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 !": 531.44, 621.891 

 .!. "#$%&'()*+, ,.-. ./01)+2# 

 !"#$#%# &'()*+, ,+-.!$/$ $,. 0.1.  2*$!"/(3( 405, 6("/7., 4(""$8 

34,45.-,637-48695.6 :.;4 .!7-46. 

879<= 1. .9-.!->6 ?75.-.,6 -.9<4: .@?.  

9$,$/(-,+-.!$:+"/(+ &(*$'(7.!$+ (96;) – &+'"&+/#$7!.8 #+-!(*(3$8 ,$/'(- $ !.!(-

<*+/#'(!$/$. 0!.*$#$:+"/$= ()>(' &(/.>?7.+#, :#( / !."#(8@+,% 7'+,+!$ '.>'.)(#/. ,(A+*+= 

96; ("#.+#"8 ./#%.*B!?, !.%:!?, !.&'.7*+!$+,. C#,+:+!(, :#( $>7+"#!?+ ,(A+*$ &'(D+"". 

96; !+ %:$#?7.E# "&+D$F$/% -$,$:+"/$- $ ,+-.!$:+"/$- ."&+/#(7 7>.$,(A+="#7$8 '.)(:+= G$A/(-

"#$ $ :."#$D " &(*$'%+,(= &(7+'-!("#BE, . #./G+ 7>.$,(A+="#7$+ " !+= &('$"#(= &(7+'-!("#$ 78>/(-

%&'%3(3( &(*$'(7.*B!$/., (#"%#"#7%+# (&$".!$+ <*+,+!#.'!?- ./#(7 #./(3( 7>.$,(A+="#7$8. 

5$AB)CD) /$#CE: -$,$/(-,+-.!$:+"/(+ &(*$'(7.!$+, .)'.>$7, G$A/("#B, &*.!.'$>.D$8, 

,(A+*B. 

R.V. Goldstein, M.N. Osipenko 

Institute for Problem in Mechanics RAS, Moscow, Russia 

CHEMICAL-MECHANICAL POLISHING.  

PART 1. MAIN CHARACTERISTIC: REVIEW 

Chemical-mechanical polishing (CMP) is a perspective technology in fabrication of micro – and 

nanoelectronics elements, devices and systems. The development of models of CMP processes re-

mains to be the actual problem. It is pointed out that known CMP models do not account for the features 

of chemical and mechanical mechanisms of interaction of active fluid and particles with a polished sur-

face as well as an interaction of a viscoelastic pad with the surface. A description of the elementary acts 

of such interaction are absent in the available models. 

Keywords: chemical-mechanical polishing, abrasive, liquid, planarization, model. 
 

 !"#"$%" 

#$%$&'-%()*+$,(-&'( .'/$0'1*+$( (#23) – 4$0'&' 0*-.0'-

-50*+(++*6 5()+'/'7$6 1 .0'$81'9-51( :/(%(+5'1 .0$;'0'1 $ <-5-

0'=-51 %$&0'- $ +*+':/(&50'+$&$ [1].  +$&*/>+*6 &'%;$+*?$6 )$%$-

,(-&'7' $ %()*+$,(-&'7' 1'89(=-51$6 0*;',(= @$9&'-5$, *;0*8$1+A) 

,*-5$? $ '5+'-$5(/>+' %67&'7' .'/$0'1*/>+$&* - .'/$0<(%'= .'1(0)-

+'-5>B .0$1'9$5 & :CC(&5$1+'%< .'/$0'1*+$B $ 1A0*1+$1*+$B (./*-

+*0$8*?$$) '9+'0'9+A) (&0(%+$=) $ -'-5*1+A) (&0(%+$=-%(5*//) ./'-
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-&$) :/(%(+5'1 .0$ 1A-'&'= ,$-5'5( .'/<,*(%A) .'1(0)+'-5(=. #23 

.0(9-5*1/6(5 -';'= )*0*&5(0+A= .0$%(0 18*$%'9(=-51$6 +*+'-, %$&0'- 

$ %*&0'%*-45*;'1 1 5()+'/'7$,(-&'% .0'?(--(. !(=-51$5(/>+', 0*8-

%(0A *;0*8$1+A) ,*-5$? 1*0>$0<B5-6 1 9$*.*8'+( 7–100 +%, $) *70(-

7*5'1 – 9' 10 %&%, -&'0'-5> .'/$0'1*+$6 – '5 1–5 9' 500 +%/%$+, 8*8'0 

%(@9< ';0*;*5A1*(%'= .'1(0)+'-5>B $ .'/$0'1*/>+$&'% – 10 9' 

50 %&% [1–3]. 

30'?(-- #23 %+'7'.*0*%(50$,(-&$=, (7' :&-.(0$%(+5*/>+'( 

$--/(9'1*+$( -'.0'1'@9*(5-6 ;'/>4$%$ 8*50*5*%$, :%.$0$,(-&$( 

9*++A( ' &'+&0(5+A) 1*0$*+5*) .0'?(--*, &*& .0*1$/', 61/6B5-6 -';-

-51(++'-5>B .0(9.0$65$= $ &'%.*+$=. D-( :5$ C*&5'0A <&*8A1*B5 +* 

1*@+'-5> .0$1/(,(+$6 %'9(/>+A) .0(9-5*1/(+$= .0'?(--'1 #23 +* 

'-+'1( C<+9*%(+5*/>+A) C$8$,(-&$) 8*&'+'%(0+'-5(= 9/6 0(4(+$6 

8*9*, $) '.5$%$8*?$$. E$@( .0$1(9(+ ';8'0 -'10(%(++'7' -'-5'6+$6 

.0';/(%A. 

1.  &%'$%" (")$*&*+%,"-.%) /0102"(1*! $0 )010.("1%-(%.% 

)%2%.*-2")0$%,"-.*+* /*&%1*!0$%' 

#$%$&'-%()*+$,(-&'( .'/$0'1*+$( (#23) – :5' 5()+'/'7$6 .'-

/$0'1*+$6 $ 1A0*1+$1*+$6 (./*+*0$8*?$$) .'1(0)+'-5$ - 1A-'&'= 

5',+'-5>B. F;0*;*5A1*(%*6 .'1(0)+'-5> $ .'/$0'1*/>+$& (0$-. 1) +*-

)'965-6 1' 10*G*5(/>+'% 91$@(+$$ '5+'-$5(/>+' 90<7 90<7* .'9 9*1-

/(+$(% 1 .0$-<5-51$$ 0*;',(= @$9&'-5$ (-'9(0@*G(= ';A,+' G(/',-

+<B -0(9< $ *;0*8$1). F;'=%* - 9(5*/>B %'+5$0<(5-6 1 4*0+$0+'% 

.'91(-(, .'81'/6BG(% (= *9*.5$0'1*5>-6 & <-/'1$6% .'/$0'1*+$6, 

.0(9'510*G*6 .'/'%&< ';0*;*5A1*(%'= ./*-5$+A +* .'/$0'1*/>+$&( 

$ </<,4*6 '9+'0'9+'-5> 1'89(=-51$6 [4, 5]. H-.'/>8<(5-6 -$-5(%* ')-

/*@9(+$6 10*G*BG(7'-6 .'/$0'1*/>+'7' -5'/$&*. 

3*0*%(50A .0'?(--* #23 $ (7' 0(8</>5*5A 8*1$-65 '5 %()*+$,(-

-&$) )*0*&5(0$-5$& &'+5*&5$0<BG$) 5(/, 5*&$) &*& @(-5&'-5>, 51(0-

9'-5>, 4(0')'1*5'-5> $ -@$%*(%'-5>. 3'1(0)+'-5> ';0*;*5A1*(%'= 

./*-5$+A ';A,+' @(-5&*6 $ )0<.&*6, 1 5' 10(%6 &*& .'/$0'1*/>+$& 

$%((5 '5+'-$5(/>+' %67&'( .'0$-5'( (.'/$<0(5*+'1'() .'&0A5$( [1–3, 

6–7]. 3'1(0)+'-5+A= -/'= .'/$0'1*/>+$&* ';(-.(,$1*(5 50*+-.'05 0*;'-

,(= @$9&'-5$ & .'/$0<(%'= .'1(0)+'-5$, * 5*&@( -'1%(-5+' - 0*-.0(9(-

/(++A%$ 1 0*;',(= @$9&'-5$ ,*-5$?*%$ *;0*8$1* ';(-.(,$1*(5 <9*/(+$( 

.0'9<&5'1 0(*&?$$ - ';0*;*5A1*(%'= .'1(0)+'-5$ [1, 2, 6]. 
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I$-. 1. J)(%* .0'?(--* .'/$0'1*+$6 

 -$/$( .0$@*5$6 – '-+'1+'= %()*+$,(-&$= .*0*%(50, 1/$6BG$= 

+* .0'?(--A 18*$%'9(=-51$6 .'/$0'1*/>+$&* $ 9(5*/$. F;A,+' +*-

;/B9*(%'( -''5+'4(+$( %(@9< -&'0'-5>B .'/$0'1*+$6 (-&'0'-5>B 

<9*/(+$6 .0'9<&5'1 /'&*/>+'7' 0*80<4(+$6 - .'/$0<(%'= .'1(0)+'-

-5$) 1 0(@$%( *;0*8$1+'7' $8+'-* (0$-. 2,  ) &'00(/$0<(5 - :%.$0$,(-

-&$% 8*&'+'% 30(-5'+*, .0(9/'@(++A% 1 1927 7'9< [1, 6]. D -''51(5-5-

1$$ - :5$% 8*&'+'% -&'0'-5> .'/$0'1*+$6 R '.0(9(/6(5-6 C'0%</'= 

 ,
Fv

R m
A

  (1) 

79( F – +*70<8&*, .0$/'@(++*6 & ';/*-5$ &'+5*&5* A, v – -&'0'-5> '5-

+'-$5(/>+'7' 91$@(+$6 .'/$0'1*/>+$&* $ 9(5*/$, m – &':CC$?$(+5 

(m *--'?$$0<(5-6 - &':CC$?$(+5'% 50(+$6). 

3'89+(( ;A/* ';+*0<@(+* 18*$%'-168> %(@9< &':CC$?$(+5'% m 

$ @(-5&'-5>B .'/$0'1*/>+$&* $ ,*-5$? &0(%+$6 [6]. 

30'?(-- <-/'@+6(5-6 1 .0$-<5-51$$ )$%$,(-&$ *&5$1+'= 0*;',(= 

@$9&'-5$. D8*$%'-168> %(@9< <-$/$(% .0$@*5$6 $ -&'0'-5>B .'/$0'-

1*+$6 '&*8A1*(5-6 +(%'+'5'++'= [6]. 30$ %*/'% <-$/$$ -&'0'-5> .'-

/$0'1*+$6 1 .0$-<5-51$$ 0*;',(= @$9&'-5$ +( 8*1$-$5 '5 <-$/$6 .0$-

@*5$6. F9+*&' 8*5(% .0'$-)'9$5 0(8&'( 1'80*-5*+$( -&'0'-5$ .'/$0'-

1*+$6. J/$4&'% -$/>+'( .0$@*5$( .0$1'9$5 & .*9(+$B -&'0'-5$ 

.'/$0'1*+$6 (0$-. 2, !). 30$,$+* 5*&'= +(%'+'5'++'-5$ -168*+* - $8-

%(+(+$(% 5'/G$+A -/'6 0*;',(= @$9&'-5$ [6] .'9 1/$6+$(% <-$/$6 

.0$@*5$6. D -''51(5-51$$ - 7$90'9$+*%$,(-&'= 5('0$(= -%*8&$ [8] 

5'/G$+* -/'6 168&'= -%*8&$ h .0$ /*%$+*0+'% 5(,(+$$ %'@(5 ;A5> 

'.0(9(/(+* ,(0(8 <-$/$( .0$@*5$6 &*& 
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1/2

,
v

h k
F

!" # $ %
& '

 (2) 

79( ! – &$+(%*5$,(-&*6 168&'-5> 0*;',(= @$9&'-5$, k –&'+-5*+5*. 

F?(+&$, 9*++A( 1 [6, 9], .'&*8A1*B5, ,5' 1 0*%&*) <.0'G(++'= 

%'9(/$ - @(-5&$% .'/$0'1*/>+$&'% 9/6 <-/'1$=, '.$-*++A) 1 [6], 

5'/G$+* -/'6 0*;',(= @$9&'-5$ h(60)100 %&%. J/(9'1*5(/>+', .0$ 

-/*;'% .0$@*5$$ 9(=-51$5(/>+' 1'8%'@+' .'/+'( 0*89(/(+$( (1-./A-

5$() &'+5*&5$0<BG$) 5(/.  %(+>4(+$( -&'0'-5$ .'/$0'1*+$6 .0$ 1A-

-'&$) 8+*,(+$6) <-$/$6 .0$@*5$6 -168A1*(5-6 - 1A9*1/$1*+$(% 0*;'-

,(= @$9&'-5$ $8 8'+A &'+5*&5*. 

   

      ! 

I$-. 2. J&'0'-5> .'/$0'1*+$6 SiO2 &*& C<+&?$6 +*70<8&$:  

  – *;0*8$1+A= $8+'- [2], ! – 18*$%'9(=-51$( ,(0(8 -/'= @$9&'-5$ [4] 

 1(/$,(+$( <-$/$6 .0$@*5$6 -.'-';-51<(5 .'1A4(+$B -&'0'-5$ 

.'/$0'1*+$6 $ -&'0'-5$ $8+'-* .'1(0)+'-5$ .'/$0'1*/>+$&* [1, 2], +' 

5'/>&' .0$ +$8&'= -&'0'-5$ .'/$0'1*+$6 ($ %*/'% <-$/$$ .0$@*5$6) 

.'/<,*(5-6 .'1(0)+'-5> - +*$%(+>4(= 4(0')'1*5'-5>B [4]. 

!/6 .'/$0'1*+$6 &0(%+$(1A) ./*-5$+ ';A,+' $-.'/>8<B5-6 G(-

/',+A( 0*;',$( @$9&'-5$, 1 &'5'0A) .'99(0@$1*(5-6 +(';)'9$%A= 

<0'1(+> 0E. I(7</$0'1*+$( 168&'-5$ .0'$81'965 9';*1/(+$(% 1'9A. 

H%(BG$(-6 :%.$0$,(-&$( 9*++A( .'&*8A1*B5, ,5' <0'1(+> 0E 0(7<-

/$0<(5 -&'0'-5> )$%$,(-&'7' 18*$%'9(=-51$6 $ %*&-$%*/>+' 1'8%'@-

+<B -&'0'-5> .'/$0'1*+$6. F9+*&' :5$ 9*++A( .0'5$1'0(,$1A. K*&, 1 

[4, 6] +*;/B9*/'-> %'+'5'++'( <1(/$,(+$( -&'0'-5$ .'/$0'1*+$6 .0$ 

1'80*-5*+$$ <0'1+6 0E (.0$ pH *8,5). D 5' @( 10(%6 1 [10, 11] .'/<,(+* 

+(%'+'5'++*6 18*$%'-168> -&'0'-5$ .'/$0'1*+$6 $ pH (0$-. 3). 30'5$1'-

.'/'@+*6 5(+9(+?$6 ;A/* ';+*0<@(+* 1 [4] 1 5'% @( 9$*.*8'+( 0E. 
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D ';'$) -/<,*6) ;A/* $-.'/>8'1*+* 0*;',*6 @$9&'-5> +* ;*8( SC-1. E*-

;/B9*(%*6 0*8+$?* %'@(5 ;A5> -168*+* - 1/$6+$(% 9';*1'&. 

L5' ';-5'65(/>-51' 9(/*(5 50<9+A% -0*1+(+$( 9*++A) 0*8/$,+A) 

$-5',+$&'1. 30'5$1'0(,$6 -<G(-51<B5 $ 1 $+5(0.0(5*?$$ :&-.(0$-

%(+5*/>+A) 9*++A). K*&, .0$-<5-51$( .$&* ';M6-+6(5-6 1 [10] 0(8&$% 

$8%(+(+$(% 7$90'C';+'-5$ .'/$0<(%'= .'1(0)+'-5$ 1 ',(+> <8&'% 

$+5(01*/( 1(/$,$+ 0E. J 90<7'= -5'0'+A, :5'5 :CC(&5 +( +*;/B9*(5-6 

1 [4, 6], * 1'8%'@+'( <%(+>4(+$( -&'0'-5$ .'/$0'1*+$6 -168A1*(5-6 - 

9(70*9*?$(= *;0*8$1+A) ,*-5$? 1 0*;',(= @$9&'-5$ [4]. J&'0'-5> .'-

/$0'1*+$6 8*1$-$5 '5 /'&*/>+'= 5(%.(0*5<0A 1 8'+( 0(*&?$$. K*&, '+* 

1'80*-5*(5 +* .'069'& .0$ <1(/$,(+$$ 5(%.(0*5<0A - 30 9' 80 °J [4] 

(0$-. 4). 

 

I$-. 3. D8*$%'-168> -&'0'-5$  

.'/$0'1*+$6 $ 0E .' [10] 

I$-. 4. D8*$%'-168> -&'0'-5$ .'/$0'1*+$6 

&0(%+$(1'= ./(+&$ $ 5(%.(0*5<0A .' [4] 

#*0*&5(0 :5'= 8*1$-$%'-5$ '5/$,*(5-6 '5 :&-.'+(+5A, ';A,+' 

.0$-<G(= 5(%.(0*5<0+A% :CC(&5*% 1 C$8$&'-)$%$,(-&$) .0'?(--*) 

.'9';+'7' 5$.*. "*,(-51(++'( ';M6-+(+$( :5'7' '5/$,$6 1 [4] -168A1*-

(5-6 - 9$--$.*?$(= 5(./'1'7' .'5'&* 1 8'+( 0(*&?$$. F9+*&' 5*&'( 

';M6-+(+$( .0(9-5*1/6(5-6 +(9'-5*5',+A%, 5*& &*& 0'-5 5(%.(0*5<0A 

0*8/$,+A% ';0*8'% -91$7*(5 )$%$,(-&'( 0*1+'1(-$( 9/6 0*8+A) 0(*&-

?$= +* .'1(0)+'-5$ 0*89(/* 0*;',(= @$9&'-5$ $ .'/$0<(%'= .'1(0)-

+'-5$, * 5*&@( 1 .0'?(--*) 9$CC<8$$. D 0(8</>5*5( %'7<5 0(*/$8'1*5>-

-6 0*8/$,+A( %()*+$8%A '59(/(+$6 ,*-5$? .'/$0<(%'7' %*5(0$*/* 

.0$ 1'89(=-51$$ *;0*8$1+A) ,*-5$?. " <0'1+B 0E ',(+> ,<1-51$5(/>-

+* 168&'-5> 0*;',(= @$9&'-5$. D68&'-5> 1A-'&* 1./'5> 9' pH ( 7,5 

[7, 12]. N*5(% '+* 0(8&' .*9*(5 $ '-5*(5-6 .0*&5$,(-&$ .'-5'6++'= .0$ 

pH * 8,5. L5' 61/(+$( ';M6-+6(5-6 <-$/(+$(% :/(&50'-5*5$,(-&'7' '5-
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5*/&$1*+$6 .0$ pH > 7,5, ,5' .0$1'9$5 & 0*89(/(+$B &'//'$9+A) ,*--

5$?. 3' :5'= .0$,$+( %'@+' '@$9*5> -<G(-51(++A) $8%(+(+$= 168&'-

-5$ 1 )'9( .0'?(--* .'/$0'1*+$6, 5*& &*& /'&*/>+*6 &'+?(+50*?$6 

&'%.'+(+5'1 .0$ .'/$0'1*+$$ %(+6(5-6 $ /'&*/>+A= <0'1(+> 0E 

<%(+>4*(5-6 [10, 12]. D -1'B ',(0(9>, $8%(+(+$( 168&'-5$ 1/$6(5 +* 

7$90'9$+*%$&< $ %()*+$,(-&$( .0'?(--A 1 8'+( 0(*&?$$. 

D 0*;',(= @$9&'-5$ 9$-.(07$0'1*+A ,*-5$?A *;0*8$1*. 

D #23 $-.'/>8<(5-6 4$0'&$= &0<7 *;0*8$1+A) %*5(0$*/'1. F+ 

1&/B,*(5 Al2O3, SiO2, SiC2, Si3N4, */%*8 $ 90. [13]. !$*.*8'+ 0*8%(-

0'1 ,*-5$? '5 7)10 +% 9' 10 %&% [1, 16, 17]. I*-.0(9(/(+$( *;0*8$1-

+A) ,*-5$? .' 0*8%(0*% 1/$6(5 +* -&'0'-5> .'/$0'1*+$6. O'/(( 5'-

7', '9+* $8 .0';/(% .0'?(--* ./*+*0$8*?$$ -'-5'$5 1 ';0*8'1*+$$ 

%$&0'?*0*.$+ +* ';0*;*5A1*(%'= .'1(0)+'-5$. P/<;$+* ?*0*.$+ 

&'00(/$0<(5 - %*&-$%*/>+A% 0*8%(0'% *;0*8$1+A) ,*-5$? $/$ $) 

&'+7/'%(0*5'1. Q*-5' $-.'/>8<B5 '&0<7/A( ,*-5$?A SiO2 0*8%(0'% 

20)70 +% [4, 13]. Q*-5$?A ',(+> %*/A, +' %'7<5 ';0*8'1A1*5> &'+7-

/'%(0*5A [13]. 3'-/(9+$( 5*&@( %'7<5 70<..$0'1*5>-6 1 -(5$ $/$ 

?(.',&$. F;0*8<(5-6 +(&'5'0'( &'/$,(-51' ',(+> ;'/>4$) ,*-5$? 

(10 %&% [13]. !/6 $) <9*/(+$6 $-.'/>8<B5-6 -.(?$*/>+A( C$/>50A. 

30'?(-- ';M(9$+(+$6 ,*-5$? ,<1-51$5(/(+ & <0'1+B 0E 1 0*;',(= 

@$9&'-5$. K*&$% ';0*8'%, 1(/$,$+* 0E 1/$6(5 &*& +* 168&'-5> 0*;'-

,(= @$9&'-5$, 5*& $ +* 5(+9(+?$B & *70(7$0'1*+$B *;0*8$1+A) ,*--

5$? .0$ .'/$0'1*+$$. 

E* -&'0'-5> .'/$0'1*+$6 -$/>+' 1/$6(5 &'+?(+50*?$6 *;0*8$1-

+A) ,*-5$? 1 0*;',(= @$9&'-5$. "'79* 0*8;*1/(+$( +(1(/$&', <1(/$-

,$1*(5-6 ,$-/' *70(7*5'1 +* .'/$0'1*/>+$&(. R-/$ 0*8;*1/(+$( 1(/$&', 

-&'0'-5> .'/$0'1*+$6 .*9*(5 &*& 0(8</>5*5 <%(+>4(+$6 &'/$,(-51* 

*;0*8$1+A) ,*-5$? +* 70*+$?(. N*%(5$%, ,5', &*& .'&*8*+' 1 [6], -&'-

0'-5> .'/$0'1*+$6 -50(%$5-6 & +</B, (-/$ <%(+>4*(5-6 9' +</6 &'+-

?(+50*?$6 *;0*8$1+A) ,*-5$?, 1 5' @( 10(%6 9*++A( [4] .'&*8A1*B5, 

,5' 1 .'9';+'= -$5<*?$$, -168*++'= - 1A-'&$% <0'1+(% 0*8;*1/(+$6, 

-&'0'-5> .'/$0'1*+$6 -5*;$/$8$0<(5-6 +* <0'1+( ( 5 +%/%$+. 

N*1$-$%'-5> -&'0'-5$ .'/$0'1*+$6 '5 -&'0'-5$ '5+'-$5(/>+'-

7' 91$@(+$6 .'/$0'1*/>+$&* $ ';'=%A +(%'+'5'++* $ ,<1-51$5(/>-

+* & -'-5*1< *;0*8$1+A) ,*-5$? [6]. D .0$1(9(++'% $--/(9'1*+$$ 

%*&-$%<% +*;/B9*/-6 .0$ 2 % 1(-'1'= &'+?(+50*?$$ ,*-5$? 

(0$-. 5). 
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I$-. 5. D8*$%'-168> -&'0'-5$ .'/$0'1*+$6 $ -&'0'-5$  

'5+'-$5(/>+'7' 91$@(+$6 .'/$0'1*/>+$&* $ ';'=%A  

9/6 <&*8*++'7' 1(-'1'7' -'9(0@*+$6 ,*-5$? [6] 

!/6 ./*+*0$8*?$$ -/'@+A) &<-',+'-'9+'0'9+A) .'1(0)+'-5(= 

$-.'/>8<B5-6 -.(?$*/>+A( %+'7'-5*9$=+A( 5()+'/'7$$ #23. L5$ 

5()+'/'7$$ 1&/B,*B5 +*+(-(+$( $ <9*/(+$( .*--$1*?$'++A) -/'(1 $ 

%*-'& [12]. 30';/(%A .'/$0'1*+$6 &<-',+'-'9+'0'9+A) .'1(0)+'-5(= 

*+*/$8$0<B5-6 1 [12, 14–16]. K0<9+'-5$ '9+'10(%(++'= ./*+*0$8*?$$ 

;'/>4$) $ %*/A) :/(%(+5'1 .'1(0)+'-5$ .0$1(/$ & 0*81$5$B -.(?$-

*/>+A) #23-5()+'/'7$=, &'5'0A( -.'-';+A .0('9'/(5> :CC(&5 $-&*-

@(+$6 .0'C$/6 .'/$0'1*+$6 (dishing) [1, 15]. L5' 61/(+$( -168*+' - 

;'/(( $+5(+-$1+A% *;0*8$1+A% $8+'-'% '5+'-$5(/>+' %67&$) <,*-5-

&'1 .'/$0<(%'= .'1(0)+'-5$, 0(/*&-*?$(= 9(C'0%*?$$ .'/$0'1*/>+$-

&*, * 5*&@( - 1'8%'@+A% 0*8/$,$(% %()*+$8%'1 <9*/(+$6 %*5(0$*/* 1 

8'+*) %()*+$,(-&'7' $ 7$90'9$+*%$,(-&'7' &'+5*&5* %(@9< .'/$0'-

1*/>+$&'% $ .'/$0<(%'= .'1(0)+'-5>B [14]. 

2. 3*#"&% /1*4"--0 536 

F9+* $8 '-+'1+A) .0';/(% 5('0$$ #23 8*&/B,*(5-6 1 <5',+(+$$ 

'5+'-$5(/>+'= 0'/$ %()*+$,(-&$) $ )$%$,(-&$) 61/(+$= 1 .'/$0'1*-

+$$ $ ./*+*0$8*?$$ [17]. D +(&'5'0A) 0*;'5*) #23 0*--%*50$1*(5-6 

&*& .0($%<G(-51(++' %()*+$,(-&$= .0'?(-- [7, 18, 19–22], 1 90<7$) – 

&*& )$%$,(-&$= [3, 10, 11, 23]. 

2()*+$,(-&'( %'9(/>+'( .0(9-5*1/(+$( '.$0*(5-6 +* $--/(9'1*-

+$( 8*1$-$%'-5$ -&'0'-5$ .'/$0'1*+$6 '5 .*0*%(50'1 &'+5*&5+'7' 

18*$%'9(=-51$6 -C(0$,(-&$) *;0*8$1+A) ,*-5$? $ .'/$0<(%'= .'1(0)-

+'-5$ [17, 22]. L%.$0$,(-&$= *+*/$8, &*& .0*1$/', '-+'1A1*(5-6 +* -'-
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'5+'4(+$6), .'9';+A) 8*&'+< 30(-5'+* (1). J %()*+$,(-&'= 5',&$ 80(-

+$6 .0'?(-- .'/$0'1*+$6 .0(9-5*1/6(5-6 .'9';+A% 50(+$B. 3':5'%< 

50$;'/'7$,(-&$( %'9(/$, 1 ,*-5+'-5$ %'9(/$ &'+5*&5* ,(0(8 -/'= -%*8-

&$, 4$0'&' $-.'/>8<B5-6 9/6 '.$-*+$6 .0'?(--* .'/$0'1*+$6 [20, 24]. 

K(,(+$( -%*8&$ %'9(/$0<(5-6 1 -''51(5-51$$ - 7$90'9$+*%$,(-&'= 5('-

0$(= -%*8&$ 3(50'1*–I(=+'/>9-* [8]. #$%$,(-&$= .'9)'9 & %'9(/$0'-

1*+$B #23 '-+'1*+ +* .0(9.'/'@(+$$, ,5' )$%$,(-&$( 0(*&?$$ 0(7<-

/$0<B5 '-+'1+A( .0'?(--A 5()+'/'7$$ .'/$0'1*+$6, $ -&'0'-5> .'/$-

0'1*+$6 $ (7' &*,(-51' +(.'-0(9-51(++' 8*1$-65 '5 -&'0'-5$ :5$) 

)$%$,(-&$) .0'?(--'1. 

2*--'.(0(+'- '.0(9(/6(5-6 '5+'-$5(/>+A%$ -&'0'-56%$ -/(-

9<BG$) .0'?(--'1: 0*-51'0(+$(% .'1(0)+'-5+'7' -/'6 .'9 +*70<8&'=; 

91$@(+$(% 0*-51'0* 1 .'1(0)+'-5+'% -/'(; *9-'0;?$(= '59(/$14$)-6 

(0*-51'0(++A)) %*-- +* .'1(0)+'-5$ ,*-5$?; -&'0'-5>B ';0*5+'7' 

'-*@9(+$6 '59(/$14$)-6 %*--; +*0<4(+$(% .'1(0)+'-5$ -5*/&$1*B-

G$)-6 ,*-5$? [8]. 

T('0(5$,(-&$( 0*;'5A 1 ';/*-5$ #23 %'@+' +*=5$ 1 [9, 18, 19, 

20]. D :5$) -5*5>6) '-+'1+'( 1+$%*+$( <9(/6(5-6 7$90'9$+*%$,(-&$% 

*-.(&5*% .0'?(--* .'/$0'1*+$6. 3'/$0'1*/>+$& -,$5*(5-6 @(-5&$% 

5(/'% [20]. 3'/$0'1*/>+$& $ .'/$0<(%*6 .'1(0)+'-5> -,$5*B5-6 ./'-

-&$%$ $/$ $%(BG$%$ C$&-$0'1*++<B &0$1$8+<. E* 70*+$?( .0$+$%*-

(5-6 <-/'1$( 5(,(+$6 ;(8 .0'-&*/>8A1*+$6. I*;',*6 @$9&'-5>, -'9(0-

@*G*6 *;0*8$1+A( ,*-5$?A, -,$5*(5-6 +(-@$%*(%'= +>B5'+'1-&'= 

@$9&'-5>B - .'-5'6++'= 168&'-5>B. 

S*%$+*0+'( 5(,(+$( 0*;',(= @$9&'-5$ '.$-A1*(5-6 &*& -5*?$'-

+*0+'( 5(,(+$( 50()%(0+A%$ <0*1+(+$6%$ E*1>(-J5'&-*. F;/*-5> 5(-

,(+$6 .0$+$%*(5-6 1 1$9( ',(+> 5'+&'7' ./'-&'7' 9$-&*. E* 1+(4+(= 

70*+$?( .0$+$%*(5-6 <-/'1$( '5-<5-51$6 9*1/(+$6. J&'0'-5> '5+'-$-

5(/>+'7' 91$@(+$6 1(0)+(= $ +$@+(= .'1(0)+'-5(= 9$-&* -,$5*(5-6 

.0'.'0?$'+*/>+'= 5(&<G(%< 0*9$<-< 10*G(+$6 $ <7/'1'= -&'0'-5$ 

9*++'= 5',&$. "0*(1*6 8*9*,* 0(4*(5-6 ,$-/(++' %(5'9'% P*/(0&$+* $ 

%(5'9'% &'+(,+A) :/(%(+5'1. 

K'/G$+* -/'6 @$9&'-5$ '.0(9(/6(5-6 91<%6 <-/'1$6%$. D'-

.(01A), -/'= @$9&'-5$ .0$ .'/$0'1*+$$ 9'/@(+ .'99(0@$1*5> ';'=-

%< - ';0*;*5A1*(%'= ./*-5$+'= $ .0$/'@(++<B & +$% +*70<8&<. D5'-

0'( <-/'1$( -168*+' - 50(;'1*+$(% '5+'-$5(/>+' %'%(+5* -$/A, 1'--

.0$+$%*(%'7' -/'(% @$9&'-5$. L5'5 %'%(+5 9'/@(+ $%(5> &'%.'+(+-
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5A, 0*1+A( +</B 1 ./'-&'-5$, .(0.(+9$&</60+'= '-$ 10*G(+$6 ';'=-

%A, 5*& &*& %()*+$8% +( .'99(0@$1*(5 %'%(+5 1 :5'= ./'-&'-5$. 

Q$-/(++A( 0(4(+$6 9(%'+-50$0<B5 8*1$-$%'-5> 5'/G$+A -/'6 

0*;',(= @$9&'-5$ '5 '-+'1+A) .*0*%(50'1 .0'?(--*, 5*&$) &*& &0$-

1$8+* ';0*;*5A1*(%'= ./*-5$+A, 168&'-5> 0*;',(= @$9&'-5$ $ -&'-

0'-5> 10*G(+$6. 3'&*8*+', ,5' 9/6 5$.$,+A) .*0*%(50'1 #23 )*0*&-

5(0+* 5'/G$+* -/'6 .'069&* 10)50 %&%. K'/G$+* -/'6 <1(/$,$1*(5-6 

.0$ <1(/$,(+$$ 168&'-5$ 0*;',(= @$9&'-5$. L5'5 0(8</>5*5 &'00(/$-

0<(5 - 50$;'/'7$,(-&'= %'9(/>B (2) [8]. 

L0'8$'++*6 %'9(/> $%((5 ?(/>B -'(9$+$5> )$%$,(-&$( :CC(&5A, 

%'9(/$0<(%A( 1 %*-45*;( *;0*8$1+'= ,*-5$?A, - .0'?(--*%$ 1 %*--

45*;( 1-(= ';0*;*5A1*(%'= .'1(0)+'-5$ [9]. L5' 91<%(0+*6 %'9(/>. 

K'/G$+* -/'6 0*;',(= @$9&'-5$ .0$+$%*(5-6 1 9$*.*8'+( %(@9< 10 $ 

50 %&%, &*& .'&*8*+' 1 <.'%6+<5'= 7$90'9$+*%$,(-&'= %'9(/$ [20]. 

3'/$0'1*/>+$& .0(9-5*1/(+ @(-5&'= 0'1+'= .'1(0)+'-5>B. F;0*;*-

5A1*(%*6 ./*-5$+* .0(9-5*1/(+* 5*&$% @( ';0*8'%. "0'%( 5'7', +* (( 

70*+$?( -<G(-51<(5 +*,*/>+A= 9(C(&5 (1A-5<.). 3'1(0)+'-5> ./*-5$-

+A $8%(+6(5-6 .0$ .'/$0'1*+$$ 8* -,(5 :0'8$$.  0*1+(+$( :0'8$$ 

.0$+65' 1 1$9( 

 + , + ,+ ,, ,n t nv f t t - -  (3) 

79( vn – -&'0'-5> :0'8$$ 1 +*.0*1/(+$$ +'0%*/$ & .'1(0)+'-5$ ./*-

-5$+A, f – :%.$0$,(-&'( -''5+'4(+$( )$%$,(-&'= $ %()*+$,(-&'= 

:0'8$$, -n $ -t – +'0%*/>+'( $ &*-*5(/>+'( +*.06@(+$6 1 9*++'= 5',&( 

.'1(0)+'-5$ ./*-5$+A. 

T<+&?$6 f ;A/* 1A;0*+* 1 :%.$0$,(-&'= C'0%(: 

 + ,+ ,2 ,n t tf kp D - - . -  (4) 

79( p(-n) – -0(9+(( 9*1/(+$(, * k $ D – &'+-5*+5A. J,$5*(5-6, ,5' )$-

%$,(-&$( 0(*&?$$ $ -&'0'-5> 9$CC<8$$ 1/$6B5 +* 1(/$,$+< 9*1/(+$6. 

30'C$/> ';0*;*5A1*(%'= ./*-5$+A, .0(9-&*8*++A= %'9(/>B, 

.'&*8*/ )'0'4(( -''51(5-51$( C'0%( :0'8$'++'7' .0'C$/6, .'/<,(+-

+'7' 1 :&-.(0$%(+5(. U+*/$8$0'1*/*-> 5*&@( 8*1$-$%'-5> &*,(-51* 

./*+*0$8*?$$ '5 )*0*&5(0+A) .*0*%(50'1 -$-5(%A. 
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 .'%6+<5A( %'9(/$ ;A/$ %'9$C$?$0'1*+A [18, 19] - $-.'/>8'-

1*+$(% %'9(/$ D*0+*&* [21] $ &'%;$+*?$$ %'9(/$ &'+5*&5+'7' (:0'-

8$'++'7') 0*80<4(+$6 $ 7$90'9$+*%$,(-&'7' 0*80<4(+$6. 

J'7/*-+' %'9(/$ D*0+*&* [21] -&'0'-5> :0'8$$ %'@(5 ;A5> .0(9-

-5*1/(+* -/(9<BG$% ';0*8'%: 

 + ,+ ,1 , ,n ov v D x t / .  (5) 

79( vo – -0(9+66 -&'0'-5> <9*/(+$6 %*5(0$*/* (-&'0'-5> .'/$0'1*+$6), 

D(x,t) – '5&/'+(+$( '5 -0(9+(= -&'0'-5$. 

30(9-5*1/6(5-6, ,5' 1(/$,$+* vo +( 8*1$-$5 '5 0*8%(0* $ ./'5+'-5$ 

9(C(&5'1. !/6 9'-5*5',+' ;'/>4'= 9/$+A .0'C$/6 L %'@+' 8*.$-*5> 

 
1

 0 n o

L

v dx v
L

 (7) 

$/$ 

 + ,, 0.
L

D x t  0  (8) 

!$-&0(5+*6 C'0%* .0(9A9<G(7' <0*1+(+$6 .0$';0(5*(5 1$9 

 + ,
1

1

0,
N

i i

i

D t x
/

 

1  2  (9) 

79( .0$+65', ,5' Di(x,t)3Di(t), N – &'/$,(-51' 5',(& +* &0$1'= L. 

J&'0'-5> :0'8$$ $8%(+6(5-6 '5 5',&$ & 5',&( $8-8* :CC(&5* «5(-

+$». F+* <%(+>4*(5-6 ;/*7'9*06 :5'%< :CC(&5< +* 1(/$,$+< 

 
1

~ 1,n

i

v
S

1 /  (10) 

79( Si – «5(+(1'= C*&5'0» 5',&$ i. 

«N*5(+(+$(» .0'$-)'9$5 -' -5'0'+A 1A-5<.* (-5(+A) $8-8* 

<%(+>4(+$6 5*% -&'0'-5$ 5(,(+$6. K*&*6 %'9$C$?$0'1*++*6 %'9(/> 

-.'-';+* </<,4$5> '.$-*+$( :0'8$$ 1 0*8+A) %*-45*;*), 1&/B,*6 :C-

C(&5A %+'@(-51(++'7' 1/$6+$6. 

2'9(/>, ';M(9$+6BG*6 .0'?(--A 7$90'9$+*%$,(-&'= :0'8$$ $ 

&'+5*&5+'7' $8+'-*, -,$5*(5-6 +*$;'/(( .(0-.(&5$1+'= [18]. J :5'= 

5',&$ 80(+$6 %()*+$,(-&$( *-.(&5A #23 +*$;'/(( 1*@+A .0$ %'9(-

/$0'1*+$$ .0'?(--'1 1 %*-45*;( *;0*8$1+'= ,*-5$?A. 
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2()*+$,(-&'( 18*$%'9(=-51$( %(@9< *;0*8$1+A%$ ,*-5$?*%$ $ 

';0*;*5A1*(%'= ./*-5$+'= $--/(9'1*+' 1 [22] 1 0*%&*) -5*5$-5$,(-

-&'= %'9(/$ C0$&?$'++'7' $8+'-*. D %'9(/$ -,$5*(5-6, ,5' -C(0$,(-

-&$( *;0*8$1+A( ,*-5$?A 1 0*;',(= @$9&'-5$ 91$@<5-6 %(@9< .'/$-

0'1*/>+$&'% $ ';0*;*5A1*(%'= .'1(0)+'-5>B. D [25], &0'%( :5'7', 

.0$+65', ,5' -&'0'-5> v *;0*8$1+A) ,*-5$? .0$ :5'% .0(9-5*1/6(5 -'-

;'= /$+(=+<B &'%;$+*?$B -&'0'-5(= 91<) .'70*+$,+A) .'1(0)+'-5(= 

G(/$ v1 $ v2 -''51(5-51(++': 

 1 1 2 2 ,v v v 4 .4  (10) 

79( 41 $ 42 – 1(0'65+'-5> &'+5*&5* (.0$/$.*+$6) ,*-5$? - .'1(0)+'-

-56%$ 1 $ 2 -''51(5-51(++'. J0(9+66 1(/$,$+* :5$) 1(0'65+'-5(= '?(-

+$1*(5-6 ,(0(8 51(09'-5> .' O0$+(//B (HB1) $ (HB2) .'1(0)+'-5(= 1 $ 

2 -''51(5-51(++' 

 2 1
1 2

1 2 1 2

HB HB
, ,

HB HB HB HB
4  4  

. .
 (11) 

1 2 1.4 .4   

"*& 0(8</>5*5 *+*/$8* 1 [22] .'/<,(+' <0*1+(+$( -&'0'-5$ .'/$-

0'1*+$6, .'9';+'( 8*&'+< 30(-5'+*. F5/$,$( -'-5'$5 1 5'%, ,5' &':C-

C$?$(+5 .0'.'0?$'+*/>+'-5$ 1A,$-/6(5-6 .' 51(09'-5$ $ %'9</B <.-

0<7'-5$ .'/$0'1*/>+$&* $ ./*-5$+A. 

F9$+ $8 1'8%'@+A) %()*+$8%'1 '59(/(+$6 ,*-5$? %*5(0$*/* '5 

';0*;*5A1*(%'= .'1(0)+'-5$ %'@(5 5*&@( ;*8$0'1*5>-6 +* :CC(&5( 

I(;$+9(0*–D(-51<9* [26]. 

"'%./(&-+A= .'9)'9 & .'-50'(+$B %'9(/$ #23 +*,$+*(5 .0(-

';/*9*5> 1 -'10(%(++A) 0*;'5*). K*&, 1 [27] .'-50'(+* %'9(/>, <,$5A-

1*BG*6 %+'7$( 9(5*/$ .0'?(--*. F-+'1+'( .0(9.'/'@(+$(, $-.'/>-

8<(%'( .0$ :5'%, – ./*-5$,(-&$= )*0*&5(0 *;0*8$1+'7' &'+5*&5* ,*--

5$?A &*& - .'/$0<(%'= .'1(0)+'-5>B, 5*& $ - .'/$0'1*/>+$&'% .0$ 

+'0%*/>+'% 0*-.0(9(/(+$$ ,*-5$? .' 0*8%(0*% $ .(0$'9$,(-&'% )*-

0*&5(0( 4(0')'1*5'-5$ .'/$0'1*/>+$&*. D/$6+$( )$%$,(-&'7' 18*$-

%'9(=-51$6 <,$5A1*(5-6 11(9(+$(% .*0*%(50* 9$+*%$,(-&'= 51(09'-

-5$ .'1(0)+'-5$. J,$5*(5-6, ,5' *&5A *;0*8$1+'7' 18*$%'9(=-51$6 

.0'$-)'965 5'/>&' +* 1A.<&/'-56) '59(/>+A) 4(0')'1*5'-5(= .'/$-
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0'1*/>+$&*. D 0*;'5( .0'9(%'+-50$0'1*+' :&-.(0$%(+5*/>+'( .'9-

51(0@9(+$( .'/<,(++A) -''5+'4(+$= 9/6 -&'0'-5$ .'/$0'1*+$6. 

!(5*/>+'( $8<,(+$( &'+&0(5+A) :/(%(+5'1 .0'?(--* $ -%(@+A) 

5()+'/'7$,(-&$) .0'?(9<0 -5*+'1$5-6 ';M(&5'% ,$-/(++A) %(5'9'1 

*+*/$8*. " +$% '5+'-$5-6, +*.0$%(0, $-.'/>8'1*+$( &'+(,+'-:/(%(+5-

+'7' *+*/$8* 9/6 .'-50'(+$6 .0'C$/6 '-*@9(++'7' .'&0A5$6 [28] $/$ 

0*-,(5 +*.06@(++'7' -'-5'6+$6 .'/$0<(%'= .'1(0)+'-5$ [29]. 

30$1(9(++A= ';8'0 .'&*8A1*(5, ,5' $81(-5+A( %'9(/$ .0'?(--* 

#23 '-+'1*+A +* 50*9$?$'++A) .'-5*+'1&*) 8*9*, %()*+$&$ &'+-

5*&5+'7' 18*$%'9(=-51$6, *;0*8$1+'7' $8+'-* $ 5('0$$ -%*8&$. L5$ 

%'9(/$ +( <,$5A1*B5 18*$%'9(=-51$( - .'/$0<(%'= .'1(0)+'-5>B .'-

0$-5'7' 168&'<.0<7'7' .'/$0'1*/>+$&*, * 5*&@( %()*+$8% 0(*/$8*?$$ 

:/(%(+5*0+A) *&5'1 5*&'7' 18*$%'9(=-51$6. 

L&-.(0$%(+5*/>+A( 9*++A(, .0$1'9$%A( 1 0*8/$,+A) $-5',+$-

&*), $+'79* .0'5$1'0(,*5 90<7 90<7<, ,5' 61/6(5-6 .0$8+*&'% +(9'-5*-

5',+'7' .'+$%*+$6 ;*8'1A) 61/(+$= 1 $8<,*(%'= ';/*-5$ $ .0(.65-5-

1<(5 $+5(0.0(5*?$$ 9*++A). F; :5'% 5*&@( -1$9(5(/>-51<(5 '5-<5-5-

1$( 9*++A) .' +(&'5'0A% 1*@+A% 9(5*/6% .0'?(--*, 5*&$% &*& 

)$%$,(-&$( *-.(&5A %$&0'%()*+$,(-&'7' 18*$%'9(=-51$6 *;0*8$1+A) 

,*-5$? - .'1(0)+'-5>B, <-/'1$6 $ %()*+$8%A *97(8$$ .0'9<&5'1 .'/$-

0'1*+$6 - ,*-5$?*%$, .'/$0<(%'= .'1(0)+'-5>B, * 5*&@( - .'1(0)+'-

-5>B .'/$0'1*/>+$&*. 

K*&$% ';0*8'%, & +*-5'6G(%< 10(%(+$ +( .'/+'-5>B -/'@$/'-> 

.'+$%*+$( -'1'&<.+'-5$ 61/(+$=, .0'$-)'96G$) 1 0*;',(= 8'+( .'/$-

0'1*+$6, $ 0*80*;'5&* %'9(/(=, &*,(-51(++' $ &'/$,(-51(++' *9(&1*5-

+A) 5()+'/'7$,(-&$% .0'?(--*% #23, '-5*(5-6 *&5<*/>+A% +*<,+A% 

+*.0*1/(+$(%. 

 

I*;'5* 1A.'/+(+* .0$ .'99(0@&( 30'70*%%A C<+9*%(+5*/>+A) 

$--/(9'1*+$= 30(8$9$<%* IUE V 13. 

7%8&%*+109%,"-.%: -/%-*. 
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