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 Advanced ceramics are widely used in responsible structures that work at conditions of high 

temperature changes, strong electrical fields and impact loads. Sintered ceramics are usually 

porous which affects their strength and elastic properties. In the first part of this work the results of 

experimental and numerical strength investigations of hot-pressed alumina ceramic are presented. 

The disk-shaped specimens with different porosity (4-23 %) were subjected to Piston-on-Ring 

bending test up to failure. Ultimate tensile strength is varied in the range of 180…490 MPa. Finite 

element method was used for stress state analysis of ceramic disk during bending test.  Elastic 

properties of porous ceramic for numerical simulations were determined by using the known 

approximation of dependences “property – porosity” and some experimental data. In the second 

part of this work three-dimensional numerical micromodel was created in ANSYS. This model is a 

cube with set pores up to 160 of spherical forms. The diameter of sphere is given by Weibull 

distribution with mean value m = 0.139 μm and standard deviation s = 0.075 μm (defined by SEM 

analysis of fracture surfaces). Scale parameter λ = 0.164 μm and shape parameter k = 1.919 of the 

Weibull distribution was determined by the least squares method. The authors generated three to 

six models with a random distribution of pores for each average porosity; and analyzed stress state 

under axial tension for each case. The maximum normal stress, stress concentration factor, elastic 

modulus and Poisson's ratios are dependent on the average porosity. The values of the tensile 

strength were defined for different porosity according to the Rankine criterion (maximum normal 

stress criterion). These values are in a good agreement with the experimental results before 

porosity of 15 %. 
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Introduction 

 

Ceramic materials have a number of unique properties, 

such as high hardness, wear resistance, low density, high 

strength under compression and etc. They are widely used 

in industies, in airspace, in production of protective 

structures [1, 2].  At the same time, a low strength of 

ceramics under tension (approximately by an order of 

magnitude lower, than the strength under compression) and 

a brittle nature of ceramics significantly limits their 

application. The ultimate strength under tension is one of 

major parameters, determining the quality of ceramics [3] 

associated with the presence of defects in its structure 

(pores and microcracks). 

There are several approaches which consider 

deformation and fracture of brittle materials. When solving 

the problems related to the interaction of ceramics and high-

velocity projectiles (first of all, in the frame of protective 

structures), the models of a persistently damaged 

homogeneous material [4] and its modifications are most 

popular now. The example of using this model can be found 

in [6-12]. However these models require determining a 

significant number of parameters, which is quite a 

sophisticated problem, and requires a great number of 

experiments, such as Edge-On-Impact (EOI) or Depth-Of-

Penetration (DOP) tests. 

In order to take account of the stochastic peculiarities of 

deformation and fracture of ceramic materials, a good 

compliance with the experimental data is found, if one uses 

cohesive elements in calculations (cohesive/volumetric 

finite element – CVFE) [13-16]. In [17, 18] the authors 

directly considered the microstructure of the ceramic 

material by obtaining a qualitative and quantitative 

conformity with the experimental data under static and 

dynamic loadings. Apart from that, in [19, 20] the method 

of cohesive elements was used for modelling fracture and 

distribution of cracks in ceramics at a high-velocity impact. 

However, the justification and selection of parameters of 

cohesive elements is still a subject matter. It is also worth 

mentioning, that the “cohesive” approach requires 

considerable computational efforts, associated with an 

increase of dimensionality of the solved problems, 

compared to the traditional approach in LS-DYNA, based 

on the analysis of eliminating damaged elements (death-of-

element analysis). 

It is important to note that it is necessary to consider the 

size and form of defects, their quantity and bulk 

arrangement in order to predict the fracture mechanisms of 

porous ceramics [21-24]. The authors of the mentioned 

works modelled the material microstructure by considering 

the stochastic destribution of pores in a two- and three 

dimensional setting. According to their results, we can 

conclude that the availability of several neighboring defects 

with different sizes leads to an abrupt decrease of a 

material’s strength.  

This work presents the computational and experimental 

evaluation of the ultimate strength under tension by the 

example of Al2O3ceramics with different densities. For this 

purpose the Piston-on-Ring bending test of discs were 

made. Then we compared the ultimate strength and elastic 

characteristics of ceramics with different densities to the 

results gained by using the finite element method in the 

models with a random destribution of spherical pores, and 

the relations “elastic module-porosity”, available in the 

literature.   

 

1. Experimental Part 
 

1.1. Production of Specimens 
 

To press ceramics, we used the nanopowder of 

aluminium oxide (Al2O3), obtained with the method of the 

electrofilter condensation of vapors.  Fig. 1 shows the 

microscopic structure of the powder material. The average 

size of the agglomerates of nanoparticles is 220 nm. 

 

 
 

Fig. 1. The initial powder Al2O3 (agglomerates) 

 

For the production of samples, a hot pressing machine 

HP20-4560-20 from Thermal Technology LLC was used. 

The specimen of a powder weighing 5.95 ± 0.05 g prepared 

for compacting was filled into a matrix mounted on the 

lower punch and pre-compressed with an upper punch with 

a force of 75 kg. Punches, matrix and thermal insulation 

were made of graphite, the diameter of the resulting billet 

was 25.4 mm. Then the following program of roasting and 

pressing was launched: 

 the evacuation of air from the furnace by means of a 

fork-vacuum pump to a residual pressure in the chamber of 

~ 0.2 millimeter of mercury; 

 heating to 1200 ° C at a speed of 20 °C/min with a 

constant pressing force F (four load levels F were used to 

produce samples of different porosity, i.e. 1000; 1500, 2000 

and 2500 kg); 

 exposure at 1200 °C and constant pressing force F 

for 20 minutes; 

 unloading and cooling to room temperature together 

with the furnace for 3 hours. 

By varying the pressing load, it became possible to 

obtain the specimens of ceramics with different porosities; 

the characteristics of the specimens are shown in Table 1. 
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Seven samples were produced at each load level. The 

density of a conventionally non-porous material was 

assumed to be equal to0 = 3.99 g/сm3 [2]. 
 

Таble 1 

Characteristics of hot-pressed specimens 

Group  

of  

speci-

mens 

Pressing 

load F, 

kg 

Mass, g 
Height, 

mm 

Density ρ, 

g/cm 3 

Specific 

average 

density 

ρ/ρ0 

1 1000 5.93±0.03 3.83±0.05 3.06±0.04 0.77 

2 1500 5.94±0.01 3.32±0.04 3.53±0.04 0.89 

3 2000 5.94±0.02 3.12±0.03 3.75±0.03 0.94 

4 2500 5.92±0.02 3.05±0.02 3.82±0.01 0.96 

 

1.2. Determination of the Elasticity Constants 

 

To evaluate the ultimate strength in the axisymmetric 

bending of the disk specimens, there are no simple 

analytical relationships connecting the fracture load with the 

sizes and mechanical properties of the material; therefore, 

we used the finite element method, in which for the analysis 

of the stress state, it is necessary to introduce the values of 

the elasticity constants for each level of ceramic density 

(see point 2.3 below). The results of the analysis of the 

literature sources for the determination of these constants 

are shown below. 

In [25] the dependences of the shear modulus G and the 

volumetric modulus of elasticity K for α-Al2O3 ceramics on 

porosity, as an isotropic elastic material in the range of 

porosity of 0-40 % are proposed: 

 0 exp 3.96
1

P
K K

P

 
   

 
, (1) 

 0 exp 1.617 ,
1

P
G G

P

 
   

 
 (2) 

where P is porosity (dimensionless value). For the 

nonporous material, the elasticity constants K0 и G0 (Table 2) 

were adapted from the work in [2].  

According to formulae (1) and (2) for each level of  

a mean relative density (porosity) of the specimens, the 

shear moduli were calculated, as well as the volumetric 

modulus of elasticity, given in Table 3. The values of the 

Poisson's coefficients and the elastic moduli were calculated 

using the known formulas of the theory of isotropic 

elasticity. 

From Table 3 it follows that the Poisson's ratio reaches 

a value of 0.04 with a porosity of 23 %, and it becomes 

negative with a further increase in porosity. At the moment 

there is no universally accepted relation “Poisson’s ratio – 

porosity” for different densities of material [26]. The 

experimental studies for α-Al2O3 in [26, 27] showed that the 

Poisson’s ratio slightly decreases, when the porosity 

increases from 0 to 25 % (Table 4). These data (interpolation) 

were used in the present work. 

Таble 2 

Elasticity constants for nonporous α-Al2O3 

Elastic module 

E0, GPa 

The volumetric 

modulus  

of elasticity K0, GPa 

Shear module 

G0, GPa 

Poisson 

ratio 0 

402 251 163 0.233 

 

Таble 3 

Elastic constants for materials with different porosity 

Group of 

specimens 

Mean 

relative 

density 

ρ/ρ0 

Elastic 

module 

E, GPa 

The volumetric 

elastic module 

K, GPa 

Shear 

module 

G, GPa 

Poisson’s 

ratio  

1 0.77 214 78 103 0.04 

2 0.89 317 155 136 0.16 

3 0.94 359 197 150 0.195 

4 0.96 376 216 156 0.208 

 

To determine the dependence of the elastic modulus on 

the material mass density Е(Р) for porous ceramics, a set of 

relations is proposed [27-31]. Let us note that the reliable 

experimental data on the elastic modulus of aluminum oxide 

are obtained by ultrasonic methods with a porosity of not 

more than 40 %. 

The semi-linear dependence of Е(Р), proposed in [31], 

is applicable up to a porosity of not more than 0.3, since 

with a greater porosity the function begins to increase, 

which does not correspond to the experimental data. Other 

relations (Fig. 2) have a similar character. By summarizing 

the analysis results of the published sources, the authors of 

this article concluded that in numerical calculations the 

relation in [29] should be used: 

  0 1 1 ,
0.684

P
E E P

 
     

 
 (3) 

which give average results between the relations given in 

[25] and [27]. 

  

 
Fig. 2. Relations describing the change of the elastic modulus  

α-Al2O3 for different porosity 
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Table 4 contains the values of the elastic modulus at 

fixed conditions of porosity, obtained according to the 

relation in (3).  

 

1.3. Testing Before Fracture  

and Analysis of Strength 

 

To determine the material ultimate strength of the 

ceramic specimens, testing up to failure were carried out. 

The tests were carried according to the scheme of the 

Piston-on-Ring bending test (Fig. 3). The method is 

described in [32]. With this loading, a biaxial tension occurs 

in the center of the lower surface of the specimen, causing 

the development of radial cracks. The value of the 

maximum tensile stress (the first principal stress is the 

criterion of failure) can be used with the accuracy sufficient 

for engineering applications in evaluating the ultimate 

strength under uniaxial tension. The parameters of the 

supports were as follows: the diameter of the top was 5 mm; 

the diameter of the supporting surface aws 19.0 mm. Fig. 4 

shows the specimens after testing. 

 

 
Fig. 3. The cheme of the specimen on a ring support 

 

 

 
 

Fig. 4. The specimens after testing according to the scheme  

of the Piston-on-Ring bending test 

The stress-strain state of the specimen and the value of 

the maximum tensile stress were determined in the ANSYS 

package, by implementing the finite element method 

(FEM). A dry friction with a coefficient of 0.1 was set at the 

contact point between the experimental setup and the 

specimen. The material was considered isotropic and 

linearly elastic. In calculating the FEM from symmetry 

considerations, only ¼ of the model was studied to save 

computational resources. As an example, Fig. 5 presents the 

computational scheme with the FE mesh; and the 

distribution of the first principal stresses over the thickness 

of the sample is shown for bending on a ring support. For 

groups with different densities, similar computations were 

made. 

 

 
 

Fig. 5. Destribution of first principal stresses across the width  

of the specimen with the porosity of 4 % 

 

The obtained computational values of the ultimate 

strength of specimens with different porosity is given in 

Table 4. 

Таble 4 

Elastic constants and obtained values of the ultimate 

strength for ceramics used for the calculations  

A group 

of 

specimens 

Mean 

relative 

density  

ρ/ρ0 

Poro-

sity  

P 

Elastic 

modulus 

E, GPa 

Poisson’s 

ratio   

Mean 

value  

of the 

failure 

load F, 

Н 

Mean 

value  

of the 

ultimate 

strength 

σВ, MPa 

1 0.77 0.23 205 0.199 2455 182 

2 0.89 0.11 300 0.222 3115 299 

3 0.94 0.06 345 0.229 3521 377 

4 0.96 0.04 363 0.230 3902 429 

 

When describing the dependence of the material 

strength of the ceramic samples under tension/compression 

on porosity, a good agreement with the experimental data 

belongs to the relation in [33]: 

  0 exp ,n P        (4) 
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where σ0 is the ultimate strength of the nonporous material, 

P is  porosity (volume fraction of pores), n is the empirical 

constant. 

Fig. 6 shows the experimental values of the strength 

limits in the porosity function of the studied ceramics and 

the approximating curve (4), in which the parameters 

0 = 510 MPa, n = 4.63 are determined using the least 

squares method. 

 

 
Fig. 6. The dependence of the material utlimate strength  

of ceramic specimens on porosity 

 

It is indicative that for a high-density ceramics a slight 

increase in porosity (by 5-10 %) leads to a sharp decrease in 

the ultimate strength (by 25-30 %). 

 

1.4. Studying the Microstructure of Ceramics 

 

The analysis of the ceramics’ microstructure was made 

based on the images of the surface of fracture, using the 

scanning electron microscope (Jeol JEM 2100). Pores are 

clearly seen on the surface of the break in the ceramic 

specimens, their sizes are in the range of 15-380 nm. The 

statistical processing of pore sizes at the images showed that 

ceramics of different porosities have a close pore size 

distribution and a different number of pores (Fig. 7, а-d). 

 Based on the sampled values of the pore diameters, an 

empirical distribution function is constructed using the 

standard formula  

   ,xn
F x

n

   (5) 

where nx is the number of pores with a diameter less than x; 

n is the sample size [34, 35]. Further, this distribution 

function was approximated by the Weibull distribution  

   1 exp ,

k
x

F x
  

       

 (6) 

here λ is the scale factor, k is the shape parameter. The scale 

factor λ = 0.164 micron and the parameter of shape 

k = 1.919 were determined by the the least square method, 

when comparing the empirical and theoretical laws of 

distribution. According to formulas given in [35], for the 

Weibull distribution we obtained the mathematical 

expectation m = 0,139 µm and mean-square deviation 

s = 0.075 µm. Figure 8 shows the empirical (more than 300 

measurements) distribution F(x) of pore diameter values 

and the theoretical Weibull distribution. 
 

 
а 

 
b 

 
с 

 
d 

Fig. 7. The surface of the break in ceramic specimens with 

different porosities (а – 0.24; b – 0.11; c – 0.06; d – 0.04) 
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Fig. 8. Weibull distribution of pores diameter 

 

2. Computational Part 

 

To predict the mechanical characteristics (ultimate 

strength, elastic modulus, Poisson's ratio) of porous 

ceramics, a numerical model with multiple pores was 

developed. Assumptions were made about the isotropic 

elasticity and brittleness of ceramics; all pores have a 

spherical shape, the pore center coordinates are given by a 

random number generator with a uniform distribution 

density. The diameter of pores was set according to the 

Weibull distribution law (point 2.4). All the parameters 

(pore center coordinates and diameter) were recorded in an 

Excel file and then in the SolidWorks package three-

dimensional models were constructed in the form of a cube, 

Fig. 9, containing up to 160 pores. The analysis of the 

model’s stress state was made in ANSYS using the finite 

elements method. The strength of the porous ceramic was 

evaluated by the applied average tensile stress at which the 

maximum normal stress is equal to the ultimate strength of 

the defect-free ceramic. 

The general view of the element (100×100×100 mm) 

with the finite element mesh is given in Fig. 9, the size of 

the face of the finite element (the second-order tetrahedron) 

is equal to ~8 mm.  

   
 

Fig. 9. Model (transparent) and finite element mesh  

for porosity of 6 % 
 

Figure 10 shows the results of calculating the first 

principal stresses with the applied uniaxial tensile stress of 

1.0 MPa. 

 
Fig. 10. Destribution of first principal stresses in the cell under 

uniaxial tension (the porosity of 6 %) 

 

The concentration factor was calculated based on the 

formula 
 1

nom

max 
 


, where  1max   is the maximum 

value of the first primary stress, nom   1,0 МPа   is the 

applied nominal stress.  

The ultimate strength of ceramics (P) can be 

calculated using the following relation 

  
 

*P
P


 


 (7) 

where *  is the theoretical strength of the pore-free 

ceramics (in this case it is the empirically determined 

parameter). Fig. 11 shows the calculated values of the 

ultimate strength (points), when *  = 1300 MPa and the 

empirical relation is in (4).  
 

 
Fig. 11. The dependence of the material utlimate strength  

of ceramic specimens on porosity 

 

The calculated (FEM) values of elestic moduli and 

Poisson's ratios depending on the ceramics porosity are 

shown in Fig. 12 with dots, and the respective empirical 

relations are shown with lines. 
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Fig. 12. The dependences of the elastic modulus and Poisson's 

ratio for ceramics  on porosity 

 

According to the data presented, it can be concluded 

that the model developed with a random pore distribution is 

in a satisfactory agreement with the experimental data: the 

error in determining all the mechanical characteristics does 

not exceed 10 % to a porosity of 15 %.  

 

Conclusions 

 

The technology of hot sintering in vacuum of 

nanopowder of aluminum oxide in vacuum is tested, and 

disc-shaped specimens with the porosity of 4, 6, 11 and 

23 % are produced. The bending test of the specimens 

proved that the ultimate strength varies in the range of 

180…490 MPa. 

The analysis (scanning electron microscope) of the 

break surfaces of the specimens with different porosity 

showed that the ceramics has rounded pores with the sizes 

of 15…380 µm, and the distribution function is the same in 

the considered range of porosities, and can be approximated 

with the two-parameter Weibull law with the scale factor 

λ = 0.164 µm and parameter of shape k = 1.919. 

A three-dimensional numerical model with a random 

distribution of pores in the volume of an isotropic elastic 

brittle material has been developed. This model made it 

possible to obtain the dependencies of the elastic modulus, 

the Poisson's ratio of ceramics, and also the ultimate 

strength on the porosity of the material, having only one 

empirical parameter, i.e. the ultimate tensile strength of a 

defect-free ceramic.  

The developed model and the results obtained on its 

basis can be used in engineering. 

 
The research was made at South Ural State University 

(a national research university) supported by the The 

Russian Scientific Foundation (Project №14-19-00327). All 

the experiments were made using the facilities of the 

Research and Educational Center NANOTECHNOLOGIES 

of South Ural State University. 
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