
Original Russian Text: Zubchaninov V.G., Alekseev A.A., Gultyaev V.I. About drawing of the yield surface for steel 45 and 

verification of the postulate of isotropy on straight-line paths during repeated sign-variable loadings. PNRPU Mechanics Bulletin, 2014,  

no. 3, pp. 71-88. DOI: 10.15593/perm.mech/2014.3.05 

 

 

PNRPU MECHANICS BULLETIN 

№ 1-2, 2018 

http://vestnik.pstu.ru/mechanics/about/inf/ 

 
 

 

 

 

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License (CC BY-NC 4.0) 

DOI: 10.15593/perm.mech/eng.2018.1.03 

UDC 539.3 

ABOUT DRAWING THE YIELD SURFACE FOR STEEL 45 AND VERIFYING  

THE POSTULATE OF ISOTROPY ON STRAIGHT-LINE PATHS  

UNDER REPEATED SIGN-VARIABLE LOADINGS 

V.G. Zubchaninov, A.A. Alekseev, V.I. Gultyaev© 

Tver State Technical University, Tver, Russian Federation  

ARTICLE  INFO  ABSTRACT 

Received: 28.08.2017   

Accepted: 28.09.2017 

Published: 30.06.2018 

 This article presents the results of the experimental studies under repeated sign-variable 

loadings of steel tubular specimens under stretching-compression and torsion. The experiments 

were carried out using an automated testing machine for complex loading SN-EVM named after 

A.A. Ilyushin in the vector space of deformations (rigid loading). The experimental data allowed to 

evaluate the Bauschinger effect and the magnitude of secondary yield limits at various allowances 

for residual deformation. The article provides the influence of the allowance for residual 

deformation on the radius and position of the center of the spherical yield surface in the stress 

space, used in plastic flow theories. With an increase of the allowance for residual deformation, 

both the parameter that characterizes the Bauschinger effect and the radius of the yield surface 

increase, while the displacement of its center decreases. When the length of the arc of plastic 

deformation increases, the parameter that characterizes the Bauschinger effect decreases and 

tends to a stationary value. It is established that the radius of the spherical yield surface makes a 

temporary decrease and then increases as the length of the arc of plastic deformation grows. 

Some mathematical models of the plastic flow theory relate this decrease in the radius of the yield 

surface not to a change in the material's internal structure at the mesolevel and the orientation of 

microstresses, but to the elastic softening of an initially isotropic body, considering this strain rate to 

be negative, by mistake. For the realized types of the experimental paths of the repeated loading-

unloading with breaks by 180 degrees, the verification of the postulate of isotropy by A.A. Ilyushin 

shows that it is carried out quite well, when it comes to its scalar and vector properties. 
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1. Introduction 
 

The drawing of the yield surface in the flow theory has 

a functional meaning for its applications. The yield surface's 

initial position in the deviatoric stress space corresponds to 

the von Mises sphere. During the loading process, it 

isotropically expands and simultaneously changes its form. 

In practice, when drawing various mathematical models of 

the flow theory, it is frequently and approximately 

considered as an expanding sphere, which, in many cases, 

leads to good results. The question of validity of this 

assumption resulted in the necessity of a number of 

experimental studies for various structural materials with 

respect to establishing the dependence of the radius of a 

hypothetical spherical flow surface on the arc length of the 

plastic strain path. The first systematic experimental studies 

were conducted by G.B. Talypov, R.A. Arutyunyan, Y.G. Ko-

rotkikh [1-3]. For various structural materials, it was 

established that when material changes from its elastic state 

to its plastic one under simple radial loadings, the radius of 

a hypothetical surface can immediately increase or first 

decrease for a moment and then increase. This is due to the 

fact that materials have structural changes and strain 

anisotropy develops during the plastic strain process. An 

experimental solution of this problem is necessary for the 

reasonable drawing of mathematical plastic strain models. 
 

2. Principal Provisions  
 

In the theory of elastic-plastic strain processes, stress 

and strain tensors are represented [4-6] as sums of spherical 

tensors and deviator tensors. 
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are the moduli of the spherical tensors (average stress and 

strain) and of the deviator tensors accordingly; 
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are the components of the deviators and of the director 

stress and strain tensors accordingly. 

In case of simple proportional loading, the director 

stress and strain tensors coincide, i.e.    * *Эij ijS  , and for 

initially isotropic materials, with the elasticity of volumetric 

strain taken into account, a relation between the tensors in 

the physical space is as follows: 

 0 03 ,K    Э 2 Э ,ij ij p ijS G
Э


   ( , 1, 2, 3),i j   (4) 

where K  is the modulus of volumetric elasticity; pG  is the 

plastic shear modulus. The universal Rosch and Eichinger 

strain diagram Ф(Э)   is taken as a material hardening 

law for any complex stress and strain state. 

Under complex loading, director stress and strain 

tensors as well as their velocities are not equal to each other, 

i.e. to    * *Эij ijS  ,    * *Эij ijS  , and the stress and strain 

tensors in the linear six-dimensional Euclidean space 6E  

are assigned the stress and strain vectors  
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where ,0
S  0

ε  are the stress and strain vectors in the one-

dimensional subspace of volumetric stretching and 

compression with a hydrostatic axis, which direction is 

characterized by the unitary vector ˆ
0i ;  ,σ  Э  are stress and 

strain vectors of the form change in the five-dimensional 

deviatoric subspace 5E ;  îk is the fixed coordinate basis 

by A.A. Ilyushin to which Е5 [4-6] is related  

0 0 1 11 2 22 11

3 12 4 23 5 13

0 0 1 11 2 22 11

3 12 4 23 5 13

3 1
3 , , 2 ,

2 2

2 , 2 , 2 ,

3 1
Э 3 , Э Э , Э 2 Э Э ,

2 2

Э 2 , 2 , 2

S S S S S S

S S S S S S

Э Э Э Э Э

  
      

 
   


 
     

 

   

   (6) 

are the components (coordinates) of the stress and strain 

vectors accordingly. 

The moduli of the vectors in the five-dimensional 

subspace 5E  are equal to the moduli of the deviator stress 

and strain tensors accordingly 
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The defining relations of the process theory for plane 

paths are of the form [6] 
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where s  is the arc length of the strain path; 1  is the 

approach angle of the stress vector σ  with the tangent to the 

strain path; 1  is the curvature of the strain path; 1,M  
d

ds


 

are plasticity functionals. 

The flow theory by W. Prager [6, 7-9] takes 1 2 ,M G  

and decomposes strains in Е5 into elastic e
Э  and plastic p

Э    
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parts, and decomposes stresses into active stresses 0
σ  and 

additional residual microstresses a  

 ,
2G

   e p pdσ
dЭ dЭ dЭ dЭ   , 0σ σ a      (9) 

where G is the elastic shear modulus of the material.  The 

defining relations are of the form 
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where pd ds   is the increment of arc ps  of the plastic 

strain path;  ,f p
σ Э  is the loading function that describes 

in E5 the Prager hypothetical yield surface, that separates 

the active plastic strain area and the elastic unloading one. 

The yield surface remains unchanged under elastic 

unloading. 

All mathematical models of the flow theory that are 

based on the yield surface concept are notable for its form. 

In common practice, it is considered as a sphere that can 

change its sizes and location with its form unchanged 

(translational isotropic hardening) and taken as 

      22 0,p
pf C s     σ a σ a  (11) 

where   0p
pC s    is the scalar isotropic hardening 

function depending on the arc length of the plastic strain 

path ps  and equal to the radius of the yield surface. With 

0,ps   the radius of the hypothetical initial yield surface 

0 т
т2 / 3      where т  is the initial yield limit under 

simple loading determined as per technical allowance for 

residual deformation. 3
* 0.2% 2 10p       *Э 0.245% .p   

With this allowance for residual deformation, based on the 

postulate of isotropy, the initial yield surface in the 

deviatoric subspace Е5 for initially isotropic bodies 

corresponds to the von Mises sphere. It is established that 

with smaller allowances for residual deformation the 

outlines of the von Mises sphere can be distorted and lose 

its form [8]. In the deviatoric plane, the von Mises ellipse 

and its Saint Venant hexagon acquire a three-fold symmetry 

[10]. However, due to the development of strain anisotropy 

in the process of loading the yield surface can stretch in the 

direction of the process development. 

The law of hardening under complex loading along the 

paths of low and mean curvature is taken as the Odqvist-

Ilyushin law  

 Ф( ),s   (12) 

with the process tracking parameter Э.s   The use of the 

diagram (12) allows to consider the Bauschinger  effect  that 

 

is implemented under simple sign-variable unloadings. This 

work considers the Bauschinger effect under simple sign-

variable unloadings-additional loadings that are periodically 

repeated through specially selected equally spaced points of 

the diagram (12). At each point of a break in the path K  

of the beginning of unloading at a value of the new yield  

limit т
K  the Bauschinger effect was evaluated by a 

dimensionless parameter [1, 11, 12] 

 
т т/М K     (13) 

at a corresponding size of the arc of the plastic strain path 
ps . Here т

М  is the secondary yield limit under unloading 

from the point K, with the yield surface being "pierced" at 

the point М along the diametrical direction, that was 

determined according to the allowance for residual 

deformation *
pЭ . In this case, the radius of a changeable 

current spherical yield surface is 

    0 т т1

2

p
p K МC s     , (14) 

and the displacement of its center with respect to the 

beginning of coordinates is 

 т т т1
.

2
K p K Мa C                       (15) 

 

3. Experimental Studies 

 

The experimental studies were conducted in the 

experiments under sign-variable loading-unloading on the 

automated testing machine for complex loading SN-EVM 

named after A.A. Ilyushin in the mechanical test  

laboratory of the Material Resistance, Elasticity and 

Plasticity Theories Faculty at Tver State Technical 

University. The experiments were carried out on cylindrical 

thin-walled specimens of steel 45 in an as-delivered state 

with the yield plateau that had the thickness of the wall  

h = 1 mm, the radius of the middle surface of cross section 

R = 15.5 mm and the length of the working part  

l = 110 mm. In the test according to program No. 1, a 

specimen was subject to repeated sign-variable loading 

through equal stretching increments ΔЭ1 = 0.5 % (Fig. 1) 

with subsequent sign-variable loading on |ΔЭ1|  0.75 % 

under compression [13]. In the same test according to 

program No. 2, a specimen was subject to repeated  

loading under torsion with increments ΔЭ3 = 0.5 %  

(Fig. 2) and with subsequent sign-variable loading on  

|ΔЭ3|  0.75 %. On average, the experiments in terms of 

continuous deformation of the specimens at the constant 

velocity 6 110 s    lasted for 8-9 hours. In the torsion test, 

all the planned path was not realized since a specimen lost 

its stability some time ago. 
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Fig. 1. Program No. 1. Local diagram of sign-variable  loading under stretching-compression S1 – Э1 

 
 

 
 

Fig. 2. Program No. 2. Local diagram of sign-variable  loading under torsion S3 – Э3 

 

 

Based on the processing of the experimental data, Fig. 3 

shows the obtained average dependences of the parameter  

that characterizes the Bauschinger effect on the arc length 

of the plastic strain path ,ps  Fig. 4 shows a change in the 

radius 0  of a hypothetical spherical yield surface, and 

Fig. 5 shows a displacement of the center of a hypothetical 

spherical yield surface. In these figures the shaded 

experimental points correspond to the experience under 

stretching-compression, those having a white background 

correspond to torsion testing. The dependences presented in 

Fig. 3-5 are built with four different allowances for residual 

deformation, when determining the secondary yield limits 

under stretching * (0.2; 0.15; 0.01; 0.05)%p  , which 

amounts to *Э (0.245;
p
 0.18325; 0.1225; 0.06125) %  in 

the subspace E5. Under torsion, this allowance for the 

residual deformation at the relation 3 12Э 2 / 2,     

where 122    was equal to * *2p pЭ   and amounted to 

* (0.346; 0.259; 0.173; 0.087)%p   accordingly. 

 

Fig. 3. Change in the coefficient  from ps  that characterizes  

the Bauschinger effect 

 

The obtained diagrams show that as the allowance for 

residual deformation grows, the radius of the yield surface 

0 increases, and the displacement of its center a decreases. 

A maximum deviation for the considered extreme 

allowances for residual deformation * 0.2%p   and 

* 0.05%p   for the radius 0 of the hypothetical yield 

surface amounts to approximately 45 % (Fig. 4), and for the 
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displacement of its center it amounts to approximately 55 % 

(Fig. 5). Under maximally reached plastic strain levels ps  

in the experiment, the value of the parameter a for all the 

considered allowances of the residual deformation did not 

exceed the values of the initial yield limits т, thus, the 

centers of the current surfaces were inside the initial yield 

surface. Herewith, the smaller the allowance for the residual 

deformation, the more considerable effect of the 

displacement of the yield surface's center it brings. If we 

take such a relation as 

 
1

1

a

r





,  (16) 

that directly depends only on the parameter , then under 

the maximally reached plastic strain levels ,ps  at the 

allowance * 0.2%,p   it amounts to 0.55, and at the 

allowance * 0.05%p   it is equal to 0.98. 

 

 
Fig. 4. Change in the radius of the hypothetical yield surface  

 

 
 

Fig. 5. Displacement of the center of the hypothetical yield surface 

 

The conducted experimental studies on the multilink 

paths under sign-variable loading-unloading allow to verify 

the postulate of isotropy by A.A. Ilyushin [5, 14, 15],  

that has been verified by many authors with the use of 

different strain programs and various materials [16-22]. The 

strain path according to program No. 2 can be obtained 

through rotating the path as per program No. 1 by a 90-

degree angle in the plane 1 3Э Э . The verification of the 

postulate of isotropy for both paths included the 

construction of combined global strain diagrams Э  

(Fig. 6) which show that the experimental diagrams of both 

paths coincide with each other with a reasonable degree of 

accuracy. 

 
 

Fig. 6. Programs 1 and 2. Global diagrams  – Э 

 
4. Conclusion 

 

According to the results of the conducted experimental 

studies and their processing, as well as the experiments with 

other materials [23, 24], we can draw the following 

conclusions:  

1. The Bauschinger effects for steel 45 is accompanied 

by a decrease in the modulus of the secondary yield limit 
т
М  and of the parameter  within an initial local area of 

the strain process after a break with the arc length ps  

increased. The parameter  with different allowances for 

residual deformation tends to some stationary value at 

(3 4)%ps   .  

2. As the allowance for residual deformation *
pЭ  

grows, the parameter  increases and amounts to 

approximately 0.3 at the reached level ps  for the generally 

accepted allowance * 0.2%p    *Э 0.245% .p   

3. The radius of the hypothetical yield surface 

 0 p
pC s   with the growth ps  undergoes a temporary 

decrease ("dive") and, as the allowance for the residual 

deformation grows up to * 0.2%,p   it gets a sphere-like 

form. Herewith the radius deviation at the extreme values of 

the allowance for residual deformation reaches 45 %. 

4. The temporary decrease  0 p
pC s   is connected 

with a change in the material's internal structure at the 

mesolevel, a change in the orientation of microstresses 

related to strains growing, but not to its unloading. At each 

time of loading along the internal structure we already have 

another material with other mechanical properties [25]. 

5. The parameter deviations of the displacements of the 

center of the limit surface  pa s  for the considered 

different allowances for residual deformation, when 

determining yield limits reach 55 %. 

6. In some mathematical models of the flow theory a 

decrease in the radius of the hypothetical spherical yield 

surface  0 p
pC s   not only under simple, but also 

complex loading is connected not with a change in the 

100 
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material structure at the mesolevel and the orientation of 

microstresses, but with elastic softening of an initially 

isotropic body, considering the strain rate 0ps   by mistake, 

which is impossible since s and s  are always positive. 

7. The postulate of isotropy with respect to its scalar 

properties is carried out rather well for the implemented 

types of repeated loading-unloading paths with 180-degree 

breaks. As for its vector properties, they are realized within 

the accuracy of the simple process theory.  
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