation of local fracture 

nucleuses, generation of bifurcation points and the main 

crack up to fracturing of the sample. 

 It was discovered that the fine-grained concrete, 

containing 1.5 % of the high-modulus polyacrylic synthetic 

fiber FibARM Fiber WВ in the binder mass, has the 

quickest generation process of the first critical condition. 

This condition is characterized by the stress up to 19 % of 

the bearing capacity and the ultimate deformation about 

28 %. Appending 1 % of the low-modulus polypropylene 

multifilament fiber (the cut length of 12 mm, diameter of 

25-35 micron) or 5 % of the astralene modified basalt 

microfiber Astroflex-MBM (the length of 100-500 micron, 

diameter of 8÷10 micron) leads to essential increase of the 

first critical level, around 54 and 47 % accordingly, during 

the analysis of both stress increment and deformations. 
 

Conclusion 
 

The proposed methodology of the deformation curves 

fractal analysis on the basis of the minimal covering method 

and its implementation for compositions of dispersal 

reinforced fine-grained concrete allows to quantitatively 

define location of the parametric points that is an important 

informative characteristic for study of fracturing processes 

in composite materials of different nature. Deformation 

curves tracing with the minimum step of reading " – " 

and their fractal analysis from the perspective of dynamic 

series open up new opportunities to study fracture 

mechanics of construction composite materials. 
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