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MATEMATUYECKOE MOAEJIMPOBAHUE BOJIHOBOI'O
NAKETA, OBPA3OBAHHOIO ABYMA NITOCKUMU
MOHOXPOMATUYECKMMU BOJIHAMU IE BPOUNA

PaCCManMBaeTCH KBAHTOBadA cuctema B NpocTpaHCcTBe RS, 06paSOBaHHaH AByMA YacTulamu,

UMELLMMUN OAMHAKOBbIE MacChl M U ABUXKYLLUMMUCS C PUKCUPOBAHHBIMU HEPENATUBUCTCKMMU OJHOHA-
npaBfieHHbIMU CKOPOCTAMM V4 U Vo, MPU 3TOM UMEETCH B BUAY, YTO BOMHOBbIE (PYHKLMM YacTul npea-
CTaBNAOT COOON NIocKMe MOHOXpoMaTuyeckue BOMHbI Ae bponnsa. [JokasaHbl ABe TeopeMmbl, CBA3bI-
BaloLLye rpynnoBy CKOPOCTb BOMHOBOIO MakeTa, 06pa3oBaHHOro YacTuuamu, ¢ napameTpamu rapmo-
HUK. B nepsoii Teopeme yTBepxAaeTcsi, YTO rPynnoBasi CKOPOCTb paBHa OTHOLLEHWIO Pas3HOCTU
LIMKIMYECKNX YaCTOT rapMOHUK K Pa3HOCTM WX BOMHOBBIX Yncen. B aToii cBsian oTMeyeHo, 4To hopmy-
na, B KOTOPOW rpynnoBasi CKOPOCTb paBHa NMPOU3BOAHON LIMKIIMYECKON YacTOTbl MO BOMIHOBOMY YMCHY,
SABMSAETCA MNpefenbHbIM Cllydyaem [O0Ka3aHHOro BblpaxeHus. BTopas Teopema ycTaHaBnvBaeT, 4To
rpynnoBasi CKOPOCTb pacCMaTpvBaeMoro BOMHOBOIO MakeTa paBHa CymMMe (ha3oBbiX CKOPOCTEN ero
rapMOHWK.

KntoueBble crnoBa: rpynnosas CKOPOCTb, LMKNMYecKas YacToTa, BOMIHOBOe uucro, dhasosast
CKOPOCTb, BOSMHbI Ae bponns.

I.P. Popov

Kurgan State University, Kurgan, Russian Federation

MATHEMATICAL MODELING OF THE WAVE PACKET FORMED
BY TWO PLANE MONOCHROMATIC DE BROGLIE WAVES

We consider a quantum system in a space R®, formed by the two particles have the same

mass m and moving with fixed unidirectional non-relativistic velocities vy and v,, while it is understood
that the wave functions of the particles are flat monochromatic de Broglie waves. Two theorems are
proved, linking the group velocity of the wave packet formed by particles with harmonics parameters.
The first theorem states that the group velocity is the ratio of the difference between the cyclic frequency
harmonics to the difference between their wave numbers. In this regard, it noted that the formula in
which the group velocity is equal to the derivative of the cyclic frequency of the wave number, is the
limiting case of proven expression. The second theorem states that the group velocity of the wave
packet under consideration is equal to the sum of the phase velocities of its harmonics.
Keywords: group velocity, angular frequency, wave number, phase velocity, de Broglie waves.



H.II Ilonos

B psne 3anau uccnenyroTcs KBAHTOBBIE CHCTEMBI, COCTOSIIIME U3 JIBYX
yactull [1-3]. [Ipu 3TOM NpeuMyIIECTBEHHO PacCMAaTPUBAIOTCS YaCTHIIBI,
CBsI3aHHBIE B3aUMOIEHCTBHEM B Ooubliiei [1, 2] win Meubieii [3] creneHu.
[ToreHman B3aMMOAEUCTBUS CYLIECTBEHHO BJIMSET HA BHUJ BOJIHOBOM
(GyHKIIMH ¥ B JTI000M ciydae 00yCIIOBIIMBAET HEMPEPHIBHBIN CIIEKTp €€ rap-
MOHHK. Y CTaHOBJICHUE KBa3HMUMITYJIbCa JBYXYaCTUYHOM cCUCTEMBI [1] U uH-
TeprpeTanus BOJHOBOW (PYHKIMHM KakK sJpa HHTETPAIBLHOTO Oleparopa
(T'unpbepra—-IIMuara) [3] mpeamnonararT onpeaeieHue rPynmoBbIX CKOPO-
CTEH BOJTHOBBIX MAKETOB, UTO HE MPECTABIISAET 3aTPyAHCHHUIN B CUITy HEIpe-
PBIBHOCTH MX CIIEKTPOB.

[Ipu nBv>xeHMM YacTHI] (HE CBS3aHHBIX B3aUMOJICHCTBUEM) C HEpaB-
HBIMU (PUKCHPOBAHHBIMU CKOPOCTSIMH YacCTOTHI BOJIH Jie bpoitis oGpasyior
JIMCKPETHBIN CIIEKTP, B CBA3U C YeM JIJIsl ONPEIeTICHUSI TPYNIIOBONA CKOPOCTH
BOJIHOBOTO MakeTa Gpopmyiia

_dw
¢ dk

v (1)
[4] HE MOIXOOUT, NMOCKOJIBKY IpEAINoyiaracT Mo KpaliHeW Mepe KyCOYHO-
HENPEPBIBHYIO 3aBUCUMOCTh (k). 31€Ch (O — LIMKJINYECKash 4acToTa, k —
BOJIHOBOE YHUCIIO.

3amada, TakuM 00pa3oM, 3aKJIIOYAeTCA B OTBICKAHUU (POPMYJIBI TPYyII-
IIOBOW CKOPOCTH JUISl AUCKPETHBIX 3HAUYE€HUN O U k. Pe3ynbpTaThl pemieHus
3TOW 3aJaud MOTYT OBITh IIPUMEHEHBI K KJacCy YacTHUl], HE CBA3aHHBIX IO-
JEBBIMH B3aUMOJECHCTBUSMHU, B TOM 4YHCIIE€ K HEMTPOHAM, KOTOpBIE B pe-
3yJIbTaTe HEKOTOPBIX SIEPHBIX peakUuil 00pa3yroT JBYXUYaCTHYHbIE KBAHTO-
BbIE CUCTEMBI, HAaIpUMEP

235 1 139 95 1
»wU+ n— 5, Xe+ ;:Sr+2,n.

[Tyctes nBe uacTuibl 00pa3yrOT KBAaHTOBYIO CHUCTEMY B MPOCTPAHCT-
Be R?, MMeIOT 0JIMHAKOBBIE MACChl M ¥ JABIKYTCA ¢ (QMKCHPOBAHHBIMH He-

PENATUBUCTCKUMHU OJHOHAMPABJICHHBIMUA CKOPOCTSIMH V| U V,. B paccmar-
pUBaeMblii MOMEHT KOOPIMHATHI YAacTUIl COBMAAAIOT. B nanpHeiem ume-
€TCsl B BHJY, YTO BOJIHOBbIC (DYHKIIMM YaCTHUI[ TPEIACTABISIOT COOOM
MJIOCKKME MOHOXpOMAaTHYECKHE BOJIHBI A bpoitns [5-8]:

IPI (l’, l) _ Cle—i(wlt—klr),
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¥, (r,1) = Cye ),

IIpu sTOoM
2
2

|LPI|2 = 1P1\PT = |C1

)
¥, =, =|Cf 3)

I[anee I yIIpOICHUA HpHMOHHHCﬁHOC ABHUIKCHUC PACCMATPUBACTCA

B R'. 13 ycoBHs HOPMHUPOBKHU BEPOSTHOCTEH

T|‘Pl|2 dx=1,

T|‘P2|2dx:1

¢ yuetoM opmy (2) u (3) cnenyet, uto C; = Cs.
B cBs13u ¢ BBINIEU3I0KESHHBIM BOJIHOBOU IMAKET UMEET BUJI

¥ (x, t) = Ce k) 4 cpmileahar), 4)

JIns1 Ha3BaHHBIX YCIIOBUM UMEIOT MECTO JIBE TEOPEMBI, IEPBYIO U3 KO-
TOPBIX MpeBapseT cleayomas Gopmya:

eizl + eizz — 2COS( <y ; 3 Je2(11+z2). (5)

JlefcTBUTENBHO,

el +e"2 =cosz +isinz +cosz, +isinz, =

=08 7, +€0s 2, +i(sinz, +sinz, )=

=2cos| 22— |cos 4t +2icos| 22— |sin 4t
2 2 2 2
=2cos| 224 || cos 4ry +isin 4rs )
2 2 2

=2cos (—12 4 je2<zl+22).
2




H.II Ilonos

Teopema Ne 1. I'pynmoBasi CKOPOCTh BOJTHOBOTO TakeTa [popmyina (4)]

OMPENEIIACTCS BhIPpaXKEHUEM
w, —m
v, = -2 1 (6)
kz - k1

Jloxazamenvcmeo. B cootrBercTBUU ¢ (hopmyioit (5) Beipakenue (4)
MIPUBOJUTCS K BUY

B - = O+, )t—(ky+ko ) x
II](X,l)zzccos(mz2(01t_kZZkl x)e SL(eo)i-(k +4) ]

Mopynbs BOTHOBOW (DYHKITHH CJI€TyOITHH:

cos(w2 ;(1)1 t—k2 —ky xj‘

¥|=2C
2

prnl’IOBaﬂ CKOpPOCTb — 3TO CKOPOCTH nepeMemeHI/m MaKCUMyMa MO-
,[[y.IISI, KOTOpLIfI JOCTUTACTCA HpI/I yCJ'IOBI/II/I
0, —0 k,—k
2 1,22 Ly
2 2

0.

3a BpeMs t MAaKCHMyM MOAYJS IEpPEMEIIAeTCsl Ha paccTosiHue x [9].
TakuMm o0pa3om, €ro CKOpOCTh WM TPYMIIOBasi CKOPOCTh paBHA
_X_0, "0
v, =—=—"—.
t k,—k
Teopema nokaszaHa.
3ameuanue. ®opmyiny (6) MOKHO MPEJICTABUTH B BUJIC

Aw
v, =—.
Ak
Takum o6paszom, ¢popmyina (1) sBraseTcss npeaenbHbIM CIIy4aeM BbIpa-
skeHus (6).

Teopema Ne 2. I'pynnoBasi CKOPOCTb BOJHOBOTO MakeTa [cM. dopMmy-
ay (4)] paBHa cymme (pa30BBIX CKOPOCTEH €ro TapMOHHUK:

w0,
v, =U, +U, =—+—=.
ko ky

10
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Hoxazamenvcmeo. Ilycts v, =qu,,q€ R. U3 BblpaxkeHul 11 uUM-

IMyJibCa U SHCPIruu

p=my = hk,
mv*

K= =ho,
2

k, = qk,, (7)
0, =q’w,. (8)
IIpu sTom
2
W, g0 I
’U = = = —_——= ’U .
"k gk K ky “a

:w2_w1:q2w1_m1:w1(q2_) o,
$ k,—k gk -k k(g-1) Kk R

v

Teopema mokasaHa.
B [10] noka3ano, 4910

ho = mo®. 9)

IIpu sToM Beipaxkenust (7) u (8) ocrarorca B cuie, U Teopema No 2
CIpaBeIMBa TAKKE MU yciioBuu (9).

Takum 00pa3oM, MOCTPOCHHUE MaTEMATUYECKOHW MOJEIH BOJIHOBOTO
nakera [cM. dopmyiny (4)], 0Opa3oBaHHOTO MBYMS TUIOCKMMH MOHOXpOMa-
TUYECKUMH BOJHAMH 1€ Bpoiiis, mo3BOIMIO ONPEeAeTuTh €ro IpyMHIoBYIO
ckopocTh [cM. dopmyny (6)], KoTOpasi mpu 3TOM paBHAa cymMMe (pa3oBBIX
CKOpOCTEH €ro rapMOHUK.
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