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THE FATIGUE LIFE-TIME PROPAGATION OF THE CONNECTION 

ELEMENTS OF LONG-TERM OPERATED HYDRO TURBINES 

CONSIDERING MATERIAL DEGRADATION 

The work deals with development of a new approach for forecasting a high-cycle fatigue life-
time of bolted connection of hydro turbines runner. Operation of hydro turbines on normal operation 
condition does not lead to high stresses rates in bolted connection. However the high cycle fatigue fail-
ures have been occurred. High rates stresses occur in bolted connection in transient (start/stop) re-
gimes of hydro turbines operation. The frequency of transient regimes occurrence depends from many 
factors and defined in this paper as a random function of time. Long-time bolted connection operation 
lead to natural degradation of material (aging). The degradation process is also a random process of 
time. So, this work pays attention to developing stochastic mathematical model of damage accumulation 
that take into account stochastic nature of degradation process and frequency of transient regimes oc-
currence. Application of the developed models is shown on real engineering example. 

Degradation of properties has been modeled as a process of the reduction of fatigue (endur-
ance) limit in time. Kinetics of damage accumulation is introduced in the context of the effective stress 
concept. Mathematical expectation, correlation function and the continuum damage parameter variance 
have been obtained as functions of time. Analysis of the influence of natural aging process on statistical 
parameters of damage accumulation as well as on the life-time has been carried out. The stress-strain 
state of bolted connection is determined by finite element method.  

Keywords: fatigue, life-time, bolted connection, hydro turbine, material degradation, aging, 
damage models, probability approach, transient regimes, finite element method. 

Introduction 

Reliability analysis for many types of engineering structures is per-
formed in accordance with the parameters of static and dynamic stress-strain 
state which occur under nominal operating conditions. The design is per-
formed considering safety factors which provide high reliability for these 
operating regimes. Nevertheless, fatigue failures often occur in the various 
elements of different machines. The practical and theoretical issues of the 
fatigue strength prediction for real mechanical systems are still relevant in 
spite of the detailed description of the history of occurrence and investiga-
tion of the causes of fatigue failures for different machines and mechanisms 
represented in numerous sources (for example, [1–4]). Among all the 
mechanisms experiencing fatigue strength problems, structural elements of 
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hydro turbines represent a significant part. Depending on the specifics of 
construction of the rotor and the flow part, certain elements of a turbine are 
susceptible to fatigue. 

A large number of fatigue failures, detected in various components of 
hydro turbines demonstrate that the models of reliability prediction of such 
elements are not accurate enough. It is caused by considerable complexity of 
the processes in hydro turbines during their considerable service life. The 
present work studies the elements which are most of all susceptible to fa-
tigue in the Kaplan turbines: elements of the blades rotating mechanism [5–
6], blades [7], drive elements [8] and the rotor on the whole [9]. 

An important issue is represented by fatigue strength of bolted con-
nections, as its failures may lead to the failure of the whole structure. There 
are a lot of papers on the problems of analysis, design and use of threaded 
joints [10] (this paper provides references to more than 700 papers pub-
lished between 1990 and 2002), as well as design recommendations of 
bolted joints are widely used [11–12], the issues of strength analysis and 
reliability of bolted connections forecasting remains actual [13]. Calculation of 
fatigue strength of rotor wheel bolted connection has a range of peculiarities 
such as the presence of corrosive environment [14–15]. Therefore, evaluation 
of reliability of bolted rotor wheel is an important engineering problem. 

Despite the large number of papers on the fatigue strength of elements 
of hydro turbines [5–13] most approaches to the analysis of reliability and 
life-time consider the elements of construction as variable or random load-
ing amplitude with fixed frequency or random fatigue endurance limit [16]. 
However, this leads to omission of consideration of a large class of prob-
lems of reliability theory, where the life-time is determined by the work on 
the transient regimes. Naturally, the life-time depends on the frequency of 
transient regimes, which is determined by the operation conditions, and is 
therefore subject to changes. So, the frequency of transient regimes occur-
rence is of random nature. Thus, we can distinguish a number of cases 
where the amplitude of loading is a deterministic value, but the frequency of 
transient regime occurrence is a random process. 

In practice, operating of hydro turbines units in the CIS countries led 
to a number of failures of bolted connections and pin joints of the turbines, 
however their nominal (design) life-time has not got worked out [17]. The 
result of metallographic appraisal has been shown that the type of fracture 
crack corresponds to the high cycle fatigue (Fig. 1). 
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Fig. 1. Hydro turbine driven wheal bolts (M110x4)  
after 30 years of operation at Dnipro Hydroelectric  

Station 

Due to the relatively low incidence of transient regimes as well as 
high values of safety factor, which is built into at the design stage, the life-
time of such engineering structures becomes comparable with the time of 
natural degradation (aging) processes in materials. Natural aging is a set of 
irreversible microstructural, physical and chemical changes in the material. 
The study of these processes is performed experimentally. The information 
is limited and the obtained data has a considerable variance. The latter de-
termines the necessity of probabilistic models of life-time prediction, which 
taking into account degradation of mechanical properties of materials. 

Thus, the actual task is to develop models and approaches to the reli-
ability analysis and forecasting the life-time of runner bolted connection 
with a significant design life-time in the stochastic way, considering the 
strength degradation of the material and random frequency of transient re-
gimes. The object of study is the bolted connection of the runner of the hy-
droturbine PL40-V-700 (Dnipro Hydroelectric Station, the Dnipro River, 
Ukraine). The bolts are made from material closed to 45 steel (EN steel 
name is C45). 

1. Loading characteristics 

Nominal operating regime corresponds to a low rate loading of hydro 
turbines elements. Hydro turbines have a significant advantage in compari-
son with other sources of power generation: the short period of time for 
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launching and connecting to electricity network. This period of time is about 
a minute. Therefore, hydroelectric units (HU) are regularly used to manage 
the daily electricity consumption peaks. This increases the number of starts / 
stops of HU, making the frequency of occurrence of transient regimes be 
a random process. 

Statistics of PJSC ”Ukrhydroenergo” on the number of HU launches 
per month for different machines of the Dnipro cascade is shown in Fig. 2. 

 
Fig. 2. The graph of dependence of the frequency of occurrence  
of transient regimes on time statistics PJSC ”Ukrhydroenergo” 

In the current investigation we introduce the hypothesis of the station-
arity of the random process of the incidence of such regimes. This means 
that probabilistic characteristics of the process do not depend on the starting 
time (on the beginning of observation). In accordance with this assumption, 
the probabilistic characteristics of the process can be determined through 
statistical data processing, namely the average frequency of starts per month 

ω , their variance Var[ω], and coefficient of variation Vω. Numerical val-

ues are given in Table 1. 
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where n is the number of frequency in the dataset, ωi – i-th frequency.  
In these formulae we introduce notation <...> – for the mathematical 

expectation operator and Var [...] for the operator of taking variance, V – for 
the coefficient of variation. 

Table 1 

Values of statistical parameters of the function ω(t) 

< ω> Var[ω] Vω 
32,67 158,97 0,38 

 
Another important characteristic of HU starts frequency as a random 

process is a correlation function. Its reliable determination requires much 
more statistical data, which results in considerable difficulties. Therefore, in 
this paper we propose to a priori postulate the form of the correlation func-
tion, and only define its parameters. 

An exponential law [18–19] is proposed as such an approximation 
with variance (Var[ω]) and intensity (λω) of the incidence of the dangerous 
regime as its parameters 

 ( ) ( )1 2 2 1, [ ] expK t t Var t tω ω= ω ⋅ −λ ⋅ − . (4) 

Exponential correlation function of ω(t) random process has a finite 
correlation period; it determines the time frame within which occurrences of 
the dangerous regimes are set as statistically independent. For example, op-
eration of hydro turbines in Dnipro cascade (Ukraine) has number of secon-
dary factors (e.g. weather around the country and in neighboring lands), 
which leads to a unique situation from month to month according to the ex-
pert judgment. So, representative period of time can be set as 1 month. 
Sometimes, the stricter dependences in operation of such system can be 
found: seasonal or yearly interactions. 

So, the correlation function in the exponential form shows that the 
frequency of occurrence of the dangerous regimes is almost the same in 
close periods of time; but this trend fades with the time, and the velocity of 
this process is determined by the correlation function intensity parameter 
(λω). The intensity parameter is determined on the basis of the correlation 
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time (τωk), i.e. the period of time necessary for the expected statistical influ-
ence of frequency of a dangerous regime within time t1 on the frequency of 
this mode within time t2 to vanish. So, the correlation time is a system 
memory concerning its service life that can be calculated using the follow-
ing equation [18–19]: 

 ( )
0

1

[ ]k K d
Var

∞

ω ωτ = τ τ
ω  , 2 1t tτ= − , (5) 

 
k

ω
ω

1λ = τ . (6) 

According to the presented example of the expert judgment about the 
hydro turbines in Dnipro cascade operational conditions the correlation time 
for the frequency of occurrence of the dangerous regimes can be set to 1, 3, 
6 or 12 months. 

2. Determination of loads affecting the bolted connection 

Assessment of the nature of the transient process can be carried out by 
using the results of full-scale tests. Such tests have been performed on simi-
lar to HU in Dnipro Hydroelectric Power Plant on Chardara Dam (Kaplans 
turbines PL-661-VB-500, the Syr Darya river, Kazakhstan) [20–21], during 
which a number of parameters were measured, including the axial force and 
torque on the turbine shaft. Axial force and torque on shaft of HU on Chard-
ara Dam can be scaled to HU of Dnipro power plant: 
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where MCh(t) is torque in the hydraulic unit of Chardara Dam; MD(t) – 
torque in the hydraulic unit Dnipro Hydroelectric Power Plant; Pax

Ch(t) – the 
axial force in the hydraulic unit ofthe Chardara Dam; Pax

D(t) – the axial 
force in the hydraulic unit of the Dnipro Hydroelectric Power Plant; HCh– 
head at the Chardara Dam; HD– head at the Dnipro Hydroelectric Power 
Plant; DCh–diameter of the runner at the Chardara Dam; DD–diameter of the 
runner at the Dnipro Hydroelectric Power Plant.  
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Fig. 3. Graph of dependency of torque МD(t) and axial  

force Pax
D (t) on the time of operation of the hydraulic unit 

The graph of the obtained dependences of axial force and torque on 
the shaft of the hydraulic turbine PL40-V-700 is shown in Fig. 3. 

3. Study of stress-strain state of bolted connection. 

These characteristics of the loading (fig. 3) allow estimating the bolted 
connection stress-strain state. Loading frequencies that are relatively low 
compared to rotor eigenfrequencies allow to solve problem of investigating 
stress-strain state in the quasistatic formulation. Since the axial force and 
torque on the whole rotor shaft can be considered constant, it is possible to 
select a piece of the flange of the rotor and runner that correspond to one 
bolt (Fig. 4, a) and take into account the cyclic symmetry with respect to the 
rotation axis (Fig. 4, b).The finite element (FE) model has been built con-
sidering the bolt threads. The thread profile has been built according to 
GOST 9150-81, GOST 8742-81 and GOST 24705-81, however, with the 
purpose of simplifying the application of the finite element mesh, the 
threads are formed as a rotation body without regard to helicity (Fig. 4, c). 

Boundary conditions are implemented as follows: the upper edge of 
the shaft is clamped, and the lower edge is exposed to application of force 
equivalent to the axial force and torque. It should also be noted that the contact 
interaction between the flange of the shaft, the runner and a bolt is considered 
in the FE model. For finite element analysis the existing software is used. 

As a boundary condition simulating the tightness of bolts, the initial 
offset (tightness) of the head of the bolt relative to the support surface by the 
amount Δ is set. 
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a b c 

Fig. 4. FE models: a – sector of shaft with one bolt; b – sector of shaft, with regard  
to the cyclic symmetry; c – bolt 

Fig. 5 shows the distribution of displacement and stress on the bolt at 
the moment of time t = 90 seconds with the initial preload Δ = 0,15 mm, 
which corresponds to the tightening elongation δ = 0,106 mm. There are two 
zones of stress s concentration the first one is a thread and the second one is 
a smaller radius fillet under the bolt head. Absolute maximum of von Misses 
equivalent stress has always been observed on the first turn of the thread in 
the calculations. 

 

  
а b 

Fig. 5. The stress-stain state that occurs in the bolt at the moment of time t = 90 s:  
a – von Misses equivalent stress, Pa; b – summary displacement, m 
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Fig. 6 shows the results of the calculation of stress in the bolted con-
nection at the point where the maximum stresses occur (first thread). 

 
Fig. 6. A graph of the dependence of von Misses equivalent  

stress on the hydraulic unit operation time 

4. Investigation of hydraulic turbine bolted connection fatigue  
life-time with respect to peculiarities of operation 

Obtained date about operating parameters of HU and stress-strain state 
of bolted connection allow assessing the fatigue life-time. The life-time is 
determined by the non-localized damage accumulation rate. A lot of differ-
ent models of the fatigue damage accumulation exist, and readers can find 
some of them, for example, in the surveys [22–24]. In this paper an ap-
proach of continuum damage mechanics [25, 26] is used. So, it is assumed 
that cyclic loading leads to the accumulation of the damage D which is in-
troduced in the sense of the Rabotnov-Kachanov theory [27] in the follow-
ing way: 

 0

0

,
A A

D
A

−=  (9) 

where A is an effective resisting area, A0 is initial undamaged area. The ef-
fective area A is the area without damaged part, i.e. it could be obtained 
from A0 by removing the total area of accumulated micro-defects, micro-
cracks, cavities etc. Such definition is used as a hypothesis of the damage 
isotropy, which is associated with the decrease in the cross-section effective 
area in the vicinity of the point of the body, and is set by a scalar function of 
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time t, stress amplitudes σa, a number of loading cycles N, mechanical prop-
erties, such as a stress endurance limit σe etc. 

 ( , , , , ...),a eD D N t= σ   σ    (10) 

The process of damage accumulation is described by the kinetic equa-
tion 

 ( , , ...).a

dD
f t

dt
= σ     (11) 

It was assumed that the stress amplitudes were presented as effective 
stresses within the framework of the theory of continuum damage mechan-
ics [13, 14, 18] 

 
1

a
a D

σσ =
−

 . (12) 

The presented relation limits the damage parameter within 0 ≤ D ≤ 1. 
Let kinetics of damage accumulation process be according to power 

law [25, 27, 30] 
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c
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D B B
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σ = σ =  − 
  (13) 

where B and c are material damage parameters, which should be determined 
from experiments and generally depend on fatigue properties of materials: 
stress endurance limit σe and etc. So, identification of these constants is car-
ried out on the basis of the simple fatigue test with fixed frequency of load-
ing and constant stress amplitude. In this case one will obtain 

 [ ]( ) ( )1
1 1 1

c c
aD c B t

+− − = + σ   (14) 

At the time of failure (fracture) Tr damage is equal to unity (by its 
definition, see (9) and (13)), so 
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T
B c
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+ σ

  (15) 

However, for such simple case of loading fatigue process should sat-
isfy the Wöhler (S-N) curve [24] 

 0 const,m m
a eN Nσ =σ =  (16) 
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where N is the number of load cycles to failure at the σa stresses amplitude, 
m is the Wöhler (S-N) curve parameter, σe – stress endurance limit, N0 is the 
number of stress cycles with respect to the endurance limit. 

The time to failure in the simple fatigue test (with fixed load cycle pa-
rameters) is found from the (S-N) curve 

 0 1m
e

r sc m
a

NN
T NT

σ= = =
ω ω σ

 (17) 

Tsc is the period of stress cycle, ω is the frequency of the loading. The com-
parison of the equations (15) and (17) gives us the possibility to express B 
and c form the standard Wöhler (S-N) curve parameters, which have physi-
cal sense 

 c m= , 
( )0 1m

e

B
N m

ω=
⋅σ +

. (18) 

According to equations (18) and (13) the process of damage accumu-
lation could be described by the following equation 

 
( )01 1
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D

dt D N m

σ ω = ⋅ − ⋅σ + 
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The model of accumulation of fatigue damage is close to the one de-
scribed in the paper [30] and to Lemaitre-Chaboche model [31] and might 
be considered as its special case for isotropic damage that is generated due 
to the high-cycle fatigue i.e. without plastic strains. 

In bolted connection, a quasi-static loading cycle with a fixed ampli-
tude and mean stress level, but with a random frequency is observed. (Fig. 
6). In this case, the process of accumulation of fatigue damage can be de-
scribed by the following equation 

 
( )0

( )

1 1

m

a
m
e

d t
D

dt D N m

σ ω = − σ + 
, (20) 

where ω(t) is a stationary random process, whose implementation is shown 
in Fig. 2, and the probabilistic characteristics are summarized in Table 1. 
We shall solve this equation in quadratures (21) and introduce a change of 
variables for further transformations (22) 
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The mean value of the function U(t) can be easily found by directly 
averaging expression with regard to the hypothesis of HU launch frequency 
stationarity will be a linear function of time 

 ( )U t t=ψ⋅ ω ⋅ . (23) 

Variance of possible values of the function U(t) is determined by its 
dispersion and can be found from its correlation function 

 ( ) ( )1 2,UVar U t K t t t t= = =   , (24) 

which by definition is expressed through the second initial moment 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2,UK t t U t U t U t U t= ⋅ − ⋅ . (25) 

Taking into account (23) and (24), we obtain 

 ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2

2 2
1 2

0 0 0 0

.
t t t t

U t U t t dt t dt t t dt dt′ ′ ′′ ′′ ′ ′′ ′ ′′⋅ =ψ ω ⋅ ω =ψ ω ⋅ω    (26) 

The second initial moment of the random frequency is expressed 
through its correlation function and the square of the mean value equally to 
(25), i.e. 

 ( ) ( ) ( ) 2

1 2 1 2,K t t t tω = ω ⋅ω − ω  (27) 

whence we obtain 
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By substituting (28) into (25) and considering (23), we obtain an inte-
gral expression for the correlation function U(t) 
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It is possible to obtain an analytical expression for the correlation 
function of the random process U(t) considering the expression for the cor-
relation function of frequency, which is postulated in this paper as the expo-
nential law (4). In this case, the dispersion of the function U(t) is calculated 
from its correlation function according to expression (24) and will have the 
next form 

 ( ) ( )
2

22 exp( ) 1[ ]
.

tVar
V

t
ar U t

ω
=  

− +λ −
λ

ψ λ
 (30) 

The function U(t) for each moment of time uniquely corresponds to 
the process of accumulation of damage in accordance with (21). The behav-
ior assessment for damage and the function U(t) for moments of time close 
to the average life-time are of the greatest interest. For the considered prac-
tical problem the fatigue life of bolted connections is estimated at decades, 
which is significantly greater than the expected frequency of HU launches 
correlation time (which is estimated at several months). On the basis of 
these arguments and neglecting the value of λt as compared with unity, ex-
pression (30) can be simplified 

 [ ]
2 [ ]

( .
2

)
Var

Var U t t
ω=

λ
ψ

 (31) 

Due to additivity of the accumulation of the process U(t) one can as-
sume that it fulfils the conditions of the central limit theorem [32], starting 
from a certain time value. Then the function of probability density distribu-
tion of U(t) has the form of a normal Gauss distribution with the characteris-
tics (23) and (31). 

The integral representation of the process U(t), which is given by the 
formula (22) shows that the process U in each moment of time is combined 
by the sum of the other random variables presented by the load. Therefore, 
if we consider the period of time near the life-time of the design, then it can 
be argued that the process U is the sum of a large number of uncorrelated 
terms with limited values of statistical moments. Then, the probability den-
sity function of U(t) has the form of a normal Gaussian distribution with the 
characteristics (23) and (31). 

Using the relationship between the process U(t) and damage (22), 
the damage probability distribution density can be written as due to [32] 
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Then the expectation and variance of damage are determined from (30) 
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To determine the spread of damage we are using the confidence level 
α, for which we determine the confidence interval: 
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where α = 0,9973, which corresponds to the area under the normal law 
which is obtained by the three-sigma rule; Sl(t) and Sr(t) are the left and right 
borders of the spread of damage respectively (confidence interval) (Fig. 7). 
 

 

Fig. 7. Dependence of damage on time 
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Thus there were obtained probabilistic characteristics of the accumula-
tion of fatigue damage during operation. Using these results it is possible to 
estimate the probability characteristics of the life-time as a random variable. 

Identification of the non-failure operation probability (often called the 
reliability function) can be defined as a probability of double inequality rela-
tively to the damage parameter, i.e. as a probability, which has a damage 
parameter as positive and less than unity [32–34] 

 [ ]( ) Pr ( ) [0;1]P t D t= ∈ . (37) 

P(t) is the probability of non-failure system operation (reliability function). 
Pr[·] is an operator of event probability. 

Such a probability will be a function of time due to the dependence of 
the damage parameter on time, so it can be calculated via the probability 
density function (PDF) of the damage [34, 35] in the following way 

 
1

0

( ) ( , )DP t f D t dD= . (38) 

A PDF of a life-time (q(t))can be defined as a derivative of the prob-
ability of failure Q(t). The failure and non-failure are complementary events, 
so the probability of failure could be obtained from the reliability function 
in a simple way that gives a possibility to identify PDF, mean value (< Tr >) 
and variance (Var[Tr]) of life-time [32–35] 

 ( )( ) ( )
d d

q t Q t P t
dt dt

= =− , (39) 

 
0

( )rT tq t dt
∞

=  , ( )2

0

[ ] ( )r rVar T t T q t dt
∞

= − . (40) 

Research of the influence of exploitation parameters on life-time of 
bolted connections poses certain interest. Thus Fig. 8 shows the dependence 
of the life-time mean on the mean frequency of launches of the HU. Fig. 9 
demonstrates the dependence of variance of the life-time on the correlation 
time. The graph of life-time probability density depending on the time to 
correlation is shown in Fig. 10. 
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Fig. 8. Dependence of the mean life-time  

on the mean frequency of occurrence  
of transient regimes <ω> 

Fig. 9. Dependence of the life-time  
dispersion on the correlation time 

 

Fig. 10. The life-time probability densities depending  
on the correlation time 

It should be noted that the obtained results are significantly higher in 
comparison with the available data on failures. In practice, the fatigue fail-
ure of a bolted connection occurred after 40 years of operation, which is 
more than 15 times less than the obtained estimate. This situation is ex-
plained by the fact that it is necessary to consider the effect of degradation 
(aging) of the material, since the structure life-time estimate is comparable 
to the time of irreversible physical and chemical degradation changes in the 
material. 

5. Modeling of degradation as a gradual reduction  
of fatigue endurance 

There are literature works focusing on the experimental study of the 
natural aging processes of different materials [36-41]. 
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Papers [38–41] are focus on the study of aging of metals and alloys. 
These papers determined that the natural aging of the metal has little effect 
on its static strength and elastic characteristics, but it significantly changes 
the long-term strength (fatigue resistance). For example, the results obtained 
in [38] for steel 45 showed that natural aging of the material in 50 years 
leads to changes in static strength characteristics only within the limit of 
5 %, but decreases the fatigue limit by 44 %. Moreover, the article shows 
that the scatter of the experimental data fields for non-degraded and de-
graded samples do not overlap. Further detailed analysis of fracture samples 
allowed the authors to identify the fundamental structural changes in the 
processes of nucleation of fatigue cracks for the degraded material. Similar 
results were obtained in [39] for steel 20. In addition, it was determined that, 
15-year-long aging reduces the fatigue limit by 38 %. 

Summarizing the data on degradation processes presented in the litera-
ture, this article proposes to consider the process of reducing the fatigue endur-
ance limit according to the hyperbolic dependence having the following form: 

 ( ) ( )* ;e et tσ =σ ⋅ϕ  1
1

2 3

( ) ,
p

t
t

 βϕ = β − β +β ⋅ 
 (41) 

where βi and p are parameters and the power of approximation, σ*e is the 
fatigue limit for the non-degraded material. 

The power of approximation p determines the character of fatigue 
limit fall. For metals and alloys in the initial moments there is no decrease in 
characteristics observed, and when a critical time value is reached, degrada-
tion gains in intensity. The corresponding approximation can be obtained by 
increasing the order p. It should be noted that with an increase in the order 
of approximation, there is a significant variation observed for the values of 
the quantities βi, which can produce a negative effect on the numerical pro-
cedures when using expression (37) for solving practical problems. The re-
sults given in [38] were used as the initial data. Fig. 11 shows the depend-
ence of the degradation function on time with p = 2. 

It is necessary to mention the necessity of considering the scatter in 
the values of the fatigue endurance limit. It is obvious that during the mate-
rial aging process, this uncertainty remains or even increases. Therefore, we 
assume that the fatigue limit is the product of the normalized to unity func-
tion of time approximating the degradation process ϕ (t) by the value of the 

fatigue limit at the initial time which is a random variable, which is assumed 
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(as recommended in [42–43] ) as following the log-normal law of probabil-
ity density distribution: 

 ( ) ( ) 2
*

*
1 *

ln1
exp

2 2

e

e

e

f
s s

  σ −μ  σ = −
 σ π    

, (42) 

where s and μ are distribution parameters, determined on the basis of the 
values of the expectation and variance or coefficient of the fatigue limit 
variation. 

2
* exp

2e

s 
σ = μ+ 

  , 

 ( ) 2* 2 *[ ] exp 1e eVar s σ = − σ  , ( )*

* 1
22

*

[ ]
exp 1

e

e

e

Var
V s

σ

σ  = = − σ
. (43) 

 

Fig. 11. Graph of the φ(t) function (the approximation has been built  
for the steel 45 characteristics according to data given in [38]) 

Thus, changing the fatigue limit is a random non-stationary process. 
One-dimensional probability density of the process appears as a linear func-
tional transformation (32) of the random variable σ*

e and has the form: 

 ( ) ( ) ( ) 2
ln ln1

, exp .
2 2

e
e

e

t
f t

s s

 σ −μ− ϕ 
 σ = −  σ π   

  (44) 
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It is reasonable to normalize the fatigue limit by the mathematical ex-
pectation. For this purpose we shall introduce a change of variables 

 * * ,e eσ = σ ⋅χ  (45) 

where χ is a random variable following the log-normal distribution, and has 
unit mean and variance equal to the coefficient of fatigue endurance varia-
tion in the non-degraded state 

 1χ = , 
*

2[ ] .
e

Var V
σ

χ =  (46) 

6. Determination of probability characteristics of damage 

The natural aging of the material affects their mechanical properties, 
especially fatigue resistance [38, 39, 44]. Thus, the kinetics of the damage 
accumulation for the analyzed class of problem in this paper is described by 
the equation (19), where the right hand side depends on the two time proc-
esses: frequency of the dangerous regimes occurrence and the process of the 
endurance stress limit reduction. It is also should be claimed that the real 
operation of the engineering designs, which can be considered as the me-
chanical systems investigated in the paper, leads to randomness of the dan-
gerous regimes occurrence; similarly, the process of the natural material ag-
ing has some uncertainty due to dependence of this process on a large num-
ber of various secondary factors. So, (14) it could be represented in the 
following way 

 ( ) ( )
( ) ( )01 ( ) 1

m

a
m
e

td
D t

dt D t N t m

ω σ= ⋅ − ⋅σ ⋅ + 
, (47) 

where ω(t) is a variable in time random frequency of the loading, σe(t) is the 
fatigue (endurance) limit set as a randomly decreasing function of time and 
all other parameters are known as deterministic values. 

In the paper ω(t) and σe(t) are assumed to be statistically uncorrelated 
random functions of time. Thus, the aging process does not influence the 
frequency of occurrence of the dangerous regimes directly and vice versa. 
Our point here is that occurrence of the dangerous regimes during all the 
life-time of the system is defined only by the operational conditions. On the 
other hand, the natural aging in the current paper is described as a separate 
self-contained process of physical-chemical transformations in a material 
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that are not caused by the mechanic load. Mechanical loading applied to a 
system leads to accumulation of the continuum damage, which reduces ma-
terial stiffness [25, 26] without influencing the strength characteristics. The 
natural aging on the contrary directly affects the strength characteristics, es-
pecially the fatigue strength, as it was experimentally shown by the other 
authors [38, 39, 44]. The theory presented in the paper is also limited in its 
application to the isothermal mechanical systems operating in the room 
temperature. In addition, it should be noted that these processes have differ-
ent time scales. 

The research of the accumulation process of damage considering the 
natural degradation of the material will be carried out in accordance with the 
study performed for the same process but without considering aging. We shall 
solve the equation (47) in quadrature according to the expression (20) and in-
troduce the change of variables (21). Then the equation (47) takes the form 

 ( ) ( )
( )0

.
t

m m

t
U t dt

t

′ω
′=ψ⋅

′χ ⋅φ  (48) 

The mean of the function U(t) is determined in this case by averaging 
the expression (48) taking into account the introduction of the hypothesis of 
statistical independence of loading and degradation 

 ( ) ( )
0

.
t

m mU t t dt− − ′ ′=ψ⋅ ω ⋅ χ ϕ  (49) 

To determine the variance of function U(t), we consider its correlation 
function, which by definition is expressed through the second initial mo-
ment (27) and taking into account the integral representation of U(t), (48) 
takes the form 

 ( ) ( ) ( )
( )

( )
( )

1 2

2
1 2

0 0

,
t t

m m m m

t t
U t U t dt dt

t t

′ ′′ω ω
′ ′′⋅ =ψ ⋅ ⋅

′ ′′χ ϕ χ ϕ   (50) 

and considering the hypothesis of independence of the processes of degrada-
tion and loading, we obtain the expression linking its second initial moment 
with the probabilistic characteristics of frequency and random component 
fatigue limit: 

 ( ) ( ) ( ) ( )
( ) ( )

1 2

2 2
1 2

0 0

,
t t

m
m m

t t
U t U t dt dt

t t
−

′ ′′ω ⋅ω
′ ′′⋅ =ψ χ ⋅

′ ′′ϕ ⋅ϕ  (51) 
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where 

 ( )2 2

0

m m f d
∞

− −
χχ = χ ⋅ χ χ ,  (52) 

and fχ(χ) – log-normal distribution with mean and variance, which are de-
termined from the expression (43), (46). 

Second initial moment of random frequency is expressed in terms 
of its correlation function and the square of the mean value which is con-
stant within the framework of assumption of stationarity 

 ( )
( )( )

( ) ( )
1 2

22 22

2
1 2

0 0

,
, .

m mt t

U m m

K t t
K t t dt dt

t t

− −
ω ′ ′′χ + ω − ω χ

′ ′′=ψ
′ ′′ϕ ⋅ϕ  (53) 

Variance of function U(t) is calculated from its correlation func-
tion, see (24). In this case, to find an analytic expression for the correla-
tion function and the variance is not possible and further analysis is car-
ried out within the framework of numerical procedures. Thus, the integral 
expressions obtained for the probability characteristics of the function 
U(t), which, as before, satisfies the conditions of the central limit theo-
rem, and therefore is subject to the normal Gauss's law, but with the 
characteristics (49) and (53). 

Using the link between the process U(t) and damage (21), the prob-
ability density function of damage can be represented in the form (33). Ex-
pectation and variance of damage are determined from (34) and the confi-
dence interval from (35) and (36). Probabilistic characteristics of the life-
time can be found from the expressions (39)–(40). 

7. Numerical results 

On the basis of developed model, provided in the paper, numerical 
calculations of the expectation and the confidence interval of damage in 
runners bolted connections considering degradation have been carried out. 
As the initial data the results of stress-strain state calculations (Fig. 6) is 
used. Fig. 12 represents the dependence of the mean of life-time on mean of 
frequency of transient regimes. Fig. 13 shows the variance of the life-time 
on the correlation time at different rates of the frequency variance of the 
transient process occurrence. The basic characteristics of damage and life-
time have been specified (Fig. 14): probability of failure of a bolted joint, 
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probability density of the life-time and damage accumulation with its confi-
dence interval. Comparing the results obtained with and without degrada-
tion, the life-time obtained for the model taking into account degradation are 
12 times less smaller than those defined for the model without degradation. 

 

  
Fig. 12. Graph of the life-time dependence on 

the mean of frequency of occurrence of 
transient regimes 

Fig. 13. Graph show in the variation of the 
life-time dependence on correlation time  
for different variances on the frequency  

of transient regimes occurrence 

 

Fig. 14. Graphs of probability density of the life-time,  
probability of non-failure operation and the process  

of accumulation of damage depending on time  
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Conclusions 

This paper discusses the issues of application of the developed prob-
abilistic model by the example of the hydroturbine runner bolted connection 
life-time prediction. The developed model takes into account material deg-
radation and can provide more realistic estimation of the life-time of bolting 
connection. The paper provides with assessment of the impact of model pa-
rameters on the main probabilistic characteristics. The comparison of life-
time by models with and without degradation of the material is done. 
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