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ABOUT ONE OF THE METHODOLOGIES OF VITRIFYING 

POLYMERS COOLING PROCESS OPTIMIZATION WHICH AIMS 

RESIDUAL STRESSES DECREASE 

In this article problem of optimal vitrifying polymers cooling process control is analyzed, its solu-
tion methodology is suggested aiming to decrease technological residual stresses which predetermine 
major operating characteristics of the structures. Maximum intensity of technological residual stresses 
was chosen as criterion function. The thermoviscoelasticity problem in finite-elemental formulation is 
solved to determine technological residual stresses. Optimal control search was conducted in class of 
piecewise-constant functions, which describe environment temperature and time dependence. 

The outcome of problem solving shows that optimal control application to vitrifying polymers 
cooling process leads to technological residual stresses decrease ten times more compared to vitrifying 
polymers cooling process without control. 

Keywords: optimal control, criterion function, thermoviscoelasticity problem, vitrifying polymer, 
residual stresses. 
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 !"#"$%" 

#$%&'('(%' )*+%&'$(,- &./'$%.+*0 0 (.1/*23'' 0$'&2 *4$'/.'/ 

01' 4*+56%' &.16/.4,. 789'+%2 %8 )*+%&'$*0 %1)*+58:;/12 0* &(*-

<%- *4+.1/2- )$*&,6+'((*1/% % /'-(%=%, )*1=*+5=: )* )$*>(*1/% ('-

=*/*$,' %8 (%- )$'0*1-*92/ >:<:( % .+;&%(%?, . )* -%&%>'1=*? 1/*?-

=*1/% – )$.=/%>'1=% 01' &'/.++,. 

78<*/*0+'(%' %89'+%? %8 )*+%&'$(,- &./'$%.+*0 1*)$*0*@9.'/-

12 )$*A'11*& *-+.@9'(%2 % )*+%&'$%8.A%% 1028:;3'<*. B )$*A'11' 

)$*%80*91/0. 0 %89'+%2- 0*8(%=.;/ *1/./*>(,' /'-(*+*<%>'1=%' (.-

)$2@'(%2, 0* &(*<*& )$'9*)$'9'+2;3%' C=1)+:./.A%*((,' -.$.=/'-

$%1/%=% 9'/.+% % =*(1/$:=A%%. 

!.((.2 $.4*/. )*1023'(. %11+'9*0.(%; % *)/%&%8.A%% )$*A'11. 

*-+.@9'(%2 %89'+%? %8 1/'=+:;3%-12 )*+%&'$*0 1 A'+5; 1(%@'(%2 

/'-(*+*<%>'1=%- *1/./*>(,- (.)$2@'(%?. 

1. &'()*$'!+* ,*#*-% 

D%+%(9$ =*('>(*? 9+%(, %8 .&*$E(*<* )*+%&'$. (C)*=1%9(.2 

1&*+. F!G-10) $.8*<$'/ 9* ('=*/*$*? /'&)'$./:$,, )$'0,6.;3'? 

/'&)'$./:$: 1/'=+*0.(%2. #$*%1-*9%/ *-+.@9'(%' A%+%(9$. 9* =*&(./-

(*? /'&)'$./:$,, 0 )$*A'11' =*/*$*<* 0 /'+' 

0*8(%=.;/ *1/./*>(,' (.)$2@'(%2, 0,8,0.'-

&,' <$.9%'(/.&% /'&)'$./:$. B 9.((*? $.4*/' 

)$'9+.<.;/12 )*1/.(*0=. % &'/*9%=. $'6'(%2 

8.9.>% *)/%&.+5(*<* :)$.0+'(%2 )$*A'11*& *--

+.@9'(%2 %89'+%2 )$% )*&*3% $'<:+%$*0.(%2 

/'&)'$./:$, *=$:@.;3'? 1$'9, 1 A'+5; 1(%-

@'(%2 *1/./*>(,- (.)$2@'(%?. 

G$'4:'/12 (.?/% ).$.&'/$, )$*A'11. *--

+.@9'(%2, =*/*$,' )*80*+%+% 4, *4'1)'>%/5 

&%(%&:& (*$&, *1/./*>(,- (.)$2@'(%?. 

H.1>'/(.2 1-'&. A%+%(9$. )$'91/.0+'(. 

(. $%1. 1. 

#$'9)*+.<.'/12, >/* 0 )$*A'11' )$*%8-

0*91/0. (. %89'+%' *=.8,0.'/12 /*+5=* /'&)'-

$./:$(*' 0*89'?1/0%'. I 0('6('? )*0'$-(*1/% A%+%(9$. )$*%1-*9%/ 

/')+**/9.>. 0 0*89:-. I :>'/*& *1'0*? 1%&&'/$%% 4:9'& $.11&./$%-

0./5 >'/0'$/5 A'(/$.+5(*<* 1'>'(%2 A%+%(9$..  

 

H%1. 1. H.1>'/(.2 1-'&. 
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!+2 *)%1.(%2 /'$&*&'-.(%>'1=*<* )*0'9'(%2 &./'$%.+. %1)*+58*-

0.(. &*9'+5, )$'9+*@'((.2 0 $.4*/.- [1–4]. !+2 $.11&./$%0.'&*<* )*+%-

&'$. 1:3'1/0:'/ )'$'-*9(,? )$*A'11 1/'=+*0.(%2, =*/*$,? -.$.=/'$%8:-

'/12 1/')'(5; 8.1/'=+*0.((*1/%  !  !( ) , 0 1N T t N" " , )*=.8,0.;3'? 

«8.0'$6'((*1/5» )$*A'11. 1/'=+*0.(%2 )$% /'&)'$./:$'  !T t .

J./'&./%>'1=.2 )*1/.(*0=. =$.'0*? 8.9.>% /'$&*028=*:)$:<*1/% 

0=+;>.'/ :$.0('(%2 ('1/.A%*(.$(*? 8.9.>% /')+*)$*0*9(*1/% (1)–(3), 

:$.0('(%2 $.0(*0'1%2 (4), 1**/(*6'(%2 "*6% (5), <$.(%>(,' :1+*0%2 

(6) % E%8%>'1=%' 1**/(*6'(%2 (7). 

 # $( , ) ( , ), , 0, ,Kc T t T t V t t% & '() * * &x x x  (1) 

 ( ,0) ( ), ,HT T V S' * +x x x  (2) 

  !  ! ! # $grad , , , , 0,c KT t h T t T S t t( , & '- & - * * &n x x x , (3) 

<9' , , ,c h&% &( &  – 1**/0'/1/0'((* /')+*'&=*1/5, )+*/(*1/5, /')+*)$*0*9-

(*1/5 % =*CEE%A%'(/ /')+**/9.>% 0 *=$:@.;3:; 1$'9:; x  – $.9%:1-

0'=/*$ )$*%80*+5(*? /*>=% *4+.1/% SV + ; n  – 0'=/*$ '9%(%>(*? 

0('6('? (*$&.+% = <$.(%A' ;S  cH TT ,  – (.>.+5(.2 /'&)'$./:$. % /'&-

)'$./:$. 1$'9,. 

  !  ! # $div , K , 0, , 0, Kt t V t t. ' * *. x f x x , (4) 

  !  !  ! # $2 , , , , 0, Kt t t V t t' / . / * */ x u x u x x , (5) 

 
 !  ! # $
 !  ! # $

L, 0, , 0, ,

, , , , 0, ,

K

u K

t S t t

t t S t t

, ' * *

' * *

. x n x x

u x U x x
  (6) 
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 !  !  ! !
 !

 ! !

 ! !  !  ! !  !
 ! !

 ! !
 !

23

,

H

H H H

T t

T

T t T t T

T T T

t dN T T t

T s dT s T s dT s dN T

7

0 1,, - 7 7 - ,,5 6

0 1
,, - 73 4

3 45 6

8

8 8 8

*
/ / K

0 0

 (7) 

<9' ,u f  – 0'=/*$, )'$'&'3'(%? % &.11*0,- 1%+ *4+.1/% ;V  , uS S9 &  – 

>.1/% <$.(%A, ,S  (. =*/*$*? 8.9.(, 1**/0'/1/0'((* )*0'$-(*1/(,' 

1%+, % )'$'&'3'(%2; 2121 K,K,G,G  – /'(8*$, 190%<*0,- % *4N'&(,- 

&*9:+'? &./'$%.+. 0 0,1*=*C+.1/%>'1=*& % 8.1/'=+*0.((*& 1*1/*2(%-

2-; )0(T  – /'(8*$ =*CEE%A%'(/*0 +%('?(*<* /'&)'$./:$(*<* $.16%$'-

(%2; T – /'&)'$./:$.; 7,t  – 0$'&2. 

O%8%>'1=%' 1**/(*6'(%2 &*<:/ 4,/5 )$'91/.0+'(, 1 %1)*+58*-

0.(%'& $.8+*@'(%2 (. 9'0%./*$(,' (8) % 6.$*0,' (9) >.1/% /'(8*$*0 

(.)$2@'(%? % 9'E*$&.A%?: 

  !  ! !  !  ! !  !  ! !  ! !
 !

12 2 M ,

H

T t

T

t T t t T t t dN T' ,, . ,, -82S G e G e e 7  (8) 

 !  ! !  !  !  !
 !

 !  !  !  !
 !

 !  !  !
 !

 !
 !

1
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3 M

3 M 3 M ,

H

H H H

T t

T

T t T t T

T T T

t T t t T dT

t t T dT s T dT s dN

0 1
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 (9) 

<9' 

 !  !  !

 !  !  !  !

1
,
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1 1
L , L Sp .
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t t t

t t t t
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' - ' ' ,,

e / g
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P.0%1%&*1/5 1/')'(% 8.1/'=+*0.((*1/% */ /'&)'$./:$, 0 1**/-

0'/1/0%% 1 C=1)'$%&'(/.+5(,&% $'8:+5/./.&% [2] % %11+'9*0.(%2&%, 

)$*0'9'((,&% 0 $.4*/' [5], &*@'/ 4,/5 8.)%1.(. 0 0%9' (10).  

!+2 9'0%./*$(*? % 6.$*0*? >.1/'? /'(8*$*0 8.0%1%&*1/5 1/')'(% 

8.1/'=+*0.((*1/% */ /'&)'$./:$, 4:9'/ $.8+%>(*? [5], . 1+'9*0./'+5-

(*, 4:9'/ *)$'9'+2/512 >'/,$5&2 ).$.&'/$.&% – A BBBBABB ,,, gg TT : 
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 !

 !
 !

2

2

1 1
exp ,

22

1 1
exp .

22

g

g

T t TdN

dT t

T t TdN

dT t

0 1B-C DB - 3 4' - E FBABGA 3 4H I5 6

0 1BB-C DBB - 3 4' - E FBBABBGA 3 4H I5 6

 (10) 

B0'9'& E:(=A%; :)$.0+'(%2  !, MU p , *)%1,0.;3:; 8.0%1%-

&*1/5 /'&)'$./:$, *=$:@.;3'? 1$'9, */ 0$'&'(%, <9' p  – 0'=/*$ ).-

$.&'/$*0 :)$.0+'(%2. 

D'+5; :)$.0+'(%2 20+2'/12 1(%@'(%' /'-(*+*<%>'1=%- *1/./*>-

(,- (.)$2@'(%?, )*C/*&: 0 =.>'1/0' =$%/'$%2 F  *)/%&%8.A%% 0,4'-

$'& &.=1%&.+5(:; )* *4+.1/% V  %(/'(1%0(*1/5 (.)$2@'(%?: 

  !max , min, ,i
x V

F U V
*

' 9 J *x x  (11) 

<9'  !2L .i I' .  

P.9.>. *)/%&.+5(*<* :)$.0+'(%2 )$*A'11*& *-+.@9'(%2 %89'+%? 

%8 1/'=+:;3%-12 )*+%&'$*0 1 A'+5; 1(%@'(%2 *1/./*>(,- (.)$2@'-

(%? &*@'/ 4,/5 1E*$&:+%$*0.(. 1+'9:;3%& *4$.8*&: (.?/% E:(=A%; 

:)$.0+'(%2  !, MU p , *4'1)'>%0.;3:; &%(%&:& =$%/'$%2 (11) )$% :1-

+*0%2- 8.9.>% (1)–(10) % *<$.(%>'(%2-, (.=+.9,0.'&,- /'-(*+*<%'? 

)$*A'11. (. ).$.&'/$, *)/%&%8.A%%. 

2. 1")'#%+* 2"3"$%4 ,*#*-% 

B =.>'1/0' E:(=A%% :)$.0+'(%2  !, MU p  0,4'$'& =:1*>(*-

)*1/*2((:; E:(=A%; 8.0%1%&*1/% /'&)'$./:$, *=$:@.;3'? 1$'9, 

*/ 0$'&'(%: 

  !  !K L, , , 1, .j j jU U T t j k' 'p 5  (12) 

B%9 E:(=A%% :)$.0+'(%2 )$'91/.0+'( (. $%1. 2. "*+%>'1/0* 1/:-

)'('? E:(=A%% &*@'/ 4,/5 $.8+%>(,&.  

"*&)*('(/.&% 0'=/*$. p  ).$.&'/$*0 *)/%&%8.A%% 0,1/:).;/ 

8(.>'(%2 /'&)'$./:$, 1$'9, (. =.@9*? 1/:)'(% )$*A'11. *-+.@9'-

(%2: jT  – /'&)'$./:$. 1$'9, (. j-? 1/:)'(% :)$.0+'(%2, . 
jt  – 0$'&2 

*-+.@9'(%2 (. j-? 1/:)'(%. 
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H%1. 2. B%9 E:(=A%% :)$.0+'(%2 

 1+*0%'& )'$'-*9. (. 1+'9:;3:; 1/:)'(5 :)$.0+'(%2 4:9'& 

1>%/./5 0,$.0(%0.(%' /'&)'$./:$, )* 01'&: *4N'&: %89'+%2: 

 !, M const.j jT T' 'x  

H'6'(%' 8.9.>% /'$&*028=*:)$:<*1/% )$*%80*9%+*15 1 )*&*35; 

&'/*9. =*('>(,- C+'&'(/*0 1 +%('?(*? .))$*=1%&.A%'? )'$'&'3'(%?.  

!+2 )$*0'$=% )$.0%+5(*1/% &'/*9%=% % =*$$'=/(*1/% $.4*/, 

)$*<$.&& 4,+. $'6'(. /'1/*0.2 8.9.>.. 

3. 6"3"$%" )"()'!'7 ,*#*-% 

H.11&*/$%& /*(=%? 9%1= )*1/*2((*? /*+3%(, $.9%:1*& b, 

0$.3.;3%?12 1 )'$'&'((*? :<+*0*? 1=*$*1/5; M  )$% %8&'(2;-

3'?12 0* 0$'&'(% /'&)'$./:$'  !M .T  G*>(*' $'6'(%' 9.((*? 8.9.>% 

)$%0'9'(* 0 [7]. 

Q%1+'((*' $'6'(%', )*+:>'((*' 1 )*&*35; $.8$.4*/.((*? &'-

/*9%=% % )$*<$.&&, 1$.0(%0.+*15 1 /*>(,&. J.=1%&.+5(.2 */(*1%-

/'+5(.2 )*<$'6(*1/5 >%1+'((*<* $'6'(%2 1*1/.0%+. 1,6 %, >/* )*80*-

+2'/ <*0*$%/5 * 0'$(*1/% $.8$.4*/.((*? &'/*9%=% % =*$$'=/(*? $.4*/' 

)$*<$.&&,.  

!+2 $'6'(%2 8.9.> *)/%&%8.A%% %1)*+58*0.+12 &'/*9 R'+9'$.-

J%9. [8]. !+2 %11+'9*0.(%2 '9%(1/0'((*1/% $'6'(%2 )*%1= &%(%&:&. 

)$*0*9%+12 %8 ('1=*+5=%- (.>.+5(,- )$%4+%@'(%?. 
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4. 6",89:)*);  !"!#$% &'(')$ *+,$-'./#*0* 1+ '2.!#$% 

 !"!#! $%&'(!)*+$,$ -%.!/)0+'1 (11) ")1 %.0")$20++34 5-6$#-

+$-%$6&$1++34 7-+58'9 -%.!/)0+'1 (12) 6/$"'&61 5 .0:0+'; <!"!#' 

$%&'('<!8'', <!5);#!;=0961 / $&365!+'' $%&'(!)*+34 %!.!(0&.$/ 

,j jT t  7-+58'' -%.!/)0+'1. 

 !"!#! .0:!)!6* %.' 6)0"-;='4 '64$"+34 "!++34: /36$&! 

8')'+".! – 0,14 (, "'!(0&. – 0,08 (, &0%)$0(5$6&* – 1540  !>2/ 5, ? ,"  

%)$&+$6&* – 1200 35,/( ,  &0%)$%.$/$"+$6&* – 0,29 2@&/(( ?),"  &0(%0.!-

&-.! 6&05)$/!+'1 – 80 °A. 

B0./$+!#!)*+$ C3) %.$'</0"0+ .!6#0& +!%.120+'9 / 8')'+".0 

%.' 06&06&/0++$( %.$80660 $4)!2"0+'1. D0<-)*&!&3 .0:0+'1: (!56'-

(!)*+!1 '+&0+6'/+$6&* +!%.120+'9 6$6&!/)10& 71,09 10"  B!, /.0(1 

%$)+$,$ $4)!2"0+'1 – 1,5 #. D!6%.0"0)0+'0 $6&!&$#+34 +!%.120+'9 %$ 

.!"'-6- 8')'+".! %.0"6&!/)0+$ +! .'6. 3. 

 

D'6. 3. D!6%.0"0)0+'0 +!%.120+'9 %$ .!"'-6- / 80+&.!)*+$( 60#0+''  

$4)!2"0++$,$ 8')'+".! %.' 06&06&/0++$( %.$80660 $4)!2"0+'1 

@ %.$80660 '66)0"$/!+'1 C3)' %$)-#0+3 %!.!(0&.3 $%&'-

(!)*+$9 7-+58'' -%.!/)0+'1 6 &.0(1 ' #0&3.*(1 '+&0./!)!(' %$-

6&$1+6&/! &0(%0.!&-.3 $5.-2!;=09 6.0"3. B.' $%&'(!)*+$( 

-%.!/)0+'' / /'"0 5-6$#+$-%$6&$1++$9 7-+58'' 6 "/-(1 %0.05);-

#0+'1(' (&.046&-%0+#!&$0 -%.!/)0+'0) C3)' %$)-#0+3: (!56'(!)*-

+!1 '+&0+6'/+$6&* +!%.120+'9 – 61,42 10"  B!, /.0(1 %$)+$,$ $4)!2-

"0+'1 – 2,5 #. D!6%.0"0)0+'0 $6&!&$#+34 +!%.120+'9 %$ .!"'-6- 

8')'+".! %.0"6&!/)0+$ +! .'6. 4. 
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D'6. 4. D!6%.0"0)0+'0 +!%.120+'9 %$ .!"'-6- / 80+&.!)*+$( 60#0+''  

$4)!2"0++$,$ 8')'+".! %.' &.046&-%0+#!&$( $%&'(!)*+$( -%.!/)0+'' 

B.' $%&'(!)*+$( -%.!/)0+'' 6 %$($=*; #0&3.046&-%0+#!&$9 

7-+58'' C3)' %$)-#0+3 6)0"-;='0 .0<-)*&!&3: (!56'(!)*+!1 '+&0+-

6'/+$6&* +!%.120+'9 – 61,11 10"  B!, /.0(1 %$)+$,$ $4)!2"0+'1 – 2,9 #. 

D!6%.0"0)0+'0 $6&!&$#+34 +!%.120+'9 %$ .!"'-6- 8')'+".! %$5!<!+$ 

+! .'6. 5. 

 

D'6. 5. D!6%.0"0)0+'0 +!%.120+'9 %$ .!"'-6- / 80+&.!)*+$( 60#0+''  

$4)!2"0++$,$ 8')'+".! %.' #0&3.046&-%0+#!&$( $%&'(!)*+$( -%.!/)0+'' 
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E!56'(!)*+$0 6+'20+'0 $6&!&$#+34 +!%.120+'9 "$6&',!0&61 

%.' '6%$)*<$/!+'' #0&3.046&-%0+#!&$,$ -%.!/)0+'1 %.$8066$( $4)!-

2"0+'1. >!)*+09:00 -/0)'#0+'0 5$)'#06&/! %0.05);#0+'9 +0 "!0& 

<+!#'&0)*+$,$ -(0+*:0+'1 $6&!&$#+34 +!%.120+'9, +$ -/0)'#'/!0& 

/.0(1 $4)!2"0+'1 / +065$)*5$ .!<, #&$ 1/)10&61 +080)06$$C.!<+3( / 

"!++$( &04+$)$,'#065$( %.$80660.  

3'4.5)!#$! 

B.0")$20+3 %$6&!+$/5! ' (0&$"'5! .0:0+'1 <!"!#' $%&'(!)*+$-

,$ -%.!/)0+'1 %.$8066$( $4)!2"0+'1 '<"0)'9 '< 6&05)-;='461 %$)'-

(0.$/ 6 80)*; 6+'20+'1 &04+$)$,'#065'4 $6&!&$#+34 +!%.120+'9. 

B$'65 $%&'(!)*+$,$ -%.!/)0+'1 %.$/$"')61 / 5)!660 5-6$#+$-

%$6&$1++34 7-+58'9, %!.!(0&.!(' 5$&$.34 /36&-%!)' &0(%0.!&-.! 
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