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 !" 539.3+53.082.56 

 .!."#$%&'()*+, !.,.-#./+0)1,  

2.3. -45#1, 3.6. 7#8#1, 2.3.9)$:;))1 

 !"#$#%# &'()*+, ,+-.!$/$ $,. 0.1.  2*$!"/(3( 405, 3. 6("/7. 

 3< 3=>?-3 ,@?>23 >7 @2@6@ABC D!3 >9AEF 

A37 CG@ABH 7> I!@?3, 7>=@G36>D?B 

8'+9*(:+! ,+#(9 !+'.;'%2.<=+3( (&'+9+*+!$> ,./"$,.*?!@- ("#.#(A!@- !.&'>:+!$B 

7 "7.'!(, "(+9$!+!$$ &( '."&'+9+*+!$< C7+#(7 &()+:.*("#$ &("*+ ("#@7.!$> 27.. 5. (9!(-

,+'!(B ,(9+*$ &("#'(+!( '+2+!$+ ()'.#!(B ;.9.A$ #+&*(&'(7(9!("#$ &'$ (-*.:9+!$$ 27. &(-

"*+ "#@/(7(B "7.'/$ "#.*?!@- &*."#$!, $"-(9> $; '."&(*(:+!$> $;(#+', !. *$C+7(B $ ()'.#!(B 

"#('(!.- &*."#$!, 7@'.:+!!@- -.'./#+'!(B – "$!+B &(*("(B &()+:.*("#$. D#( '+2+!$+ $"&(*?-

;(7.!( 9*> !.-(:9+!$> &(&+'+A!@- ("#.#(A!@- !.&'>:+!$B. E)"%:9+!. 7(;,(:!("#? (&'+9+-

*+!$> &'(9(*?!@- !.&'>:+!$B 7 27+ $ (/(*(2(7!(B ;(!+ &'$ !.B9+!!@- &(&+'+A!@- !.&'>:+-

!$>- $ ).;+ 9.!!@- ( "((#!(2+!$>- ,+:9% &'(9(*?!@,$ $ &(&+'+A!@,$ !.&'>:+!$>,$, &(*%-

A+!!@- ,+#(9(, 7@"7+'*$7.!$> ;(!9$'%<=+3( (#7+'"#$>. 

 

-$:J)1K) L$#1M: ("#.#(A!@+ !.&'>:+!$>, &(*("@ &()+:.*("#$, ;.9.A. #+&*(&'(7(9-

!("#$, "7.'!(+ "(+9$!+!$+, ,+#(9@ !+'.;'%2.<=+3( /(!#'(*>. 

 

 !"#"$%" 

#$%&'()*+,%) -,,(./+0'*-1 2+ 23+4(.5'%-$. +,%'%+6*78, 23.9/. 

0,.:+ ,0'3+6*78, *'23;9.*-1 - -8 0(-;*-< *' 23+6*+,%) $+*,%3&$=-1 

,+83'*;.%,; 0 %.6.*-. /(-%.()*+:+ 03.5.*- 0,(./,%0-. 2.3-+/-6.,$- 

2+0%+3;<>-8,; '0'3-1 *' 5*+:-8 %-2'8 +%0.%,%0.**78 $+*,%3&$=-1 

%'$-8 $'$ *.?%.- - :'@+23+0+/7, 23+-,8+/;>-8 -@-@' 3'@3&A.*-1 ,0'3-

*78 A0+0, 07@0'**78 4+()A-5- %.8*+(+:-6.,$-5- *'23;9.*-;5- 

- ,+23+0+9/'.578 ,.3)B@*75- C$+*+5-6.,$-5- - C$+(+:-6.,$-5- 2+-

,(./,%0-;5-. D+03.5.**+. ,+,%+;*-. C$,2.3-5.*%'()*78 -,,(./+0'-

*-1 +,%'%+6*78 *'23;9B**+-/.?+35-3+0'**78 ,+,%+;*-1 /.?+35--

3&.578 %.( 8'3'$%.3-@&.%,; *'(-6-.5 *.,$+()$-8 +,*+0*78 5.%+/+0, 

:3&22-3&.578 2+ 23-*=-2& 4+()A.1 -(- 5.*)A.1 2+03.9/'.5+,%- 

-,,(./&.5+:+ %.(' 23- -8 3.'(-@'=--. E3./(':'.571 5.%+/ 2+@-=-+-

*-3&.%,; $'$ *.2+03.9/'<>-1, $ -8 6-,(& +%*+,;%,; %'$9. 3.*%:.-

*+0,$-1, &()%3'@0&$+0+1 - '$&,%-$+-C5-,,-+**71, 5':*-%+2+3+A$+-

071, *' +,*+0. C??.$%+0 F'3$:'&@.*', 5':*-%*+1 2'5;%- - 5':*-%*+1 

'*-@+%3+2--, $+C3=-%-5.%3-6.,$-1, 5':*-%*+--*/&$=-+**71 - /3. 

[1]. G:+ 2+%.*=-'()*75- 23.-5&>.,%0'5- ;0(;<%,; +%,&%,%0-. %3.4+-

0'*-; /+,%&2' 0 3'4+6&< @+*& 0 23+=.,,. ,0'3$- - +,%70'*-; A0', 
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/(-%.()*+,%) 03.5.*- .,%.,%0.**+:+ ,+83'*.*-; -,8+/*+1 -*?+35'-

=-- - 23+,%+%' .B ,6-%70'*-;. H+23+, + %+6*+,%- 2+(&6.*-; 3.@&()%'-

%+0 2+ +,%'%+6*75 *'23;9.*-;5 0 @+*. ,0'3$-, $+%+371 ,%+-% 2.3./ 

0,.5- *.3'@3&A'<>-5- 5.%+/'5-, @/.,) %'$9. +%$37% - 4&/.% 3.-

A'%),; 2+ 5.3. 3'@3'4+%$- 5.%+/'. 

I@0.,%*+, 6%+ 0+@*-$*+0.*-. +,%'%+6*78 *'23;9.*-; 0 ,0'3*78 

,+./-*.*-;8 +4&,(+0(.*+ 3.@$-5 (+$'(-@+0'**75 2+07A.*-.5 %.5-

2.3'%&37, 2.3.0+/;>-5 5.%'(( 0 @+*. ,0'3$- 0 2(',%-6*+. - 9-/$+. 

,+,%+;*-;, ' @'%.5 – 47,%375 +8('9/.*-.5 C%+1 @+*7 23- ,+83'*.*-- 

9.,%$+,%*78 8'3'$%.3-,%-$ 0 5'%.3-'(. 23-57$'<>-8 +4(',%.1, 23.-

2;%,%0&<>-8 3'@0-%-< /.?+35'=-1 [2]. E+C%+5& $(<6.075 5+5.*%+5 

0 +23./.(.*-- +,%'%+6*78 ,0'3+6*78 *'23;9.*-1 ;0(;.%,; @*'*-. $+-

+3/-*'%*+-03.5.**78 @'0-,-5+,%.1 %.52.3'%&37 0 @+*. A0' - 23-(.-

:'<>-8 +4(',%;8 0 23+=.,,. 072+(*.*-; ,0'3$- - +8('9/.*-; A0'. 

J.&/-0-%.()*+, 6%+ 4+()A+. $+(-6.,%0+ -,,(./+0'*-1 2+,0;>.*+ 

,+@/'*-< 3',6B%*+-%.+3.%-6.,$-8 5+/.(.1 %.35-6.,$+:+ =-$(' 23- 

,0'3$. [2–9]. E3- C%+5 ,'5- '0%+37 %'$-8 5+/.(.1 +%5.6'<% [6, 

,. 203], 6%+ «6',%+ 8'3'$%.3 %.2(+0+:+ 0+@/.1,%0-; 23- ,0'3$. - &,(+-

0-; 3',23+,%3'*.*-; %.2(+%7 - %.2(++%/'6- *',%+()$+ ,(+9*7, 6%+ 

3',6B%*+. +23./.(.*-. %.52.3'%&3 ,%'*+0-%,; *',%+()$+ *.%+6*75, 

6%+ .:+ -,2+()@+0'*-. +$'@70'.%,; *.+23'0/'**75». K'$-5 +43'@+5, 

-@-@' ,(+9*+,%- ;0(.*-; ?+35-3+0'*-; +,%'%+6*78 *'23;9.*-1 0 *'-

,%+;>.. 03.5; *. ,&>.,%0&.% ./-*+:+ %.+3.%-6.,$+:+ 5.%+/' +23./.-

(.*-; %'$-8 *'23;9.*-1 [2]. 

!3&:+1 2+/8+/ – C%+ C$,2.3-5.*%'()*7. -@5.3.*-; %.52.3'%&3-

*+:+ 2+(; - .:+ $-*.%-$- 23- ,0'3$.. L/.,), +/*'$+, ,(./&.% +%5.%-%), 

6%+ -@5.3.*-; %.52.3'%&37 - .B :3'/-.*%+0 0 3.'()*+5 %.8*+(+:-6.-

,$+5 =-$(. ,0'3$- *. 0,.:/' 0+@5+9*7. H ('4+3'%+3*78 &,(+0-;8, $+-

:/' /+,%&2 $ @+*. ,0'3$- +%$37%, /(; 2+(&6.*-; 03.5.**+1 - $++3/--

*'%*+1 @'0-,-5+,%.1 %.52.3'%&3 +,%70'*-; A0' - +$+(+A+0*+1 @+*7 

5+9.% 47%) -,2+()@+0'*, *'23-5.3, %3'/-=-+**71 $+*%'$%*71 5.%+/ 

-@5.3.*-; %.52.3'%&37 , 2+5+>)< %.35+2'3 (3-,. 1 -((<,%3-3&.% 

+/-* -@ %'$-8 C$,2.3-5.*%+0: 1 – @+*' ,0'3$- /0&8 ,%'()*78 %3&4,  

2, 3 – 5.,%' @'6.$'*$- 83+5.()-'(<5.(.078 %.35+2'3). !'**7. +4 -@-

5.*.*-;8 %.52.3'%&3 23- *':3.0. - +8('9/.*-- +$+(+A+0*+1 @+*7 

3.:-,%3-3+0'(-,) 0 C%+5 C$,2.3-5.*%. =-?3+075 5&()%-5.%3+5. 
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M0.% J'-5.*+0'*-. t° D 

 D.371 325 

 D0.%(+-,-*-1 310 

 N3$+-,-*-1 295 

 O-+(.%+071 285 

 E&32&3*+-$3',*71 275 

 "3',*+-$+3-6*.071 265 

 "+3-6*.0+-9.(%71 255 

 D+(+5.**+-9.(%71 240 

 D0.%(+-9.(%71 225 

 D0.%(+-,+(+5.**71 200 

  ! 

 P-,. 1. L+*' (+$'()*+1 ,0'3$- ,%'()*78 %3&4:   – +4>-1 0-/: 1 – =.*%3 A0', 2, 3 – 5.,%' 

@'6.$'*$- %.35+2'3; ! – 3',23./.(.*-. %.52.3'%&3 2+ =0.%'5 2+4.9'(+,%- 

H70+/7, ,/.('**7. 2+ 3.@&()%'%'5 C%+:+ - '*'(+:-6*78 C$,2.-

3-5.*%+0, +$'@'(-,) *.+/*+@*'6*75-. E+(+9-%.()*+1 ,%+3+*+1 ;0--

(+,) 07;0(.*-. $-*.%-$- %.52.3'%&3*+:+ 2+(; 0 23+=.,,. *':3.0' - 

+8('9/.*-; +23./.(B**78 5.,% 0 +$+(+A+0*+1 @+*.. D /3&:+1 ,%+3+-

*7, %3.4+0'(+,) @*'6-%.()*+. -,$&,,%0+ 0 +4.,2.6.*-- 3'4+%+,2+,+4-

*+,%- /'%6-$+0 0 C$,%3.5'()*78 &,(+0-;8 07,+$-8 - 47,%3+5.*;<-

>-8,; ,0'3+6*78 %.52.3'%&3, $+:/' 6',%) /'%6-$+0 4&$0'()*+ 2.3.-

9-:'(',) 0 23+=.,,. ,0'3$- (%'$+. 5.,%+ +%5.6.*+ *' 3-,. 1 =-?3+1 3). 

!'9. 23- ,+83'*.*-- 3'4+%+,2+,+4*+,%- %.35+2'3 -*?+35'=-; 

+4 -@5.*.*-;8 %.52.3'%&3 -5..% (+$'()*71 8'3'$%.3. "3+5. %+:+, @'-

6.$'*$' %.35+2'3, $'$ 0-/*+ -@ 3-,. 1, 0*+,-% /.?.$%7, ,+-@5.3-57. 

, (&*$'5- 23- 07,0.3(-0'*-- *.,$0+@*78 +%0.3,%-1. H,B C%+ 0 ,+6.-

%'*-- , %3&/*+,%)<, ' @'6',%&< - *.0+@5+9*+,%)< /+,%&2' 0 @+*& 

,0'3$- 2+$'@70'.% ,(+9*+,%) -,2+()@+0'*-; 23;578 -@5.3.*-1 /(; 

2+(&6.*-; %.52.3'%&3*78 @'0-,-5+,%.1 0 @+*. 4&/&>.:+ A0' - 23-(.-

:'<>-8 +4(',%;8 23- ,+@/'*-- 5.%+/' *.3'@3&A'<>.:+ $+*%3+(; ,0'-

3+6*78 *'23;9.*-1, +2-3'<>.:+,; *' C%- @'0-,-5+,%- 23- +23.-

/.(.*-- 0+@*-$'<>-8 *'23;9.*-1. 

H %+ 9. 03.5; 0+ 5*+:-8 ,(&6';8 0 23+=.,,. - 2+ +$+*6'*-- 

,0'3$- *' 2+0.38*+,%- ,0'3-0'.578 %.( 5+9*+ *'4(</'%) ,0+.+43'@-

*7. ,(./7 %.52.3'%&3*+:+ 0+@/.1,%0-; 0 0-/. -@+%.35, +$3'A.**78 

0 +23./.(B**7., 23-,&>-. -@0.,%*75 %.52.3'%&3*75 &3+0*;5, =0.%' 

2+4.9'(+,%- [10]. Q%- ,(./7 ,+83'*;<%,; 0 %.6.*-. /(-%.()*+:+ 03.-

1

2 

3 
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5.*- 2+,(. +,%70'*-; A0' - +%3'9'<% $++3/-*'%*+. 3',23./.(.*-. 

5'$,-5'()*+ /+,%-:*&%78 %.52.3'%&3 *' 3',,%+;*-;8, ,++%0.%-

,%0&<>-8 -8 3',2+(+9.*-;5 2+ +%*+A.*-< $ =.*%3& A0'. J' 3-,. 1 

0-/*7 %'$-. (-*--, +80'%70'<>-. ,0'3*+1 A+0. H +,+4.**+,%- +%-

6B%(-0+ 23+;0(;.%,; ,-*-1 =0.% 2+4.9'(+,%- [10]. J' 3-,. 1, ! 23+-(-

(<,%3-3+0'*+ 3',23./.(.*-. %.52.3'%&3 2+ =0.%'5 2+4.9'(+,%- [10]. 

K'$-5 +43'@+5, .,(- 2+ 0-/-575 ,(./'5 %.52.3'%&3*+:+ 0+@/.1-

,%0-; - *.$+%+375 23./2+(+9.*-;5 + 8'3'$%.3. *'6'()*+:+ %.52.3'-

%&3*+:+ 3',23./.(.*-; &/',%,; 0+,,%'*+0-%) %.52.3'%&3*+. 3',23./.-

(.*-. 0 @+*. A0' 23- .:+ +,%70'*-- 0 23+-@0+()*71 5+5.*% 03.5.*-, 

%+ +%$370'.%,; 0+@5+9*+,%) 2+ *'1/.**+5& %'$-5 +43'@+5 3',23./.-

(.*-< %.52.3'%&3 *'8+/-%) +,%'%+6*7. *'23;9.*-;, ?'$%-6.,$- 4.@ 

%3&/+B5$+1 23+=./&37 -@5.3.*-; %.52.3'%&37 0 23+=.,,. ,0'3$-. 

 &''()$&!*"$%" +,&-"'') &.*)/#"$%0 1!)  

+& -!"()2 +&3"/)*&'(% 

P.A.*-. +43'%*+1 @'/'6- 0+,,%'*+0(.*-; $++3/-*'%*+-03.5.**78 

@'0-,-5+,%.1 %.52.3'%&3*+:+ 2+(; 0 23+=.,,. +8('9/.*-; A0' 2+ 3',2+-

(+9.*-< =0.%+0 2+4.9'(+,%- 2+,(. .:+ @'0.3A.*-; 3',,5+%3-5 *' 23--

5.3. ,0'3.**78 0,%7$ 2(',%-* -@ *.39'0.<>.1 ,%'(-. J' 3-,. 2,   -@+-

43'9B* +4>-1 0-/ 2(',%-* 2+,(. ,0'3$-, *' 3-,. 2, !, " 2+$'@'*7 3'@-

5.37 A0' - 3',,%+;*-; +% =.*%3' A0' /+ *'-4+(.. @'5.%*+1 ,-*.1 

(-*-- 2+4.9'(+,%- ,++%0.%,%0.**+ ,+ ,%+3+*7 *'(+9.*-; A0' 

- , +43'%*+1 ,%+3+*7; *' 3-,. 2, # 23-0./B* 3'@5.3 ,%3.(7 23+:-4' 

,0'3.**78 2(',%-* 2+,(. +,%70'*-; A0', 0+@*-$A.:+ -@ *.,-55.%3-- 

A0' 2+ %+(>-*. ,0'3.**+1 2(',%-*7. 

 

  

  
 !   "    #   

P-,. 2. O+%+:3'?-- 2(',%-* 2+,(. ,0'3$-:   – +4>-1 0-/, ! – 2+2.3.6*71 3'@5.3 

A0' - 3',,%+;*-; /+ 2+(+, 2+4.9'(+,%- ,+ ,%+3+*7 *'(+9.*-; A0', " – %+ 9. 

, +43'%*+1 ,%+3+*7 2(',%-*7, # – ,%3.(' 23+:-4' 2(',%-*7 2+,(. +,%70'*-; A0' 
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E3- *'8+9/.*-- 3',23./.(.*-1 %.52.3'%&37 2+ (-=.0+1 - +4-

3'%*+1 2+0.38*+,%;5 2(',%-*7, -@+43'9B**+1 *' 3-,. 2,  , 0 23+=.,,. 

+8('9/.*-; A0' 4&/.5 -,8+/-%) -@ +/*+5.3*78 5+/.(.1, 0 $+%+378 

&6-%70'<%,; %+()$+ -@5.*.*-; %.52.3'%&37 2+ 03.5.*- - 2+ $++3/--

*'%. $, 2.32.*/-$&(;3*+1 +,- A0'. K'$-. 3',23./.(.*-; 5+:&% 47%) 

+2-,'*7 +/*+5.3*75- &3'0*.*-;5- %.2(+23+0+/*+,%- +%*+,-%.()*+ 

?&*$=-1 %.52.3'%&37 Tj(x,t) [11]: 

 

2

2

2
, 1, 2,

j jT T
a j

t x

  
! !

  
 (1) 

:/. a
2
 – $+C??-=-.*% %.52.3'%&3+23+0+/*+,%- 5'%.3-'(' 2(',%-*, 

j = 1 +%*+,-%,; $ 3',23./.(.*-< %.52.3'%&37 2+ (-=.0+1 2+0.38*+,%- 

2(',%-*7 (,+ ,%+3+*7 *'(+9.*-; A0'), j = 2 – 2+ 23+%-0+2+(+9*+1 

2+0.38*+,%-; *'6'(+ $++3/-*'%7 x 23-*-5'.%,; *' +,- A0'. 

H $'6.,%0. *'6'()*78 ?&*$=-1 3',23./.(.*-; %.52.3'%&3 0 5+-

5.*% *'6'(' +,%70'*-; A0' 23-5.5 ?&*$=--, ,++%0.%,%0&<>-. %.5-

2.3'%&3*75 2+(;5 +% (-*.1*78 -,%+6*-$+0 4.@ %.2(++%/'6- [12], 

 
2

( ,0) R ( ) , 1,2.jk x

j j jT x x A e j
"! ! !  (2) 

H73'9.*-; (2) /'<% %+()$+ +4>-1 0-/ *'6'()*78 3',23./.(.*-1 

%.52.3'%&3 2+ 2+0.38*+,%;5 2(',%-*7. S23./.(.*-. 08+/;>-8 0 *-8 2'-

3'5.%3+0 Aj - kj 072+(*;.%,; 0 23+=.,,. 3.A.*-; &3'0*.*-1 (1) - -@ &,-

(+0-1 3'0.*,%0' %.52.3'%&3 (2) 2+ :3'*-='5 A0' ( jx b! # ) %.52.3'%&3. 

2('0(.*-; 5'%.3-'(' 2(',%-*7 (0.(-6-*7 bj +23./.(;<%,; 2&%B5 -@5.-

3.*-1; 0 /'**+5 ,(&6'., $'$ 0-/*+ -@ 3-,. 2, 1 2455, 155b b! ! ). 

S4>-. 3.A.*-; &3'0*.*-1 (1) *' ,-55.%3-6*+5 -*%.30'(. 

l x l" $ $  (2l – /(-*' ,0'3.**+1 2(',%-*7) 23- *&(.078 @*'6.*-;8 %.5-

2.3'%&37 2+ .B 0*.A*-5 %+3='5 23./,%'0(;<%,; 3;/'5- O&3). [11] 

 
2T(2 1)

0

T(2 1)
( ,0) cos , 1,2

n
a t

l
j jn

n

n
T x C e x j

l

%& "

!

%
! !'  (3) 

, $+C??-=-.*%'5- jnC , +23./.(;.575- 2+ ?+35&('5 

 

/2

/2

2 T(2 1)
R (U) cos U U.

l

jn j

l

n
% d

l l"

%
! (   (4) 
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J./+,%'<>-. &,(+0-; /(; +23./.(.*-; 2'3'5.%3+0 Aj - &j -@ (2) 

00+/;%,; $'$ &,(+0-; /+,%-9.*-; 23- +,%70'*-- A0' - +$+(+A+0*+1 

@+*7 5'$,-5&5+0 %.52.3'%&37 0 Tc = 300 ºD, ,++%0.%,%0&<>-8 =.*-

%3'5 8'3'$%.3*78 ,-*-8 2+(+, 2+4.9'(+,%-. H /'**+5 ,(&6'., $'$ 

0-/*+ -@ 3-,. 2, !, ", 3',,%+;*-; dj 5.9/& C%-5- (-*-;5- - =.*%3+5 

A0' ,+,%'0(;<% 2+ (-=.0+1 2+0.38*+,%- 2(',%-*7 – d1 =18 55, ' 2+ 

+43'%*+1 – d2 =12 55. 

!+2+(*-%.()*75- *.-@0.,%*75-, $3+5. $++3/-*'% 2+(+, 2+4.-

9'(+,%-, ;0(;<%,; 5+5.*%7 03.5.*-, *' $+%+378 /+,%-:'<%,; ,++%-

0.%,%0&<>-. -5 5'$,-5&57 %.52.3'%&37 /(; C%-8 $++3/-*'% 23- +,-

%70'*-- A0'.  ,(+0-; /(; +23./.(.*-; C%-8 5+5.*%+0 03.5.*- - 2'-

3'5.%3+0 Aj, kj 07:(;/;% ,(./&<>-5 +43'@+5: 

 2(

( , )
( , ) , ( , ) , 0, , 1, 2.

j

j j j j c j

T x t
T b t T T d t T x d j

t

 
! ! ! ! !

 
 (5) 

D -,2+()@+0'*-.5 '(:+3-%5' (2)–(5) +23./.(;<%,; $++3/-*'%*+-

03.5.**7. ?&*$=-- +,%70'*-; A0' - +$+(+A+0*78 @+* ,+ ,%+3+*7 

*'(+9.*-; A0' - 23+%-0+2+-

(+9*+1 ,%+3+*7 2(',%-*7. 

H $'6.,%0. -((<,%3'=-- *' 

3-,. 3 0 0-/. %3B85.3*+:+ :3'-

?-$' 2+ $++3/-*'%. x (0 ,5) - 

03.5.*- t 2+$'@'*+ -@5.*.*-. 

%.52.3'%&37 *' (-=.0+1 2(+,-

$+,%- 2(',%-*7 0 %.6.*-. +/-

*+1 5-*&%7 , *'6'(' +,%70'-

*-; A0'. E3- C%+5 0 3',6B%. 

/(; $+C??-=-.*%' %.52.3'%&-

3+23+0+/*+,%-  
2
 23-*-5'(+,) 

@*'6.*-. 
2,5

0,06
,

 [6], a /(; 

2+(+0-*7 /(-*7 2(',%-*7 l =  

= 20 ,5. 

H0-/& 0'9*+,%- 23'-

0-()*+1 -/.*%-?-$'=-- 3',,%+;*-; 5.9/& 8'3'$%.3*+1 2+(+,+1 2+-

4.9'(+,%- - =.*%3+5 A0' 2+,(. .:+ +,%70'*-; /(; 23./(+9.**+:+ '(-

:+3-%5' 2+,%3+.*-; $++3/-*'%*+-03.5.**+1 ?&*$=-- +,%70'*-; ,0'3-

P-,. 3. "++3/-*'%*+-03.5.**+. -@5.*.*-. 

%.52.3'%&37 23- +,%70'*-- A0' 
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*+:+ ,+./-*.*-; - %+:+ ?'$%', 6%+ =0.%' 2+4.9'(+,%- +43'@&<%,; 23- 

*':3.0. ,07A. +23./.(B**+1 %.52.3'%&37, 0+@*-$'.% 0+23+,, ,++%0.%-

,%0&.% (- +$+*6'%.()*+. 2+(+9.*-. C%+1 2+(+,7 ,%'/-- +8('9/.*-; 

-(- 9. +*+ ?+35-3&.%,; .>B *' ,%'/-- *':3.0'. !(; +%0.%' *' C%+% 0+-

23+, 3',,5+%3-5 5+/.()*&< @'/'6& + 3',23+,%3'*.*-- %.2(' 0/+() 

2+(&4.,$+*.6*+:+ %.35-6.,$- -@+(-3+0'**+:+ ,%'()*+:+ ,%.39*;, *' 

%+3=. $+%+3+:+ 23- *':3.0. %.52.3'%&3' -@5.*;.%,; 2+ @'/'**+5& @'-

$+*& 0 %.6.*-. @'/'**+:+ 23+5.9&%$' 03.5.*-, ' @'%.5 *',%&2'.% ,%'-

/-; .,%.,%0.**+:+ +8('9/.*-;. 

P.A.*-. C%+1 @'/'6- /'B%,; ?+35&(+1 [11] 

 
) * ) *

) *) *

2

24 V2

1 3 2
2

0

µ V
( , ) V,

2 T V

x

a tt xea
T x t d

a t

"
"

!
"

(  (6) 

:/. µ( )t  – :3'*-6*'; ?&*$=-;. 

E3-*-5'; (-*.1*71 @'$+* -@5.*.*-; %.52.3'%&37 *' %+3=. 

,%.39*; µ( ) Wt t! , 2+(&6'.5 0+@5+9*+,%) '*'(-%-6.,$+:+ 23./,%'0(.-

*-; -*%.:3'(' (6): 

 ) *
2

2 2 24
1 2

2
( , ) 2 1

22

x

a
ax x

T x t e x a t
aa

"+ ,- + ,+ ,. /! % % 0 ". /. /. /1 1 2 32 32 3
,  (7) 

:/. 
2

0

2
( )

z

uz e du"0 !
1 (  – ?&*$=-; +A-4+$. 

!+2&,%-5, 6%+ *':3.0 %+3=' /+ %.52.3'%&37 2('0(.*-; 23+-,-

8+/-% @' +/*& ,.$&*/&. K+:/', 23-*-5'; W = 1500 #' (/c - t = 1c, 2+-

(&6'.5 ?&*$=-< 3',23./.(.*-; %.52.3'%&37 2+ ,%.39*< 2+,(. *'-

:3.0' .:+ %+3=' /+ 1500 ºD. H,(./ @' C%-5 *':3.0 %+3=' 23.$3'>'.%-

,; - /'(.. 3',,5'%3-0'.%,; @'/'6' + 3',23+,%3'*.*-- %.2(+%7 

0*&%3- 4.,$+*.6*+:+ %.35-6.,$- -@+(-3+0'**+:+ ,%.39*;, 5+/.(--

3&<>.:+ ,0'3.**&< 2(',%-*&, =.*%3'()*'; 6',%) $+%+3+:+ *':3.%' 

/+ %.52.3'%&37, *'1/.**+1 2+ 073'9.*-< (7), 23-6B5 23+?-() 

%.52.3'%&37 23-*-5'.%,; ,-55.%3-6*75 +%*+,-%.()*+ %+6$- 5'$-

,-5'()*+1 %.52.3'%&37. 

P.A.*-. @'/'6- +4 +,%70'*-- ,%.39*; /'B%,; 073'9.*-.5 [11] 
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) *2
24

1
2

2

( ,1)1
( , )

2

x

a tT e
T x t d

a t

"4
"

&

"&

4
! 4

1 (
, (8) 

0 $+%+3+5 03.5; t  +%,6-%70'.%,; +% 5+5.*%' *'6'(' +,%70'*-;. I*%.-

:3'( (8) *. -5..% '*'(-%-6.,$+:+ 23./,%'0(.*-;. 

E3+0./.**7. 076-,(.*-; $++3/-*'%7 x, /(; $+%+3+1 @*'6.*-. 

%.52.3'%&37 *' 23+?-(. 1( ,1)T x  3'0*+ 300 ºD, /'(+ 2+(+9.*-. ,-*.1 

(-*-- 2+4.9'(+,%- *' 3',,%+;*-- 0,38 ,5 +% %+6$- *':3.0'. #*'(+-

:-6*7. 076-,(.*-; 2+ 073'9.*-< (8) , 23-0(.6.*-.5 &,(+0-1 2+-,$' 

C$,%3.5&5' (5) +23./.(-(- 2+(+9.*-. -,$+5+1 (-*-- *' 3',,%+;*-- 

0,42 ,5 +% %+1 9. %+6$-. D(./+0'%.()*+, 23- +,%70'*-- 2+(+,7 2+4.-

9'(+,%- 2+(&6'<% /+2+(*-%.()*+. ,5.>.*-. +% =.*%3' A0', - -8 

+$+*6'%.()*+. 2+(+9.*-. +23./.(;.%,; -5.**+ ,%'/-.1 +,%70'*-;. 

4-"$5% &'()(&6$7. $)+,0/"$%8 

F&/.5 -,8+/-%) -@ %3'/-=-+**78 23./,%'0(.*-1, ,+:(',*+ $+%+-

375 ,%3&$%&3*7. 23.03'>.*-; 0 5'%.3-'(. ,0'3*+:+ ,+./-*.*-;, 23+-

-,8+/;>-. 23- %.52.3'%&3'8, 23.07A'<>-8 %.52.3'%&3& )k, 23- $+-

%+3+1 23./.( %.$&6.,%- 5'%.3-'(' 4(-@+$ $ *&(<, 23'$%-6.,$- *. +%-

3'9'<%,; *' +43'@+0'*-- +,%'%+6*78 *'23;9.*-1 [2, 6]; /(; 

*-@$+&:(.3+/-,%78 ,%'(.1 %-2' D%. 3 – C%+ 600 ºD, /(; *.39'0.<>-8 

,%'(.1 – 800–900 ºD. H %+ 9. 03.5; 0 %.52.3'%&3*+5 /-'2'@+*. ) > )& 

0+@*-$'<% 2(',%-6.,$-. /.?+35'=--. E3- 47,%3+5 +8('9/.*-- A0' 

C%- /.?+35'=-- ;0(;<%,; -,%+6*-$+5 ?+35-3+0'*-; +,%'%+6*78 *'-

23;9.*-1, 23+-,8+/;>.:+ 0 /-'2'@+*. %.52.3'%&3 *-9. )k. H :('0*+5 

C%- *'23;9.*-; 5+:&% 47%) 073'9.*7 $'$ *'23;9.*-; +% 5'$,-5'()-

*78 %.52.3'%&3*78 /.?+35'=-1 0 &23&:+1 +4(',%-, 0@;%7. , +43'%-

*75 @*'$+5. O-@-6.,$+1 +,*+0+1 %'$+:+ 2+/8+/' ;0(;.%,; $+52.*,'-

=-; 2(',%-6.,$-8 /.?+35'=-1 &23&:-5- [2, 13]. Q%+% 2+/8+/ 5+9.% 

47%) ,$+33.$%-3+0'* *' +,*+0. '$%-0*+ 3'@0-0'.578 ,+03.5.**78 5.-

%+/+0 %.+3-- ?'@+078 23.03'>.*-1 0 /.?+35-3&.578 %.('8 [14, 15]. 

E+ 2+(&6.**75 3',23./.(.*-;5 %.52.3'%&37 /(; ,0'3*+:+ ,+-

./-*.*-;, -@+43'9B**+:+ *' 3-,. 2, 47( *'1/.* 2+2.3.6*71 %.52.3'-

%&3*71 ,3.@ T1(x,tn), ,++%0.%,%0&<>-1 %.52.3'%&3. )k =.*%3' A0' (--

=.0+1 2+0.38*+,%- 3',,5'%3-0'.5+1 2(',%-*7, 3'0*+1 X900 C  (2('-

,%-*' -@ *.39'0.<>.1 ,%'(-). E3- C%+5 %.52.3'%&3' T2(0,tn) =.*%3' 



 

 56

A0' *' +43'%*+1 2+0.38*+,%- 2(',%-*7 0 C%+% 5+5.*% 03.5.*- (tn) 

3'0*;(',) X670 C . H,(./,%0-. *.3'0*+5.3*+:+ +8('9/.*-; 2+ %+(>--

*. 2(',%-*7 0+@*-$'.% - *.3'0*+5.3*+. ,+$3'>.*-. 5.%'((' 0 2+2.-

3.6*+5 *'23'0(.*-- , +43'@+0'*-.5 &:(+0+1 /.?+35'=--, 3.@&()%'% 

$+%+3+1 0-/.* *' 3-,. 2,  . D++%0.%,%0.**+ C%+1 /.?+35'=-- 2+ ?+3-

5&(. [16] 

 1 2

1 ( )
( ) ( , ), ( , ) ( , ) ( , )

2 1
n n n n

E x
x T x t T x t T x t T x t

5
6 ! 7 7 ! "

"8
  (9) 

+23./.(;(+,) 3',23./.(.*-. 2+ x 2+2.3.6*+:+ +,%'%+6*+:+ *'23;-

9.*-; (@/.,) Y – $+C??-=-.*% %.52.3'%&3*+:+ 3',A-3.*-; 5'%.3-'(' 

2(',%-*7, E(x) – ?&*$=-; 5+/&(; &23&:+,%-, -@5.*;<>.:+ ,0+B @*'6.-

*-. 0 @+*'8 , 2+07A.**+1 %.52.3'%&3+1, Z – $+C??-=-.*% E&',,+*'). 

S=.*-%) 2+3;/+$ +,%'%+6*78 *'23;9.*-1 23- ,0'3*+5 ,+./-*.-

*-- 2(',%-*, -@+43'9B**+5 *' 3-,. 2, ,&>.,%0+0'0A-8 /+ 3'@:3&@$-, 

073'@-0A.1,; 0 *'3&A.*-- 2(+,$+,%*+,%- +4[./-*B**+1 ,0'3$+1 2('-

,%-*7, 5+9*+ %'$9. 23- ,+@/'*-- *':3&9'<>.:+ 0+@/.1,%0-;, 0+@-

03'>'<>.:+ ,0'3.**&< 2(',%-*& 0 2(+,$+. ,+,%+;*-.. K'$+. 0+@/.1-

,%0-. 5+9*+ +3:'*-@+0'%) 23-(+9.*-.5 *+35'()*+1 $3'.0+1 *':3&@$- 

$ +%+:*&%+1 6',%- 2(',%-*7 23- 9B,%$+5 @'>.5(.*-- 0%+3+1 6',%- 

2(',%-*7. H C%+5 ,(&6'. -,8+/; -@ 4'(+6*+1 %.+3-- ,0;@) 5.9/& 2.-

3.5.>.*-.5 $+*=' $+*,+()*+1 4'($- /(-*+1 l - $3'.0+1 ,-(+1 P /'-

B%,; ?+35&(+1 [17] 

 

3

max
24

Pl
v

EJ
! " , (10) 

:/. J – 5+5.*% -*.3=-- 2+2.3.6*+:+ ,.6.*-; 2(',%-*7. S23./.(-0 -@ 

C%+:+ 073'9.*-; ,-(& P 23- -@0.,%*+5 $3'.0+5 2.3.5.>.*-- maxv , 

3'0*+5 &/0+.**+1 ,%3.(. 23+:-4', -@5.3.**+1 *' 3-,. 2, #, 2+(&6'.5 0+@-

5+9*+,%) 076-,(-%) 5'$,-5'()*+. *'23;9.*-. 0 @'/.($., %... 0 A0.: 

 max

Pl

W
6 ! , (11) 

:/. W – 5+5.*% ,+23+%-0(.*-; 2+2.3.6*+:+ ,.6.*-; 2(',%-*7. 

P',6B%7 2+ ?+35&('5 (10), (11), 072+(*.**7. 23- $+*$3.%*78 

2'3'5.%3'8 2(',%-*7: * = 210 \E', + = 0,3, %+(>-*. h = 5 55, /(-*. 

20 ,5 - A-3-*. 10 ,5, 23-0.(- $ @*'6.*-< ]max= 414 ^E'. L'5.%-5, 

6%+ %'$'; 9. 0.(-6-*' *'23;9.*-1 2+(&6'.%,; - /(; *':3&9.**+1 
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0 =.*%3. A'3*-3*+-+2B3%+1 4'($- 23- /(-*., 3'0*+1 /0+1*+1 /(-*. 

$+*,+(-, - %+1 9. ,%3.(. 23+:-4', 6%+ - & $+*,+()*+1 4'($-. H76-,(.-

*-. +,%'%+6*+:+ *'23;9.*-; 2+ ?+35&(. (9) 23- %.8 9. 2'3'5.%3'8 

2(',%-*7 - $+C??-=-.*%. ,=10
-5

 1/K /'(+ /(; 0.(-6-*7 2+2.3.6*+:+ 

+,%'%+6*+:+ *'23;9.*-; @*'6.*-. 335 ^E', +%(-6'<>..,; 5.*.. 6.5 

*' 20 % +% *'23;9.*-;, *'1/.**+:+ 2+ 5+/.(- -@:-4' 2(',%-*. 

K'$-5 +43'@+5, *' 5+/.(- ,+./-*.*-; 2(',%-* +/*+23+8+/*75 

A0+5 2+$'@'*' 0+@5+9*+,%) +23./.(.*-; +,%'%+6*78 2+2.3.6*78 *'-

23;9.*-1 , 2+5+>)< -*?+35'=-- + 3',2+(+9.*-- =0.%+0 2+4.9'(+-

,%- 2+,(. +,%70'*-; A0'. #*'(+:-6*'; ,0;@) 23+/+()*78 *'23;9.*-1 

, =0.%'5- 2+4.9'(+,%- 5+9.% 47%) 07;0(.*' /(; +:3'*-6.**78 2+ 

/(-*. A0+0 %-2' -@+43'9B**+:+ *' 3-,. 1. 

H ,(&6'. @'5$*&%+:+ A0', $'$ 

*' 3-,. 4, :/. -@+43'9.*7 %3&47, 

,0'3.**7. 2+ 0,.1 +$3&9*+,%-, *--

6.:+ +23./.(B**+:+ +4 C%+1 ,0;@- 

,$'@'%) *.()@;. S/*'$+ 0 %'$-8 ,(&-

6';8 – 23- @*'*-- +/*+:+ -@ :('0-

*78 *'23;9.*-1 – 5+9*+ 2+27-

%'%),; +=.*-%) 0%+3+. :('0*+. *'-

23;9.*-., -,2+()@&; -5.<>-1,; 

+27% -@5.3-%.()*+1 3'4+%7, 07-

2+(*.**+1 /3&:-5 5.%+/+5, *'23--

5.3 , -,2+()@+0'*-.5 @+*/-3&<>.:+ +%0.3,%-;, - 4'@& /'**78 2+ *'-

23;9.*-;5 0 '*'(+:-6*78 $+*,%3&$=-;8. 

J.,$+()$+ ,+%.* %'$-8 -@5.3.*-1 47(+ 072+(*.*+ *' ,0'3*78 ,+-

./-*.*-;8 %3&4 H+(9,$+:+ %3&4*+:+ @'0+/'. H 3.@&()%'%. '*'(-@' -@5.-

3.*-1 &,%'*+0(.*+, 6%+ 3',23./.(.*-. +,%'%+6*78 *'23;9.*-1 0/+() 

A0+0 0 =.(+5 /+,%'%+6*+ +/*+3+/*+ $'$ 2+ *'3&9*75, %'$ - 2+ 0*&%3.*-

*-5 2+0.38*+,%;5 %3&4.  3+0.*) 3',%;:-0'<>-8 *'23;9.*-1 0 ,0'3*78 

A0'8 - 4(-9*-8 @+*'8 %.35+0(-;*-; ,+,%'0(;.% 150–200 ^E', ' ,9--

5'<>-8 – 100 ^E'. E+ +$3&9*+,%;5 %3&4 *'23;9.*-; -5.(- 073'-

9.**7. 5'$,-5&57 0 3'1+*. ,0'3*+:+ A0'. E3- &/'(.*-- +% =.*%3' 

,0'3*+:+ A0' *' 3',,%+;*-. 4+(.. 6.5 *' 30 55 (3 2+(&A-3-*7 ,0'3-

*+:+ A0') &3+0.*) *'23;9.*-1 /+,%-:'.% 100 ^E', 2+,(. 40 55 – 

50 ^E', ,07A. 210 55 – 30 ^E'. \('0*7. *'23;9.*-; 3',%;9.*-; 

*'23'0(.*7 0/+() +,- A0', ' *'23;9.*-; ,9'%-; 2.32.*/-$&(;3*7 

P-,. 4. O+%+ @'5$*&%+:+ $+()=.0+:+ 

A0' - =0.%+0 2+4.9'(+,%- *' %3&4'8 
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+,-; 5'$,-5&5 3',%;:-0'<>-8 *'23;9.*-1 *'8+/-%,; *' +,- A0'; $'$ 

23+/+()*7., %'$ - 2+2.3.6*7. *'23;9.*-; 47,%3+ &470'<% 23- +%8+-

/. +% A0' [18]. 

I@ C%-8 -@5.3.*-1 ,(./&.%, 6%+ +,%'%+6*7. *'23;9.*-; $'$ 2+ *'-

3&9*+1, %'$ - 2+ 0*&%3.**.1 2+0.38*+,%- %3&47 2+ 5.3. &/'(.*-; +% 

=.*%3' ,0'3*+:+ A0' 3',23./.(.*7 /+,%'%+6*+ +/*+3+/*+. E+C%+5&, 

@*'; ,9-5'<>.. 2+2.3.6*+. *'23;9.*-., 5+9*+ +=.*-%) 23+/+()*+. 

3',%;:-0'<>.. *'23;9.*-. *' C%+5 9. &6',%$.. K'$-5 2+/8+/+5 &/+4-

*+ 2+()@+0'%),; /'9. 23- -@5.3.*-;8 +,%'%+6*78 *'23;9.*-1 , 2+5+-

>)< 5.%+/' ,2.$(--*%.3?.3+5.%3--, .,(- -*%.3?.3+:3'55' 8+3+A+ 

3',2+@*'B%,; 0 +/*+5 *'23'0(.*--, ' 0 /3&:+5 – 2+6%- *. 3',2+@*'.%,;. 

H $'6.,%0. 23-5.3' 

*' 3-,. 5 23-0./B* :3'?-$ 

+%*+A.*-; 5+/&(.1 :('0-

*+:+ 3',%;:-0'<>.:+ *'-

23;9.*-;, /.1,%0&<>.:+ 

0/+() A0', $ ,9-5'<>.5& 

*'23;9.*-< – 2+2.3B$ 

A0', +23./.(B**78 *' 3'@-

*78 3',,%+;*-;8 +% +,- 

A0' (x = 0) 2+ *'3&9*75 

2+0.38*+,%;5 %3&4 HKL. 

#*'(+:-6*7. @'0-,-5+,%- 

/(; 0*&%3.**-8 2+0.38*+-

,%.1 %3&4 /'<%, 5'$,-5'()*+, 2+(&%+3*+. 23.07A.*-. 23+/+()*78 

*'23;9.*-1 *'/ 2+2.3.6*75-. G,%.,%0.**+, .,%) - -,$(<6.*-; -@ 

C%-8 @'$+*+5.3*+,%.1, +2-,'*-. $+%+378 /'*+ 0 [18]. K.5 *. 5.*.. 

0 4+()A+5 6-,(. ,(&6'.0 2+ *'1/.**+1 0.(-6-*. :('0*+:+ 2+2.3.6*+-

:+ *'23;9.*-; 5+9*+ +=.*-%) - 0.(-6-*& :('0*+:+ 23+/+()*+:+ *'-

23;9.*-;. S%5.%-5 @/.,) %'$9., 6%+ 07;0(.**7. 2+ 3.@&()%'%'5 23;-

578 -@5.3.*-1 0.(-6-*7 2+2.3.6*78 *'23;9.*-1, $+%+375- 6',%+ 

23.*.43.:'<% 0 ,&>.,%0&<>-8 3',6B%*78 5.%+/-$'8, *' 23'$%-$. *. 

*'5*+:+ *-9. 23+/+()*78 *'23;9.*-1. 

E+(&6.**7. 3.@&()%'%7 – C%+ 2.307. A':- 0 *'23'0(.*-- 3.A.-

*-; ,(+9*+1 23+4(.57 3'@3'4+%$- *.3'@3&A'<>.:+ 5.%+/' /-':*+-

,%-$- +,%'%+6*78 *'23;9.*-1 , 2+5+>)< =0.%+0 2+4.9'(+,%-, +*- 

/.5+*,%3-3&<% 2.3,2.$%-0*+,%) C%+:+ 5.%+/', -5.<>.:+ 3;/ 23.-

-5&>.,%0: 4.,$+*%'$%*+,%) -@5.3.*-1, /(-%.()*+,%) 03.5.*- .,%.,%-

0.**+:+ ,+83'*.*-; -,8+/*+1 -*?+35'=-- - 23+,%+%' .B ,6-%70'*-;. 

 

P-,. 5.  ,3./*.**71 2+ 5',,-0& -@5.3.*-1 *' 

%3&4'8 HKL :3'?-$ +%*+A.*-; *'23;9.*-;,  

2'3'((.()*+:+ +,- A0', $ *'23;9.*-< 2+2.3.$ 

A0' *' 3'@*78 3',,%+;*-;8 +% +,- A0' 

|]1| / |]2| 
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1. Q$,2.3-5.*%'()*7. 5.%+/7 -,,(./+0'*-; /.?+35'=-1 - *'-

23;9.*-1 / F.D. "','%$-* [- /3.]. – "-.0: J'&$+0' /&5$', 1981. – 584 ,. 
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3&$=--: 0 2 %. – ^.: H7,A'; A$+('. – K.1. 1982. – 272 ,.; K.2. 1983. – 
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steel pipe girth welds / Y. Dong [et al.] // Weld J. – 1997. – Vol. 76. –  
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10. ^.%'((7 - ,2('07: ,23'0+6*-$ / 2+/ 3./. `.E. D+(*=.0'. – 
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11. K-8+*+0 #.J., D'5'3,$-1 #.#.  3'0*.*-; 5'%.5'%-6.,$+1 
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12. P7$'(-* J.J. P',6B%7 %.2(+078 23+=.,,+0 23- ,0'3$.. – ^.: 
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13. F-3:.3 I.#. S,%'%+6*7. *'23;9.*-;. – ^.: ^'A:-@, 1963. – 

232 ,. 

14. \3-*?.()/ ^.#. ^.%+/7 5.8'*-$- ,2(+A*78 ,3./ 0 %.+3-- 
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15. ^+3+@+0 J.O., O3.1/-* #.F. L+*7 ?'@+078 2.3.8+/+0 - ?'@+-

07. 23.03'>.*-; &23&:-8 %.( 23- 3'@(-6*78 0-/'8 *'23;9B**+:+ ,+-
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16. K-5+A.*$+ D.E., \&/).3 !9. K.+3-; &23&:+,%-. – ^.: J'&$', 

1975. – 576 ,. 
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