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In the second part of work presents the general decomposition methods for systems
of linear partial differential equations that arise in continuum mechanics, in particular, in the
theory of elasticity and thermoelasticity and poroelasticity. A systematic approach to the
decomposition of the equations of continuum mechanics is proposed. Asymmetrical and
symmetrical decomposition methods for various classes of three-dimensional linear (and
model nonlinear) systems of equations arising in the theory of elasticity, thermoelasticity,
and thermoviscoelasticity, the mechanics of viscous and viscoelastic incompressible and
compressible barotropic gas are described. These methods are based on the decomposi-
tion of systems of coupled equations into several simpler independent equations and the
use of two stream functions. It is shown that in the absence of body forces any solution of
considered steady and unsteady three-dimensional systems is expressed in terms of solu-

tions of two independent equations. The methods of direct decomposition that do not re-
quire expansion of the right hand side of the equations into the components are proposed.
A generalization of the considered methods to the decomposition of higher orders systems
of equations, as well as to special classes of model nonlinear equations are obtained. The
examples of the decomposition of specific systems are given. Formulas and split equations
given in the work significantly simplify the qualitative study and the interpretation of the most
important physical properties of a wide class of coupled systems of equations for continuum
mechanics and allow studying their wave and dissipative properties. These results can be
used for the exact integration of linear systems of mechanics, as well as for testing of nu-
merical methods for nonlinear equations of continuum mechanics.

© PNRPU

1. O6bwan hopma paccmaTpuBaeMbiX CUCTEM

Nmess B Buay mnpuBeneHHbie B 1-if wacTu cratbu [1] cucTeMbl ypaBHEHUNW MEXaHHUKHU
CIUTONIHBIX Cpe, OyJeM pacCMaTpUBATh TPEXMEPHBIE CHCTEMbI YPaBHEHHMA

L ul +§K ul’u29u3’p :.fi(xayazat)s (11)
- x _ _
_ 5 _ Z

L|u, +8_K Up,uy,uUs, p =f2(X,y,z,t), (1.2)
49 L )
16T Z

L u3 +8_K ul’u23u3’p :f;y(xayazat)a (13)
- Z — .
M [uy,uy,us, p]= £, (%, .2.1), (1.4)

rIe uy, Uz, Us, p — UICKOMbIe (PYHKIINH; X, V, Z — AIEKAPTOBBI POCTPAHCTBEHHbIE TIEPEMEHHBIE;  —
BpeMs;, L — muneiHbIN qudpepeHnranbHpIi onepaTop 1Mo MePEMEHHBIM X, Y, Z, ¢ ¢ TTOCTOSTHHBIMHU
koo dunmentamu; K u M — nuHeiiHble Win HemuHEWHbIe TuddepeHaIbHbIE OepaToOPhI MO

HEepPEeMEHHBIM X, , z, t; f, = [, (X, y,z,t) —3anaunbie pyHkuun. [Ipu 3ToM OyneM mojaratb, 4TO

1) B ypaBuenusix (1.1)~(1.4) muddepenuunanbupie oneparopsl K u M Moryt momonHu-
TEJIBHO SIBHO 3aBUCETh TAKXKE OT X, ), Z, {, @ KOOQPUIMEHTH! JUHEHHoro oneparopa L moryT

3aBUCETH OT 7,
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2) B BbIpokaeHHOM ciyyae K 1 M MoryT ObITh (DyHKIMSIMH HE3aBUCUMBIX M 3aBUCHMBIX
NEPEMEHHBIX (T.€. MOTYT HE 3aBUCETh OT IPOU3BOJHBIX HCKOMBIX BEJIMYHH);

3) oneparop L moxxer ObITh HE TONBKO AudPepeHIHaIbHBIM, HO U HUHTErpoauddepen-
[IUaJBbHBIM (T/1€ UHTETPUPOBAHHUE BEIETCS MO BpeMEHH ¢) wiu nuddepeHnantbHO-pa3sHOCTHBIM
10 BpeMeHU H Ju(epeHIIHaIbHBIM 110 MPOCTPAHCTBEHHBIM MIEPEMEHHBIM [2—5];

4) Bce ypaBHEHHUS MEXaHUKHU CIUIOLIHBIX Cpell, NpuBeAeHHble B Ta0u. 1 (cMm. Takxke 4. 1
ctatbu [1]), ssBnsrorcs yacTHBIMU ciydasimu cuctemsl (1.1)—(1.4), B koTopsix oneparopsl K u M
UMEIOT CHEeIUAIbHbBIN B

K[uy,uy,uy, p]=ap—oV-u-K,[V-u], (1.5)

M[ulau2au39p]:Ml[p]_aAp+B(V'u)$’1)a (16)

rae a, o, B, u 6 — KoHcTaHThl, K| u M; — nuneitHble quddepeHnmnansable UiId UHTeTpallbHbIE
(n)

(" 06o3HauaeT n-r0 npoussoaHyro t (w =w

orepaTopsl O BpPEeMEHH f, 00O3HAu€HUE W
)-Oneparopsl penakcauun 1,, I, B 00mem ciyyae MOryT ObITh PEICTABICHBI HHTErPATbHBIMU

(mo f) omeparopamu THIA CBEPTKH [6]. B yacTHBIX Ciydasx 3TH OHEPAaTOPbI MPUBOJSTCS
K muddepernnansHOi hopme.

Tabmua 1

Paznuunble nuHeitHbie cuctemsl Buaa (1.1)—(1.4), BcTpeuaroniyecs: B MEXaHUKE

Ne Ha3BaHI/IHU Omnepatop L[u] Oyrknusa K Ypasuenue (1.4)
ypaBHEHU
1 |Crokca (Bsi3Kast HECKH- u, —vAu plp V-u=0
MaeMast JKUJIKOCTh)
2 |O3eeHa (BsI3Kast HECHKU- u, +bu —vAu plp V-u=0
Maemasi JKUIKOCTh)
3 |MakcBemna (BA3KOynpy- Tu, +u, —vAu plp V-u=0
rast HeC)kKMaeMasi KH/I-
KOCTb)
4 |Bszkoympyrasi HECoKU- Jroboi p/p V-u=0
MaeMast JKUIKOCTh (001mas
MOJICITb)
5 |Crokca (BSI3KHI CxKHMae- pou, —HAu p— (X + M)V ‘u 1P, +poV-u=0
MBIH Ta3)
6 |HaBbe (mmHeliHas yripy- pu, —pAu —(7» + “) V-u OTtcyTCcTBYET
TOCTb)
7 |Tepmoynpyroctu pu, —pAu op — (k + H)V ‘u p, =alp =BV u),
8 [Tepmoympyroctu ) pu, — pAu op—(A+p)V Wyt D=
(c runepbonnyecKoit = aAp—B(V -u),
TEIUIONPOBOTHOCTHIO)
9 |Tepmoynpyroctu (I'pu- pu, — pAu op — (k + H)V ‘u p, =alAp—PB(V-u),
Ha—Haxam)
10 |JIuneiinas BA3KOyHpy- pu,, — HO Au — Hl Au, _(x + H)V ‘u— (x + H)V ‘u, OTtcyTcTBYyeT
rOCTh
11 |JIuneliHas BSI3KOYIIPY- pu, — 1u [ Au] _1u [V -u] ~1, [v . u] OTcyTCTBYET
rocth (0011asi MOJICIIB)
12 |JIuneitnast TEpMOBSI3KOYII- pu, — 1u [Au] _Iu [V . u] -1, [V . u] p, =alAp—B(V-u),
pyrocts (o0mast MOzIeIb)

OGo3HaueHue: U= (ul Sy, Uy )
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Takue cucTeMbl ONMUCHIBAIOT MEJJICHHBIE JBIKEHHUS BS3KUX U BA3KOYNPYTUX HECKH-
MaEeMBIX JKUIKOCTEH M CKUMAEMbIX OapOTPOMHBIX KHUAKOCTEH U ra30B (cM. cTpoku 1-5 tadm. 1
u [4, 5, 7-9]), rae ui, uz, U3 — KOMIOHEHTBI CKOPOCTH KUAKOCTH; P — MIIOTHOCTb; p — JIaBJICHUE;
vV — KHHEMaTH4YeCKas BSI3KOCTh; |l U A — JMHAMUYECKUE BSI3KOCTH; b — HEBO3MYIIICHHAS] CKOPOCTh
B HaOerawIIeM MOTOKe; T — BpeMs penakcamnuu; A — onepatop Jlamnaca, f, f2, f3 — KOMIIOHEHTHI
MacCCOBBIX CHJI, KOTOpbIE COOTBETCTBYIOT MpaBbIM dacTsam ypaBHeHHit (1.1)—(1.3). B crpokax 7—
9, 12 (cm. Tabn. 1) mepemenHas p = T 0003Ha4aeT TeMIEpaTypy.

Omneparopbl L uist pa3nuyHBIX MOJAENEH BS3KOYNMPYTUX HEC)KHMMAEMBIX JKHIKOCTEH (CM.
cTpoky 4 T1abn. 1) mpuBenensl B [4,5]. B oOmem, TWHHApU3MPOBAHHOE PEOJIOTHYECKOE
YpaBHEHHE COCTOSIHUS, YMpaBISIONIee MEIJICHHBIM JBHKCHHEM JI000M  HM30TPOIMHOMI
BSI3KOYTIPYTOM HECKIUMEMOM KHUIKOCTH, MOXKET OBITh 3alMCAaHO KaK

R[o; ]=-p8; +Q[e; |.

rfie O; — KOMIIOHCHTBI TCH30pa HANPSIKCHHI; €; — KOMIIOHEHTBI TCH30pa CKOPOCTEeH
nepopmaimii; R u Q — nuHeiiHble onepatopsl B f; O

BBIpaXXEHHBIN B TepMUHaxX R u Q cornacHo [4, 5], 3anucbiBaeTcs B CIEIYIOIEM BUJIE:

Lu] =S R[]~ 4Q[u].

Uucno y >0 B ypaBHeHHsx CToOKca IJisi CKUMAEMBIX 0apOTPOIMHBIX KUAKOCTEH (CTpoka 5

— nenbra Kponekepa. Oneparop L,

tabu. 1) HaseBaercs (dakropoM cxkumaeMoctu [10] W CBSI3aHO CO CKOPOCTHIO 3BYyKa C
COOTHOILEHUEM (P, — HEBO3MYILIEHHAs IIJIOTHOCTD):

Y ap P=Po

L_a|

IlpennaraemMple B HacTosmed pabdOTe NPENCTABICHUS OCTATOYHO IIMPOKOrO Kiacca
ypaBHEHUI MaTeMaTudeckol (Gu3mku mo ¢Gopme MoJOOHBI MPEICTABICHUSAM, IPUBEICHHBIM B
yacTtu | cTatey [1], 01HAKO HE MpPEAIOIararoT NOJIHOTO Pa3elieHNs] ypaBHEHHH. B cBs3u ¢ aTHM
nosBIsieTCs 00JIbIIE CBOOOIBI MPU BHIOOPE KOMIIOHEHT npezcTaBienus [11, 12].

2. AcummeTpUuYHana AeKomMno3muusa

JIro60e pemenue cucreMsl (1.1)—(1.4) MOXXHO TIPECTaBUTH B CISAYIONIEM BUJIC:
w=0, U=0,+n, u;=9_+C, p=p, (2.1)

raie  QyHKIMU N = n(x, v, z,t) , C= C(x, y,z,t) YAOBIIETBOPSIIOT ~ JIBYM  OJHOTHUITHBIM

HE3aBUCHUMbBIM JTUHEHHBIM YPaBHCHUAM

Ln]=£f-F, L[¢]=f-F, 2.2)

F=F(xy,zt)=] fi(x,0.21) dy, (2.3)

O —y 2

a yHKIUN @ = (p(x, y,z,t) , D= p(x, v, z,t) ONPEIEIAIOTCS U3 CUCTEMBI YPAaBHEHUU
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L[]+ K[¢,.9, +n.0, +L. p|=F, 2.4)

M[,.0,+n,0.+5,p = fi 2.5)

B dopmymax u ypaBuHenusx (2.1)—(2.5) HmwKHHME UWHIEKCH X, y, z 00O3HAYaIoT
COOTBETCTBYIOIIIME YaCTHBIE MPOU3BOJHBIC, a Y (GYHKUUHU f, U F 1ysi KPaTKOCTH OMYIIEHBI
apryMEHTHI.

JlokazarenbcTBO TmipeAcTaBieHus pemenuit cucrembl (1.1)—(1.4) B Buae (2.1)+2.5)
MPOU3BOAMUTCS cheAayromuM obpasom. IloncraBuB BeipakeHus (2.1) B ypaBHenue (1.1), mocne
AJIEMEHTAPHBIX MPEOOPA30BAHUI MOTYIUM

‘ (L[o]+K[0,,0, +n,0. 5, p |- F (x.7,2.1)) =0,

ox
rae F— Tta xxe camast pyHKIus, 9To U B (2.3). UHTETpUpYS Najee mo x, uMeeM
L[(p]+K[(px,(py +1M,0, +C,p} = F(x,y,z,t)—Q(y,z,t), (2.6)

rae Q( v, z,t) — mpou3BoJbHas (PyHKIMsA Tpex aprymeHToB. [lomcraBuB (2.1) B ocTaBimecs

ypaBaenus (1.2)—~(1.4) u yuutsiBas (2.6), moayuum ypaBHeHHs (2.2), B IpaBble YaCTU KOTOPBIX
BOH/IyT COOTBETCTBEHHO NOTONHHUTENbHBIE crnaraembie O, u Q.. Takum 06paszom, ¢ IOMOIIBIO

nepeornpeneneHus GQyHKIMA @, M, { yHKIUI0 O MOXHO MOJOXKHUTh paBHOW HyJt0. [l 3TOrO0

HaJo0 MNEePeHTH K HOBBIM MNEPEMEHHBIM @ =¢Q+@,, N=1+1,, (= Z +y, THC GyHKUMS
Oy =0, (y,z, t) OIIMCHIBACTCA YPAaBHCHUCM L[(po] =—0, a ¢yHKIUU 1M, =T, (y, z,t),
Lo =Co(y.2,1) ompenensiores mo popmynam M, =—(9,),, &y =—(¢,),. B pesynprare Taoro

npeoOpa3oBanus st ¢, N, 4 nosryauM popmyiisl U ypaBHeHHs (2.1)—(2.5).

Cucrema (2.2)—(2.5) cocTouT M3 ABYX HE3aBUCHUMBIX ypaBHEHMH (2.2) /Uil ompeneseHus
byskumii | 1 1 cUCTeMBbl U3 ABYX ypaBHeHUU (2.4)—~(2.5) mist @ ¥ p U CYIIECTBEHHO IPOIIE
HCXOIHON CUCTEMBI U3 YEThIPEX CBSI3aHHBIX (HeTMHEHHbIX) ypaBHeHu# (1.1)—(1.4).

3. CuMmmeTpUYHaA AeKOMMNO3nL A
Pemenune cucremsl (1 . 1)—(1 4) MOKHO IPpEACTABUTD TAKKEC B CUMMCTPHUYIHOM BHUJIC:
ulz(Px—i_Eﬁ ”z:(Py'H”Ia u3:(Pz+C7 P=Pp (31)

rae  bynkuwmn  E=&(x,y,z1), m=n(x,yzt), C=C(x,y,z,¢t) yIOBICTBOPSIOT Tpem

OOHOTHUITHBIM HE€3aBUCHUMBIM HHHeﬁHBIM ypaBHeHI/ISIM
L[¢]=£-G,. L[n]=£-G, L[¢]=f-G., (3.2)
a gyskimn ¢ = ¢(x,,z,¢), p=p(x,y,z,t) ONUCHIBAIOTCS CUCTEMOH ypaBHEHHIT
L{o]+K[ o, +&.¢,+n.9.+C.p|=G, (3.3)

M[ o, +£0,+1.9.+C.p|= fi. (3.4)
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B ypaBnenus (3.2)—(3.3) Bxoaut npousBoibHast GyHKus G = G(x, y,z,t).

[IpencraBnenne ans KOMIoOHEHT BekTtopa (3.1) comepkKuT oOAHY H3OBITOYHYIO
(ToTOMHUTENBHYI0) (YHKIMIO IO CpaBHEHUIO ¢ mpexacraBieHueM (2.1). Dto mo3Bosser
HECKOJIbKO ympomath ypaBHeHus (3.2)—(3.4), HakmanpiBas JOMOJHUTEIBHOE YCIOBHE Ha
byskuun &, m, { u BbIOMpas noxaxopsmyro ¢GyHkuuio G. B uyactHocTH, B (3.3)—(3.4) Oe3

OTpaHNUYCHUA 06H_[HOCTI/I MOXHO ITIOJIOXKXHTB fi = Gx u E_>= 0, 4TO IMPUBCACT K NPCACTABJICHUIO

2.1)-2.5) upu G=F.
B OGonbumimHcTBe ciydaeB ypaBHeHue (1.4) u dynkmuu K u3 tabn. 1 comepkaT BeIUUUHY
V -u, KOTOpas B cIy4ae CHMMETPUYHON AeKOMITO3UINH (3.1) mpruHUMaeT BU]

Vou=A¢+& +n,+C.. (3.5)

Hanee Oynmem ympomarb (3.5), HakjameiBas IOMOJHUTENbHOE YycioBue (auddepen-
[MaJbHYIO0 CBsI3b) HA GyHKIMH &, 1, C:

&, +m, +C. =0. (3.6)

4. Cuctema 6e3 maccoBbIX cun (0QHOPOAHLbIE YPaBHEHUA).
MpencraBneHue peweHns B TepMUHAX ABYX (PyHKLUM TOKa

IIpu otcyTrcTBUM MaccoBbiX cuin f,=/f,=f;=0 B ypaBuenmsix (3.2)~(3.3) ymoGHO
MOJIOKUTh G:G(t). B srom cinyuae mpaBele yacTu (3.2) paBHBI HYJIIO, YTO JAeT TpU

OJIMHAKOBBIX OAHOPOJHBIX YpaBHEeHMs 115t pyHKIwM &, n u L.

1. ITokaxkem Temnepsb, YTO U3 JIIOOBIX IBYX OAHOPOAHBIX yYpaBHeHUH (3.2) npu ycnoBuu (3.6)
cleayeT TpeThbe OJIHOPOJHOE ypaBHeHue (3.2). JlelcTBUTEIBHO, PACCMOTPUM TIEPBBIE [IBA
YpaBHEHHS:

L[g]=0, L[n]=0. (4.1)

[loneiictByem onepatopom L Ha ypaBHenue (3.6) u yurem (4.1). B pesynbrare nomyuum

L [CZ] = 0. [Tocne uHTErprpOBaHUs IO Z UMEEM

L[C]=(x,».1), (4.2)

rae CD(x, y,t) — npou3BoibHAsA pyHKIMA. Tenepsb caenaeM 3aMeHy:

§=C+&,, (4.3)
rae G, =G, (x, y,t) — pellleHne YpaBHEHUS
L[§0]=CD(x,y,t). (4.4)
3amena (4.3) He mensieT ypaBHenus (3.6) u (4.1), a uz (4.2)—(4.4) cnenyeT ypaBHEHUE
L[¢]=0,

KOTOpPO€ C TOYHOCTBIO 10 OOO3HAUYEHHUS COBMAJAaeT C TpPeThUM YypaBHeHueMm (3.2) mpu
/5 =G =0. 13 ckazaHHOTrO ClieyeT, YTO IPH aHAIIK3€ OOIINX CBONUCTB U PELICHHI OTHOPOAHOIT
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cucrteMbl (3.2), (3.6), cocTosmield W3 YETHIPEX YPABHEHHM, IOCTATOYHO PACCMOTPETh [1Ba
ypaBuenus (4.1) u ypaBuenue (3.6).
(1) (2)

2. Ilycts W'/ u ¢/ — ABa IPOU3BOJIBHBIX PEILICHUS YPaBHEHUS
L{y]=0. (4.5)
TTonoxum
—_ S () B ) B )
=y, m=-y, +y. ", C=—y . (4.6)

®ynkumy (4.6) yI0BIETBOPSIOT KaK OJHOPOAHBIM ypaBHeHWsM (3.2) mpu f, = f, = ;=G =0,

TaK U ypaBHeHHIo (3.6).

@opmynsl (4.6), roe \y<1) u \|I(2) — TPOU3BOJBHBIE (PYHKIMH, HAIOT oOIIee peuieHue

36). @ (1) (2)

ypaBHeHust (3.6). @ynkmum W'’ W Y MOXKHO TpaKkTOBaTh Kak JBE (YHKIUU TOKa,

MO3BOJISIOIINE HUCKIIOUUTh M3 PACCMOTPEHHUS ypaBHEHHME HEPAa3phIBHOCTH U3 TPEXMEPHBIX

YpaBHEHUH HEC)KMMAEMOM KUIKOCTH (KOMIOHEHTHI CKOPOCTH KOTOpoW o0o3HaueHsl &, 1, ().
2

B vactHOM ciyuae W( =0 B (4.6) momyyuM OOBIYHOE TPENICTABIIEHUE KOMIIOHEHT CKOPOCTH

KUJKOCTHU AJI ABYMEPHBIX TIIOCKUX TedeHui nmpu € =0 c ogHoN (yHKIUEH TOKa.

®opmyinsl (4.6), Tae w(l) u \4/(2) — JIBa IPOU3BOJIbHBIX pelleHusi ypaBHeHus (4.5), aator
oO1iee mpencTaBiIeHUE PEeUICHU 0THOPOAHBIX yYpaBHeHUH (3.2) u ypaBHenus (3.6). [loacraBus
(4.6) B (3.3)—~(3.4), monmyunm ypaBHeHHs Ui QYHKIUN p U .

B T1a6n. 2 npuBenensl urorosbic ypaBHeHHS (3.3) u (3.4) mns ompeneneHus p U ¢ JUIs
ykazaHHbIXx B Tabm. 1 cucrem Buma (1.1)—(1.4) mnpu OTCYyTCTBMHM MAacCOBBIX CHJI

(f, =/, = f; =0). Hymepanus cucrem B tabun. 1 u 2 copnamaer. dyukuunu &, 1, { onpeaensrorcs
(1) (2)

no popmynam (4.6), rae v’ U ' — qBa NPOU3BOJIBHBIX pelieHus ypaBHeHus (4.5). Pemenus
MHOTUX YpaBHEHMI B Ta0J. 2 MOKHO HalTH, HampuMmep, B kHurax [13, 14].
Tabmuma 2

VYpaBHeHus niis onpeneneHus GyHKIui p u ¢ 1 cuctem Buaa (1.1)—(1.4),
BCTPCHANOIHUXCA B MCXaHUKE

No Ha3Banus VYpasuenue (3.3) Ypasuenue (3.4) Ypasuenue (4.5)
ypaBHEHUI

1 |Crokca (BsA3Kas He- p= _p((P; —v A(p) Ap=0 v, = VAy
CIKMMaeMasl KHJJKOCTb)

2 |O3eena (Bs3Kas He- p=— P((Pz +bo, _VA(P) Ap=0 V, +by, =VAy
CKHMaeMast JKHUIKOCTD) )

3 |MakcBenna (BA3KOYI- | p= _p(T(Pn +@, -V A(p) Ap=0 v, +y, =VAy
pyrast Hec:kuMaemast
KUJIKOCTb

4 |Bsskoynpyras HECHKH- p=-pL[0] Ap=0 Lly]=0
Maemas JKUIKOCTh
(obmast MoJieIb)

5 |Croxkca (Bsi3kuid Cku- | p= PP, + (x + 2“) Ao YD, + P AP =0 PV, = HAy
MaeMEIil Ta3)

6 |Hasbe (1uHeiiHas yn- pQ, = ( A+ 2u) A OTtcyTcTBYyeT PV, =pAy
PYTOCTb)
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OxkoHyaHue Ta0I. 2

No Hazpanus VYpasuenue (3.3) Ypasuenue (3.4) Ypasuenue (4.5)
ypaBHEHUI

7 |Tepmoymnpyrocts op =—p@, +(A+2p) A p, =alp—BAe, PV, =HAY

8 |Tepmoynpyrocts op =—p@, +(A+2p)A¢ | W, + p, =alp—PAg, PV, =HAY
(c rutrepOOTMIeCKOM
TEIIONPOBOTHOCTHIO)

9 |Tepmoymnpyrocts op =—p@, +(A+2p)Ag Py = aAp —BAQ, Py, =pAY
['puna—Haxnu

10 |Bsskoynpyrocts Y, = ( 20 +2u° ) A+ Orcyreryer py,, = WAy +u'Ay,

+(M +2u")Ag,

11 [Bsskoynpyrocts (06- | pg, =L, [Ag]+ 21, [A¢] OrcyTcTBYET pv, =1, [Ay]
M cirydaii)

12 | TepmoBsiskOynpyrocts | pe, =1, [A(p] +21, [A(p] p, =alp —BAe, py, =1, [A\V]

Ipumeuanue: Bug oneparopos L, K u ypaBaenue (1.4) ykazansl B Ta01. 1

1. JIng BSA3KOH M BS3KOYNPYroW HEC)KUMAEMOH JKUAKOCTH (cM. cTpoku 14 Tabm. 2)
JlaBJIEHUE p olpenensercs 0e3 KBaapaTyp, B IPAaBOM YacTU COOTBETCTBYIOUIMX (POPMyII MOKHO

JN00aBUTh IPOU3BOJIBHYIO (DYHKLHIO BPEMEHHU P, (t) [IpuBeneHHble pe3yabTaThl ObUIN
MoJIy4eHsl B [4, 5].
2. Ucknrouasi naBleHWE W3 ypaBHEHHM, TMPUBEACHHBIX B 5-i cTpoke Talx. 2 i BA3KOU

CKMMaeMOl OapOTpPONMHON  JKUAKOCTHU, TIOJYYUM YpaBHEHHE TPEThEro MopsAaka IJis
MICEBONOTEeHIINATA :

PPy = PP +7(21+1) A,

3Has QYHKIMIO ¢, AaBIEHHE onpenesseM 0e3 KBaapaTyp ¢ MOMOLIbI0 MepBoi (hopMyisl B 5-i
CTpoKe Tabi. 2.
3. Uckmouas temnepatypy p =1 W3 ypaBHEHUH, IPUBEICHHBIX B 7-i cTpoke Tabi. 2 s

TEpPMOYIIPYTOCTH, TIONY4YHM ypaBHEHHE YETBEPTOTO TOPAAKA ISl TICEBIONOTEHIIHANA (:
PPy — (X +2u+ (xB) Ao, —apAo, +a (k + ZM) AA =0,

coZieprKallee TPEThI0 MPOU3BOIHYIO 10 BpeMEeHH. 3Hast (QYHKIHIO @, TEMIEpaTypy OIpeaessieM
0e3 KBaapaTyp ¢ MOMOLIBIO IEpBOW (GOPMYJIIBI B 7-i CTpOKE TalII. 2.

4. Uckmouas temneparypy p =7 W3 ypaBHEHHM, IPUBEACHHBIX B 8-i CTpoKe Talu. 2 s
TEPMOYIIPYTOCTH, MOKHO BBIBECTH ypaBHEHHE YETBEPTOTO MOPSAKA Ul TICEBIOMOTCHIIMANIA O,
cofieprkalee YeTBEPTYIO IPOU3BOIHYIO IO BPEMEHHU.

JIns Bcex cucteM, MPpUBEACHHBIX B Ta0JI. 2, yIaeTCsl MOyYUTh OTACIBHOE ypaBHEHUE IS
u ¢opmyny ans p, Koropas Oe3 KBaaparyp BeIpaxkaeTcs uepe3 ¢@. Dynkuuu &, 1, {

(1) (2)

OTIpeNIeNSIOTCA HE3aBUCUMO 110 opmyram (4.6), rae '’ u '~ — 1Ba MPOU3BOJIBHBIX PEIICHUS

ypaBHeHus (4.5).
Bce cucrembl, coOpanHble B TaOi. 2, SIBISAIOTCS YaCTHBIMHU CllydasiMu ypaBHeHu#l (1.1)—
(1.4), B xotopsix oneparopsl K u M umeror cnenuaneubiii Bug (1.5), (1.6). B atom ciyuae

ypasuenus (3.3), (3.4) (mpu G = f, =0) st onpenencuus GyHKIHUA @ U p UIMEIOT BUI
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L[¢]+ap—cAe-K, [A¢]=0,
M, [¢]-atp +B(Ae)" 0.

YacTHbIE cilyuaW 3THX YpaBHEHHH Il pPAaCCMaTPUBACMBIX B CTAThe MOJEINCH CIUIONIHBIX CpPej
npuBeAeHbI B 3 1 4-if cTpokax Tadu. 2.

5. Cucrtembl ¢ MaccoBbIMU cUNamum

Ecmm maccoBbie CHIIBI NOTCHIUAJIbHBI, T.C. UX KOMIIOHCHTBI MOTYT OBITE MMPpCACTAaBJICHBI
B BUJC

h=F, hL=F, L=F,

To B (3.2), (3.3) cienyer nmonoxuth G = F. Torna npassie yacTi ypaBaeHuit (3.2) OyxyT paBHBI
HYJIIO, KaK W MPU OTCYTCTBHHM MacCOBBIX cWj. Hammuwe B mpaBoi yactu ypaBHeHHs (3.3)
GyHKIMU F HE MPHUHIMIHAIBHO, YTO TIO3BOJISIET MCIIOJIb30BaTh METO/], OMIMCAHHBIN B I1. 3 (TIpH
9TOM B TabI. 2 cronber ¢ ypaBHeHUsMU (3.4) He MeHsIETCs, a B IIpaBble YyacTu ypaBHeHUH (3.3)
nobasisiercst pyHkIms F).

B o6miem cirydae B ypaBHeHUsX (3.2), (3.3) ya00HO MOJOXKHTH

G:G(x,y,z,t):j 1 (xl,y,z,t) dx,.
0

Torna mepsoe ypasuenue (3.2) Gyaer ogropomubiM. ITycts 0’ u (° — yacTHbIE perueHus
BTOPOTO M TpeTbero ypaBHeHuit (3.2). Torna pyHkuuu

e=ul), m=n'—yl+yl?, c=¢" -y,

(1) (2)

rae Yy’ u Y — MpOM3BOJBHBIE PEIICHUS OJHOPOAHOTO ypaBHeHHs (4.5), OymyT maBaTh

pemienue ypaBHenuit (3.2). B atom ciyuae B ypaBHenusix (3.3), (3.4) auBepreHuus u
onpenensercs mo popmyse

V-au=Ap+n, +C,

a ocTaJbHbIC BBIKJIAJKH MPU MOJYyUYEHUU YPaBHEHUH AJIS p U ( MPOBOJATCS aHAIOTMYHO TOMY
KaK 9TO JIeNanoch B pa3fl. 3.

6. NMpepcraBneHne MaccoBow Cunbl Yepes3 NoTeHUuuan u aBe (pyHKLUN TOKa

Jlpyroit myTh 3aKiro¥aceTcs B mpencraBieHud maccoBout cunel f =(f, f,,f;) B BHIE

CYMMbI IOTEHLIUATBHOTO U COJICHOUMAAIBHOTO BEKTOpOB € =V G U h:
f=VG+h (mpu V-h=0). (6.1)
[Torenuman G B (6.1) ynosnerBopsieT ypaBuenuto [lyaccona

AG=V-A,  VA=(f),+(1), +(f5)., (6.2)

KOTOPOE BBIBOJIUTCS ITyTEM IPUMEHEHUS olepaTopa (V ) K (6.1).
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IIycte G — HexkoTtopoe dyacTHOe penieHHe ypaBHeHHs (6.2). KoMIOHEHTBI BeKTOpa

h=(h,h,,h))=f —VG ynoGHO BbIpasuTh Yepe3 1Be GyHKLUH TOKA 0" 1 6@ 1o dopmyam

hy = 9(1) h, = _9(1) + 9(2)
y b

X z 2

hy =617, (6.3)

KOTOpbIE aHAJIOTHYHBI popMmyam (4.6). [TocKONBbKY JIeBbIE YACTH COOTHOIICHHH (6.3) U3BECTHHBI,
TO (DYHKIIMH TOKA ONPEACISIFOTCS C TIOMOIIBIO0 HHTETPAJIOB

y Y r
00 = i (35,2 5, 00 = [ (15,2 i + [ (3,3,7) =
o

Yo 20

Oti GopMyJIBI TalOT YacTHOE pelicHue ypaBHEHHU (6.3) s o u 9<2), e y, u z,

MIPOM3BOJIbHBIE KOHCTAHTHI.

VYuurtbiBas ckazaHHoe, B ypaBHeHMIX (3.2), (3.3) B kauecTBe pyHKIMH G O6epeM MoTeH1ual,
SBISIIONTUICS pemeHrueM ypaBHeHus (6.2). Ilpu stom ypaBHenmst (3.2) ¢ yderom (6.3)
MPUHUMAIOT BU]T

L[g]=0", L[n]=-6"+6", L[c]=-6".
Jlroboe pemieHre OTUX ypaBHEHWH, yAOBIETBOpsiomee yciloButo (3.6), momyckaer
M 4 y®
v

npeacraBieHue (4.6), rae GyHKIMH TOKa \J SIBJISIFOTCS PEIICHUSIMH HEOTHOPOTHBIX

yYpaBHEHUU
Ly =00, L[y ]|=0. (6.4)

B nannom ciydae cronber ¢ ypaBHeHusimu (3.4) B Tabn. 2 ans onpenenenus GpyHKuui p
U (p He MEHsIeTCs, a B IpaBble YacTu ypaBHeHuit (3.3) nobasnsercs Gpynkus G.

7. Ucnonb3oBaHue npeactaBneHna FenbMronbua anst MaccoBOM CUnbI

B ¢opmyne mis maccoBoit cunbl (6.1) MOXHO mnonoxkuTth h=Vx®, 4Tro mpUBOAUT

K IpeACcTaBiIeHuIo [ enpmromnsna
f=VG+Vxo, (7.1)

KOTOpOE€ 4acTO UCIOJIb3YeTCsl B Teopuu ynpyroctu [15—17] (cM. taxke nogpasa. 2, 4 4. 1 [1]).
@®yHkuMio G 1 BEKTOP () MOXKHO MCKaTh B BUJIE

G=V-u, o=-Vxu. (7.2)

[ToncraBuB (7.2) B (7.1), moiy4yuM BekTop-ypaBHeHue IlyaccoHa mjisi BEKTOpa-NOTEHIIMAIA
Jlame u [15]:
Au=f. (7.3)

Pemenust ypaBaenus (7.3) mo3Bossitor mo ¢opmynam (7.2) Halith BenmuuuHbel G U O,
onpezensomue paznoxenue (7.1).

B nannom cinyuae B ypaBHeHMsX (3.2), (3.3) B kauectBe ¢yHkuuu G OepemM MOTEHIUAI
(7.2). IIpu stom ypaBuenus (3.2) ¢ yuerom (7.1) npuHUMAIOT BU
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L[]=w, L[n]=0,, L[{]=o;, (7.4)

rame ®;, 0,, ; — KOMIIOHEHTHI BEKTOPA BUXPA M.

Hexommnozunus ['enbmronbia (7.1) B UTOre NpUBOJIUT K TPEM YPaBHEHUSIM Il KOMIIOHEHT
BekTOpa BUXPsI (7.4) BMECTO ABYX YpaBHEHHH sl PyHKIHA ToKa (6.4).

[IpencraBnenne maccoBord cwibl B Buume (6.1), (6.3) ectb chenuanbHBIN Cloydai
nexomnosuimu ['ensMromnsia (7.1) ¢ ogHON HyJIEBOM KOMIIOHEHTOH BEKTOpa M:

o =(o,0,0,), colzw(z), co3:\|1(1).

bonee toro, npencraBnenus (6.1), (6.3) MOXHO Ha3bIBaTh «COKPAIICHHON JTEKOMIO3HUITUEH
I'enpMronbiay.

8. HekoTopble 0606LWweHun

[Tomy4yeHHble pe3ynbTaThl JOMYCKAIOT pa3inuHble 0000IIEeHNUS.
1. PaccmoTpum cucremy

L{u]+D K [uy,u,u3, p] = f; (%, ,2,1), 8.1)

L[uy]+D K{uy,uy,u5, p] = £ (x,.2.1), (8.2)

L{uy ]+ DK [y, 105,15, p) = f3(x, 1, 2.1), (8.3)

M [ty 11.15, p] = 1, (3 ,2,0), (8.4)

rie D, — MpOM3BONGHBIA JHHEHHEI H(GEPCHUMATSHEI OMEPATOp MO MEPEMEHHOH x

¢ nocTostHHbIME - kKoo duumentamn; D, =D _ | D, =D, |,._,. OcransHbie 0603HAYCHHS

x=y?°
Takue xe, kKak B cucteme (1.1)—(1.4), koTopast SBIsSETCA YaCTHBIM ciiydaeMm cucTeMbl (8.1)—(8.4)

0
opu D =—.
P Tox

Pemenne cucrembr (8.1)+(8.4) MOXHO TpeACTaBUTh B BUIAE (CHMMETPUYHAS
JEKOMIIO3HIIMS )

u, =D 9+, u, =D o+, u;=D.9+C, p=p,

rae ¢yHkuuun &= &(x,y, z,t), n= n(x, y,z,t), C= C(x,y, Z,t) YAOBJIETBOPSIOT TpeM

OJHOTUITHBIM HE€3aBUCHUMbBIM JIMHEWHBIM YPaBHCHUAM
L[¢]=£-D,G, Ln]=£-D,G. L[¢]=/f;-D.G, (8.5)
a QYHKIMH @ = (p(x, y, z,t) , p= p(x, y,z,t) ONKMCHIBAKOTCS] CUCTEMOW YPaBHEHUI
L[¢]+K[D,@+£D,0+n.D.0+( p|=G, (8.6)
M[D,p+&D,0+n,D.0+ p]= £ (8.7)

B ypaBuenus (8.5), (8.6) Bxoaut npousBosibHas pyHkuus G = G(x, y,z,t).
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2. PaccMOTpUM CHCTEMY, COCTOSIIYIO M3 (m + n) ypaBHEHUI
0
L[uk]+§Q[ul,...,un,pl,...,pm]:fk, k=1,...n, (8.8)
k

R; [”1,---,14,,,[71,---,1?,,,]=gj> j=L...,m, (8.9)
rae L[u] — JMHEHHBIH IuQQEepeHINaIbHbI ONepaTop MO MNEPEeMEHHBIM £, X;,...,X,,
KO3(QQULIUEHTHI ~ KOTOPOr0  MOTYT  3aBUCeTb  OT [ Q[ul,...,un, Dise-s pm] u
R, [ul,...,un, Dis-eos pm] — NWHEWHBIe (WM HEeTMHEWHbIC) MudQepeHIraIbHbIe OIepaTophl Mo
HNEPEMEHHBIM £, X, ..., X,; f; =fk(t,x1,...,xn) Hg; =gj(t,x1,...,xn) — 3a/1aHHbIe (PYHKLINU;
U, P; —MCKOMBIC QyHKIUH.

Pemenne cucremsl (8.8), (8.9) umem B Buae

u, =a—(P+\|fk, k=1,....n,

ox,
rae Gynkuun Wy, =y, (f,X,...,X,) ONPEACIAIOTCS IIyTEeM PEIICHUS /7 OJHOTHIHBIX JIMHEHHBIX
HE3aBUCUMBIX YPaBHECHUU
Llv]=fi

a TICEBOIMOTEHIHA (pch(t,xl,...,xn) U (QYHKIIH pj=pj(t,x1,...,xn) OTIPEICIIAIOTCS U3

CUCTCMEI, COCTOSIIIEN U3 (I’I’l+1) YPaBHCHUS
L[(P]+Q[(Px] +W1""’(Pxn +Wn’pl""’pm]:0’

R] I:(le +\1U17---;(pxn +\|]n,p1,...’pm}:gj’jzl’_“’m‘

3neck ¢, =0¢/ 0x;.

9. Bonee cnoxHble CUCTEMbI ypaBHEHUN

PaccMoTpuM TpexMepHbIE CUCTEMBI YPABHEHUM, COCTOSILNUE U3 BEKTOPHOTO U CKAJISIPHOTO
YpaBHEHUI

L[u]+V(op+K,[V-u])=f, (9.1)

M, [p]+M,[V-u]=g, 9.2)

rae u=u(x,t) u p=p(x,t) — HWCKOMBIE (DYHKIIHH; f=f(x,t) u g=g(x,t) — 3a/IaHHBIE
byHKIIUY, x:(xl,xz,x3); t— spems; K,, M,, M, — nuneitnpie anddepeHunansHbIe

orepaTropsl MO ¢ C MOCTOSHHBIMU Kod(pduuueHntamu; L — nuHeilHbl quddepeHnmanbHbIi
OIepaTop MO X;, X,, Xy, ¢ C IOCTOSHHBIMH KO3()(UIIMEHTAMU; G — HEKOTOPAsk IIOCTOSIHHASL.
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Ucnonw3ys ans maccoBoit cuibl f pasnoxkenue Crokca—I'empmromnsia (7.1), pemenue
cucteMsl (9.1)—(9.2) umiem B Buae

u=Vo+Vxy, p=p. (9.3)
(Bo uszbexxanue nuiHux nepeo0o3HaueHuil B (9.3) ucnoap3yeTcs 3aluch p = p BMECTO p = P,

rae p — HoBas uckoMas pyHkuus.) B pesynbrare muist onpeneneHuss HCKOMBIX BEIMYUH @, \y U

p TOJIyYUM ypaBHEHUS

Lly]=o
L{o]+op+K,[Ag]= y+G( ), 9.9
. [

M, [p]+M, [A0]=g

rae G(t) — MPOU3BOJIbHAS (YHKIIHS.

I[Ipu o #0, wWCKIOYUB p W3 TOCICAHUX JBYX ypaBHEeHUH (9.4), MOXXHO IOITYYHUThH
He3aBUCHMOE ypaBHeHUe 1 ¢. [Ipu aToM QyHKIUs p BeIpaxkaeTcs 0e3 KBaapaTyp 4depe3 ¢ C
MOMOIIbI0 BTOpOoro ypaBHeHus (9.4). Takum o0pa3om, B JaHHOM CIly4ae HWMEEM IIOJIHYIO
JeKOMITO3UITHIO cucTeMsbl (9.1), (9.2).

3ameuanme 1. IlpencraBnenne pemenus B Buiae (9.3) ucCnonap30Bajoch paHee
MPEUMYIIIECTBEHHO ISl ICKOMIIO3HIIMH YPABHCHHUI TEOPUHN YIIPYTOCTH B TEPMOBSI3KOYTIPYTOCTH
(cwm., HammpumMmep, [7, 6, 16]).

B npencrasnenue (9.3) Ajis KOMIOHEHT BEKTOPa U BXOJSAT MPOU3BOIHBIC MIEPBOTO MOPSIKA
OT HOBBIX HCKOMBIX QYHKIUH @ 1 W = (Y, Y,,Y;), YTO COOTBETCTBYET JICKOMIIO3HILIUH TIEPBOTO

nopsiaka. B obmem cinydae nopsoxkom oekomnozuyuu Oynem Ha3bIBaTh MAKCHMAJIBHBIN MTOPSIOK
IPOM3BOJHBIX OT HOBBIX MCKOMBIX (YHKIUI, KOTOpblE BXOJSAT B TNPEACTaBICHUE JUIS
KOMITOHEHT BEKTOpa U.

IIpumep 1. YpaBHEHUs, ONUCHIBAIOIIUE MEAJICHHBIE TEUEHUS BA3KOYIIPYTUX HECKUMAEMBIX
KHUJIKOCTEH (a TakKe JMHEApU30BaHHBIC TUIIEPOOIHMYECKUe MOIU(HUKAIMK ypaBHeHHH HaBbe—
Crokca), umerot Buf (9.1), (9.2), roe

o=1/p, K[v]=M,[p]=0, M,[v]=v, g=0, (9.5)

p — IUWIOTHOCTh. B 00mem ciydae oneparop L MokeT ObITh TOCTATOYHO NMPOU3BOJIBHBIM [4, 5].
Hnst MOJIETN BSI3KOYNIPYTOM HEC)KMMaeMOu AKUJKOCTH Makcaemna nMeeM

L[u] =1u, +u, —vAw, rae v — KHHEMaTH4ecKas BA3KOCTb; T — BpEMs peJaKcalluy (3HauCHHE

1=0 cootBercTBYeT ypaBHeHUsIM CTOKCA JIJIS BI3KOW HEC)KUMACMOM JKUIKOCTH).

YuuteiBasi ckazaHHoe M uUcCHonb3ys Qopmyny (9.3) u ypaBHeHus (9.4)—(9.5), mocne
HECJIO)KHBIX TPeoOpa3oBaHU TMOJIYYHUM, YTO PEIICHHE pacCMaTpPUBAEMON HEOTHOPOIHOM
CUCTEMBI YpPaBHEHUI MOXHO MPEICTaBUTh B BUC

u=Ve+Vxy, pzp(y—L[(p])+pO(t), (9.6)

rae p, (t) = pG(t) — IPOU3BOJIbHAS (YHKIHUSA; BEKTOP-QYHKIMS Y YAOBIETBOPAIOT MEPBOMY
ypaBHeHHIO (9.4), a ckassipHas QyHKIUS (@ ONUCHIBAaeTCs ypaBHeHHeM Jlaruiaca

Ap=0.
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Bropas dhopmyna B (9.6) s naBneHus p nmojgydeHa u3 BTOporo ypaBHeHus (9.4).
Ilpumep 2. YpaBHEHUS, ONKCHIBAIOIIUE MEIJICHHBIC JBIDKEHUS BSI3KOH CKUMaeMon
0apoTpoIHOH KUIKOCTH [7, 18], SIBISIOTCS YaCTHBIM citydaeM ypaBaenuii (9.1), (9.2) npu

Llu]=u,—vAu, XK [v]=-(v+x)v, M,[p]=p, MZ[V]:pOczv,

(9.7)
c=1/p,, v=p/p,, x=A/p,, g=0,

rpe u u A — ANHAMHAYCCKUE BA3KOCTHU; P, — HEBOZMYILICHHAS IUIOTHOCTB; ¢ — CKOPOCTH 3BYyKa

(c*=0p/op|

P=Po )-

[Toncrasus (9.7) B (9.4) u monaras G(t) =0, IpUX0aUM K ONPEACIAIONINM YPAaBHEHHUIM

v, —VAy =0,
p=py[1-0,+(2v+x)Ae],
P, +poc’Ap =0.

rJie BTOpOe ypaBHEHHE ObLIO MPeoOpa3oBaHo K Oosee ya00HOMY BUIY.

10. lekoMmno3numua BEKTOPHOro ypaBHEeHuUs, He TpebyroLwias
pa3fnoXxeHUA CUnbl Ha cocTaBnsoWwme

PaccmoTpuM BEKTOpHOE ypaBHEHHUE
L[u]+VK[V u]=f, (10.1)

KOTOpOE TMPEICTaBIsET COOOM CHCTEMY, COCTOSIIIYIO M3 TpPEX CBS3aHHBIX CKaJSPHBIX
ypaBHEHUH. YpaBHEHHE SIBJISETCA YaCTHBIM ciiydaeM cuctemsl (9.1)~9.2) mpu =0, K, =K,

M, =M, =0, g=0.
Pemenne cucremsl (10.1) MOXKHO IPEICTaBUTH B CIIEAYIOMIEM BHJIE (OKA3bIBACTCS MPSIMON
IIPOBEPKOIL):

u=(L+AK)[w]—VK[V-W], (10.2)
1€ BEKTOP-(QDyHKIUS W yJOBJIETBOPSIET YPABHEHUIO
L(L+AK)[W]=f. (10.3)

BextopHoe ypaBHeHue (10.2) cocTOUT M3 Tpex HE3aBUCUMBIX CKAJSPHBIX YpPaBHEHUH, 4YTO
COOTBETCTBYET MOJIHOM IEKOMIO3UIMK UCX01HOM cuctemsl (10.1).

[IpencraBnenue pemenus B Buze (10.2) 3aBucut ot Tpex auddepeHnanbHbIX ONepaTopoB
L, K, A. Tlopsaok 3TuUX oOmnepaTopoB OMNpenesieT MOpPANOK AEKOMIIO3ULMH. B mpocTteiimem
cinydae nuddepeHranbHbpIX onepatopoB L u K mepBoro mopsiika mopsaok J€KOMIO3ULIUU
paBeH uetbipeM. lIpencrasnenue pemenus (10.2) He TpeOyeT MpeaBapUTEIHFHOTO PA3JIOKEHUS
MaccoBo# cuibl f Ha MOTEHIIMAIBHBIN U COJIEHOMIANIbHBIN BeKTOphI THMa (9.1).

3ameuanue 2. [Ipencrasnenue pemenus cucremsl (10.1) B Buge (10.2)—(10.3) (cm. u. 1
[1]) sBnsercss o6oOmenuem pemenus Kormm—KopaneBckoil uist ypaBHEHUH JWHEHHON Teopun
yrpyroctd (cMm. pasa. 4 (4. 1 [1]).
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3ameuanue 3. O6mee pemenue ogHopoaHoro ypasHenus (10.3) (mpu f =0) moxker ObITH
IPE/ICTaBICHO B BHUIEC CYMMBI W=W,+W,, I1¢ W, U W, — IPOU3BOJIbHBIC PEIICHUS ABYX

0oJiee MPOCTHIX YpaBHEHU
Liw, J=0, (L+AK) w,]=0.

11. NMpsamas aekomnosnumsa cuctemsl (9.1), (9.2),
He TpeOyloLlasa pa3noXeHUsl CUMbl Ha cocTaBnAloLmne

Pemrenne cuctemsl (9.1), (9.2) mpu 6 =0 (M, =0, M, =0) umem B Buzne

u=Q,[w]+V(p+Q,[V-w]), p=0Q;[0]+Q,[V-w], (11.1)

IZIe W ¥ (¢ — HOBbIE HCKOMBIE BeKTOpHas U ckaisapHas Gynkuun; Q,, Q,, Q;, Q, — nuneiinse

muddepeHMaIbHbBIe  ONMepaTopbl € MOCTOSHHBIMH — KO3(uuMeHTaMu, MojseKaline
onpeaenenuto. [loacrasus (11.1) B (9.1), (9.2), ¢ yueTom cOOTHOIIEHUS

V~u=A(p+(Q1+AQ2)[V~W],

1ocjie HEKOTOPBIX NMPeoOpa3oBaHU U NEPErPYNIUPOBKH YWICHOB 10]] 3HAKOM I'paJEHTa UMEEM

LQ,[w]+V10Qs[o] +L[e]+AK, o]+

+0Q,[V-W]+LQ,[V-Ww]+K,(Q, +AQ,)[V-w]; =T,

M,Q;[0]+AM, [0]+M,Q,[V-W]+M, (Q, +AQ,)[V -w]=g.

[IpupaBHMBas HyJI0O CyMMbI MOJOOHBIX WIECHOB (BbIJIENEHBI (PUTYpHOI CKOOKOHM CHU3Y),
coJiepkalie @ U A w, IpUXOJUM K ypaBHEHUSM

oQ;[o]+L[e]+AK, [o]=0,
M,Q;[0]+AM, [¢] =g,
0Q,+LQ, +K,(Q, +AQ,)=0,
M,Q, +M,(Q, +AQ,)=0.

OTcroga HaxoIuM OIepaTopkl, ornpeaenstone sua pemenus (11.1):

Q, =M,L+AM K, -6AM,, Q, =cM,-MK,,
(11.2)

1
Q, :_E(L+AK1)’ Q,=-M,L.

B wurore mnomydunMm He3aBUCHMBIC YpaBHEHHS JUIi HCKOMBIX BEKTOPHOH W CKaJIIPHOU
GyHKIUN W 1 ©:

LQ, [w]=f, (11.3)
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Q,[¢]=—-ocg. (11.4)

3ameuanue 4. O6mee pemenne ogHopoanoro ypasHenus (11.3) (mpu f =0) moxeT ObITH
IPE/ACTaBICHO B BHUIE CYMMBI W=W,+W,, I1e W, ¥ W, — IPOU3BOJIbHBIC PEIICHUS ABYX

0oJiee MPOCTHIX YpaBHEHUI
L{w,]=0, Q,[w,]=0.

Ilpumep 3. MenneHHble JBUKEHHUS BS3KOW CXKMMaeMoOW OapoOTpPONMHON  KHIKOCTH
onuceiBatoTcs ypaBHeHussMu (9.1), (9.2) ¢ omeparopamu (9.7). IlomcraBuB (9.7) B (11.1)
u (11.2), npuxoaum K cienyromeMy npeCTaBICHUIO PEIICHHS:

uz[ﬁf —(2\/+1<)6tA—c2A][w]+V{(p+[c2 +(V+K)8,J[V-W]},

P=-p, [Q —(2v+ K)A][(p] —poc” (9, —VA)[V-w],
IJIe BEKTOPHAs U CKANSApHAs GYHKIMHE W U ( YJIOBICTBOPSIOT HE3aBHCHMBIM YPABHCHHSM

(8, -vA)[ 8] = (2v+x)9,A-c’A | [w] =T,

[8[2 —(2v+x)o,A— CZA} [¢]=0.

12. lekomno3unuma cuctemsbl (9.1), (9.2)
nyTemMm cBeAeHusi ee K BeKTOpHOMY ypaBHeHuto Buaa (10.1)

Ceenem cucremy (9.1), (9.2) mpu M, =0, M,=0 u g=0 x OIHOMY BEKTOPHOMY
ypaBuenuto Buzaa (10.1). [{ns aToro momaoxum
u=M,[v], p=-M,[V-v]. (12.1)
[ToncraBus (12.1) B (9.1), noxyuum ypaBHenue suza (10.1):
LM, [v]+V(K,M, —oM, )[V-v]=f. (12.2)

VpaBuenne (9.2) mpu g=0 mnpu mnoacraHoBke BblpaxkeHuil (12.1) ynosnerBopseTcs

TOKIECTBEHHO.
Ucnone3ys pesynbratel 1.4 (cm. 4. 1 [1]), mpuxoauM K cCleQyrIIeMy MOpeICTaBICHUIO
pellIeHns: BEKTOPHOIo ypaBHeHus (12.2):

v=(LM, +AKM, —cAM, )[w]+V{(cM, -K,M, ) [V -w]}, (12.3)
r7ie BeKTOP-(QyHKINS W yIOBIETBOPSIET YPABHEHUIO
LM, (LM, +AK,M, —cAM, )[w]=f, (12.4)

KOTOpOE TpeAcTaBisieT co0OM TpH HE3aBUCHUMBIX CKAJSPHBIX YpPAaBHEHHS JUISI KOMIIOHEHT
BEKTOpa W.

BaxHO OTMETHTB, YTO ONHCAHHAS BBIIIC TOJTHAS JACKOMIIO3HIIUS HCXOMHOH CHCTEMBI,
cocTosIei u3 4eteipex ypaBHenuit (9.1), (9.2) npu g =0, npencraBiseT penieHue 4epe3 Tpu
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KOMITOHEHThI BekTOopa W (B moapas3a. 3 (cm. 4. 1[1]) pemeHue BbIpakaJloCh 4Yepe3 YeThIpe

byHKIUN).
[IpencraBum pemenne (12.3) u ypaBHenue (12.4) B TepMHUHAX HMCXOAHOM HCKOMOM

pemunibl u=M,[v] (em. (12.1)). Jlns storo mogeiictByem omepatopom M, Ha (12.3)

M BBEJIEM HOBYIO HCKOMYIO BelnunHy W =M, [w]. B pesyasrare momyumnm
u=(LM, +AK M, —6AM, )[W]+V{(cM, -K,M,)[V-W]}.
Vpasuenue (12.4) B repmuHax w =M, [w] npeoOpasyercs K BULY

L(LM, +AK M, —6AM, )[W] =T,

3aknroyeHune

Takum 00pa3oM, pa3nuyHble CHOCOOBI JEKOMIIO3MLUHM YpPaBHEHUI MEXaHUKH CIUIOIIHON
Cpebl MOTYT OBITh MOJyYeHbl HA OCHOBE €IMHBIX MMOCTPOCHUH, MPUBOIAIINX K CUMMETPUYHOMN
VI HECUMMETPUYHOM JEKOMITO3UIMHU. [l JANbHEHUIIEro yNPOIIECHUS MTOJIy4EHHBIX YPABHEHHUU
MOT'YyT OBITh HCIOJIb30BaHbl /B€ (PyHKIMH TOKa. DTO MOKAa3aHO HAa NMPHMEPax AEKOMIIO3HLIUU
pasINYHbIX YPABHEHUI TEOPUU YIPYTOCTH, TEPMOYIPYTOCTH, OPOYNPYTrOCTH, THAPOINHAMUKHI
BSI3KOYIIPYTUX HEC)KMMAEMBIX JKUIKOCTEH U BSI3KUX C)KUMAEMBIX OapOTPOIHBIX XKHUIKOCTEH U JIp.

[Tpu mocTpoeHUN 3aMKHYTOTO PEHICHHUS] Ha4albHO-KPAEBOW 3214 BHIOOP TOTO MIJIM WHOTO
METOJa JIEKOMIIO3ULMU B 3HAYUTEIBHOW CTEICHM ONPEHENAEeTCS BKYCOM MCCIEA0BaTENs,
U XapaKTepHU30BaTh HEKOTOPbIE CIIOCOOBI MPECTABICHUS PELICHUs B 00LIeM cilydae Kak Oojiee
yoOHBIE HE MPEACTaBIAETCS BO3MOXKHBIM. BMecTe ¢ TeM mpu peain3aluyl BBIUYUCIUTEIBHBIX
ITOPUTMOB IIPEANIOYTUTEIBHBIMA MOTYT OKa3aThCsl TE€, YTO MIPUBOAAT K HAMMEHEE TPOMO3IKUM
(GopMysaM U ypaBHEHUSIM HEBBICOKOT'O MOPSIKA.

OTMmeTuM, 4YTO MOJIHAs JEKOMIIO3MIMS BO MHOIMX ciy4asx (HO He Bcerga) Oouee
IPEANOYTUTENIbHA, TIOCKOJIBKY TO3BOJIET AAaTh COACPKATEIbHYIO (PU3NYECKYIO0 HHTEPIPETAIHIO
TOYHBIX pereHni qudepeHratbHbIX ypaBHCHUN.

Poccuiickoro ¢onaa QyHaaMeHTanbHbIX HccaenoBaHui (mpoektsl  Ne 15-08-06330,
Ne 14-01-00741 u Ne 14-08-00719).
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